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Abstract

This thesis proposes a unified analytical-numerical framework that addresses two intercon-

nected challenges in modern mathematics:variable-order fractional stochastic differential equa-

tions (FSDEs) and the time-fractional Black-Scholes (tfBS) equation for American put options

(APOs).

For APOs, this thesis develops a hybrid methodology that integrates a front-fixing transfor-

mation with a Crank-Nicolson finite-difference scheme, augmented by the Caputo-Fabrizio

fractional derivative to capture long-range dependence in financial markets. Financial indices

such as the FTSE 100 exhibit persistent autocorrelations with power-law decay, while emerg-

ing market indices such as the Bovespa (Brazil) display pronounced long-memory behavior,

motivating the use of fractional option pricing models. The proposed approach transforms the

free-boundary problem arising from early exercise into a fixed-domain formulation to avoid

numerical complexities, enhancing computational stability and efficiency. The resulting nu-

merical scheme is consistent O(1) +O((∆y)2), unconditionally stable and second-order con-

vergent in space, while preserving positivity and monotonicity. Numerical experiments on a

benchmark problem (r = 0.1, σ = 0.2, T = 1, α = 0.5) confirm second-order convergence

as the spatial mesh is refined. A direct comparison with the existing first-order scheme [163]

demonstrates that the proposed method achieves approximately half the error for the same

grid resolution.

We address a class of non-Lipschitz FSDEs governed by variable-order fractional operators

with non-singular kernels. The absence of a convolution structure due to the variable-order

fractional calculus necessitates novel analytical techniques. The well-posedness of the solution

is established, moment estimates are derived, and a generalised Euler-Maruyama (EM) scheme

is constructed. Strong convergence of the proposed method is proved under non-standard regu-

larity conditions, together with explicit mean-square error estimates. The proposed framework

reduces to classical stochastic calculus in the limiting regimes (α → 0 and α → 1), thereby re-

covering the well-established convergence rates of SDEs. Numerical experiments demonstrate

the robustness, accuracy, and stability of the proposed scheme in the presence of multiplicative

noise and dynamic variables of variable order.

Collectively, this study establishes a unified analytical and numerical framework for Caputo-

Fabrizio fractional models by integrating fractional stochastic calculus with computational

finance. The numerical analysis developed for variable-order FSDEs provides the theoreti-

cal foundation for the financial application. In turn, the APO pricing problem demonstrates

the practical relevance of fractional calculus (FC) in modelling complex financial systems



with memory effects. This approach bridges general stochastic systems with applications in

derivative pricing, risk management, and interdisciplinary applied mathematics, while offering

robust and scalable methodologies for the analysis of path-dependent phenomena and high-

dimensional stochastic models.

Key Terms

Variable-order Caputo-Fabrizio fractional stochastic Partial differential equation; Non-singular,

Euler-Maruyama method, Strong convergence, American put option, front-fixing method, nu-

merical scheme, efficiency-accuracy, consistency and stability of front-fixing, positivity, mono-

tonicity.
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Chapter 1

Introduction

1.1 History and Development of Options

Options are a class of derivative securities whose value is contingent upon an underlying

asset such as stocks, commodities, currencies or indices. Unlike the direct ownership of

financial instruments, derivatives constitute contractual claims whose value is contingent

upon the performance of these underlying assets. Specifically, options confer the holder

the right but not a precondition, to purchase or sell the underlying asset at a predefined

price within a specified time. This structural flexibility option provides powerful instruments

for risk hedging and speculative positioning. Options represent a fundamental component

of modern financial markets, serving as the basis for instruments such as futures contracts,

swaps and forward rate agreements. These instruments enable market participants to develop

sophisticated strategies for managing exposure to volatility, interest rate fluctuations and

other financial risks, thereby supporting risk mitigation and profit maximization objectives.

For a holistic understanding and deeper insight into the subject, readers are referred to Hull’s

book titled ”Options, futures and other derivatives” [99].

Generally, these instruments are classified into call options and put options. Call options

confer the holder the right to purchase an underlying asset and put options provide the right

to sell an underlying asset, both at a predetermined strike price by a designated expiration

date.In addition to the basic distinction between call and put options, options are also classi-

fied as American or European, based on the nature of their exercise rights. American option

(AO), which represents the predominant form of options traded globally, allow the holder to

exercise the contract at any point up to and including the expiration date [34]. This feature

provides enhanced flexibility for both hedging and speculative purposes when compared to

European options (EOs), which are exclusively exercisable at maturity [30].

Options trading began in Amsterdam in the 17th century, where traders and investors

used rudimentary contractual agreements to speculate on shares of the Dutch East India
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Company [79]. The first organized over-the-counter (OTC) options market was formalized

in the early 20th century with the founding of the Put and Call Brokers and Dealers Asso-

ciation, facilitating the matching of buyers and sellers of equity options [38]. However, this

OTC structure introduced several systemic vulnerabilities, including market illiquidity due

to the lack of a secondary trading mechanism, counterparty risk stemming from reliance on

the solvency of brokers and dealers and elevated transaction costs driven by credit risk premi-

ums. These inefficiencies limited the market’s growth potential until significant institutional

reforms were implemented in the 1970s.

A pivotal development occurred in 1973 with the establishment of the Chicago Board Op-

tions Exchange (CBOE) by the Chicago Board of Trade (CBOT). According to the CBOE

[40], listed options contracts are governed by standardized terms, including the underlying

asset, strike price, expiration date, contract size (number of shares per contract) and exercise

style (American or European). These specifications ensure market-wide consistency, enhance

liquidity and support efficient trading execution. During the development of organized op-

tions markets, exchanges introduced standardized expiration dates fixed to the last Thursday

of each month, with adjustments for public holidays to reduce ambiguity and maintain orderly

trading practices. Option sellers (writers) receive a non-refundable premium from buyers in

exchange for assuming contractual obligations. As the first dedicated options exchange, the

CBOE pioneered the use of standardized contracts.

As demonstrated by MacKenzie and Millo [143], the CBOE’s institutional innovations,

including the establishment of a centralized clearing house to mitigate counterparty risk and

the standardization of contracts to enable liquid secondary trading, were not merely techni-

cal solutions but sociotechnical processes. These developments evolved in parallel with the

influential role of financial theory, exemplified by the Black-Scholes (BS) model, which recon-

figured trader behavior, market practices and the perceived legitimacy of derivatives markets

between 1973 and 1987. This structural innovation democratized access to options, reduced

transaction costs and catalyzed their transition from niche instruments to mainstream finan-

cial tools.

By the late 1970s, major United States of America exchanges includes the CBOE, AMEX

and NYSE were engaged in intense competition over the options market, spurring product

innovation but also contributing to regulatory fragmentation [143]. Silber [200] in 1983

attributes this rivalry to the rapid expansion of listed puts and calls, despite persistent

jurisdictional conflicts. In contrast, the Australian Stock Exchange, which operated as six

state-based exchanges until its unification in 1987, focused primarily on domestic equity

listings and the gradual implementation of automation [206].

This institutional evolution from fragmented OTC agreements to standardized exchange-

traded contracts fundamentally redefined financial markets, positioning options as essential

instruments for price discovery and risk management. Financial markets are essential to the
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global economy, facilitating capital allocation, investment and risk transfer.

According to Mishkin and Eakins [157], derivatives enhance financial market efficiency

by facilitating risk transfer (hedging), price discovery (speculation) and asset value align-

ment (arbitrage). Within this framework, options stand out due to their asymmetric payoff

structures, which cap losses for buyers while allowing for strategic risk exposure and exer-

cise flexibility (American or European). This versatility makes them particularly valuable

instruments for institutions managing financial uncertainty.

AOs, particularly APOs, hold critical importance in modern finance. Unlike EOs, APOs

allow holders to exercise early, making them vital for hedging against sudden market down-

turns. This feature introduces a free boundary problem in pricing, where the optimal exercise

time depends on dynamic factors such as asset price, volatility and interest rates [46].

As demonstrated by Wilmott [214], this flexibility enables strategic optimization: early

exercise may be optimal for deep-in-the-money APOs with significant time remaining, par-

ticularly when the interest earned from immediate proceeds outweighs the extrinsic value

forfeited by early exercise. The valuation of APOs remains a central challenge in financial

mathematics. Early methods, such as the binomial tree model [48] and Least Squares Monte

Carlo (LSMC) [137], laid the groundwork for numerical solutions. Recent advances leverage

machine learning [191], adaptive sparse grids [142] and quantum computing [228] to address

computational bottlenecks.

Despite significant progress, challenges persist in modeling jump-diffusion processes. Makumbe

in his PhD thesis [146] addresses this by developing efficient approximation methods for pric-

ing EOs under Jump-Diffusion Stochastic Volatility (JDSV) models, where closed-form solu-

tions are generally intractable. By integrating discontinuous asset price jumps with dynam-

ically evolving volatility, these models capture essential market phenomena such as volatil-

ity smiles and abrupt price shocks, yet they introduce substantial computational complex-

ity. The thesis advances analytical techniques-including asymptotic expansions and Fourier-

based approaches that facilitate rapid and accurate option valuation without relying on

high-dimensional partial integro-differential equations (PIDEs) or Monte Carlo simulations.

The BS model, first introduced by Fischer Black and Myron Scholes in 1973 is a widely

accepted framework for option pricing in the same year the CBOE was established [30]. The

model quickly gained traction among practitioners, regulators and market participants due

to its ability to adapt to various applications, such as speculative trading and risk manage-

ment. Its simplicity-defining strength stems from its reliance on four observable inputs: the

exercise price, the maturity period, the risk-free interest rate and the current price of the

underlying asset. The exercise price and time to maturity are explicitly defined in the option

contract, while the asset price and interest rate reflect prevailing market conditions. The sole

unobservable parameter, asset price volatility, is commonly estimated through historical or

implied methods. Historical volatility was the annualized standard deviation of an underlying
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asset’s returns over a specified time horizon.

However, horizon selection remains contentious: shorter horizons tend to amplify statis-

tical noise, while longer horizons risk obscuring structural shifts in the market [99]. Implied

volatility surfaces are typically derived iteratively from options across varying strike prices,

with consistent maturity prioritized since it embeds forward-looking expectations and has

been shown to outperform historical volatility in forecasting realized volatility [99].

The BS framework underwent significant extensions in subsequent years. Merton [154]

expanded the model to accommodate dividend-paying assets, enhancing its applicability to

equities. Separately, Cox and Ross [48] introduced the concept of risk-neutral valuation,

a paradigm shift that decoupled option pricing from investor risk preferences and laid the

foundation for modern derivatives pricing theory.

1.2 AO Valuation Methods

The valuation of APOs remains a central challenge in financial mathematics because they

have an early exercise feature. This section synthesizes advancements in the valuation of

APOs post 2020, alongside foundational methods, emphasizing mathematical rigor, compu-

tational efficiency and practical applicability. Four core methodologies dominate the litera-

ture on the valuation of APOs: linear complementarity problem (LCP) formulations, Finite

Difference Methods (FDM), Front-Fixing Method (FFM) and Fixed-Point Iteration (FPI)

algorithms.

1.2.1 LCP in AO Valuation

The LCP formulation remains a cornerstone in optimization and game theory, with significant

applications in financial mathematics and other fields. The utility of the LCP formulation

is especially evident in the valuation of AOs, where the early exercise feature yields a free

boundary problem. The LCP formulation captures the dual nature of this problem by enforc-

ing that the option value satisfies the BS-PDE in the continuation region while simultaneously

adhering to the early exercise condition. This relationship is formalized as:
LV (X, t) ≥ 0,

V (X, t) ≥ Φ(X),

LV (X, t) · (V (X, t)− Φ(X)) = 0,

where V (X, t) is the value of an option, L is the BS differential operator and Φ(X) denotes

the intrinsic value of options [34].

These conditions collectively define a complementarity system, ensuring that either the

option follows the PDE (when it is not optimal to exercise) or coincides with its payoff
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(when immediate exercise is optimal) but not both. By integrating these constraints into a

unified framework, the LCP eliminates the need for explicit free boundary tracking, offering

computational advantages over traditional PDE methods. The robustness of variational

inequalities (VIs) in modeling AO pricing under early exercise constraints demonstrate by

[102]. Their work establishes a rigorous theoretical framework by formulating the problem

as a free-boundary parabolic inequality, significantly advancing the analytical treatment of

optimal stopping in financial mathematics.

Recent developments have extended the power and efficiency of LCP-based approaches in

financial modeling. For instance, Zhang et al.[232] adapted the Projection and Contraction

Method (PCM) an iterative technique from VI theory, to solve the LCP associated with

pricing AOs on zero-coupon bonds. Their study implements and validates PCM within

the Cox-Ingersoll-Ross (CIR) framework, demonstrating its computational efficiency and

accuracy as a viable alternative to traditional approaches such as Projected Successive Over-

Relaxation (PSOR). Similarly, Deepak et al.[219] introduced an operator splitting technique

to efficiently solve the LCP for AOs under the BS model, with theoretical error bounds and

stability guarantees. Moreover, Dhiman and Hu [57] propose a Physics-Informed Neural

Network (PINN) to solve the BS-PDE for pricing EOs. Their method incorporates the

governing PDE, boundary conditions and terminal payoff as soft constraints within the loss

function, achieving accuracy comparable to finite difference methods without requiring spatial

mesh discretization. The framework is further extended to multi-asset options, although

computational costs remain significant. These advances demonstrate the growing versatility

and relevance of LCP formulations in modern financial computation.

1.2.2 FDMs and PINN in AO Valuation

FDMs remain a foundational tool in the numerical valuation of AOs, providing robust so-

lutions to the free boundary problems arising from early exercise features. Despite the con-

tinued use of traditional schemes like the Crank-Nicolson approach due to their stability

and simplicity, recent advancements have significantly improved accuracy and computational

efficiency. Persson and Sydow [178] and Christara and Dang [41] introduced high orders

compact schemes that achieve accuracy on coarser grids, thereby reducing computational

costs without compromising precision. Building upon prior advances, Wang et al. [212]

developed deferred correction methods of high order integrated with penalty iteration algo-

rithms, significantly improving the precision in resolving free boundaries within AO pricing

models. Adaptive Mesh Refinement (AMR) techniques dynamically allocate grid resolution

near the early exercise boundary, effectively balancing numerical accuracy and computational

resources.

Additionally, the scientific community was first exposed to PINNs through the ground-



6

breaking work of Raissi et al. [129], which established a meshless computational framework

for PDE. Gatta et al.[78] successfully applied PINNs to the complex, non-local time-fractional

Black-Scholes (tfBS) equation, marking the first adaptation of this novel technique to fi-

nancial modeling. Building on this framework, Nuugulu et al.[165] improved the stability

and robustness of PINN training for financial applications, thus refining the methodology.

Their input helped the method move past its initial proof-of-concept stage and become a

dependable and useful computational tool. All together, this development shows how finan-

cial PINNs have advanced from initial deployments to optimal performance, representing a

major advancement in the use of deep learning in derivative pricing models.

Despite notable progress, extending FDMs to high-dimensional problems remains com-

putationally demanding. Achieving real-time computational performance in non-stationary

markets where model parameters are time-varying and information flows are asymmetric re-

mains a persistent methodological and theoretical challenge. Addressing these issues requires

further methodological innovations that combine numerical rigor with scalable and adaptive

computational frameworks.

1.2.3 Front-Fixing Methods in Free Boundary Problems

FFMs stabilize free boundaries by applying coordinate transformations such as ξ = X/X∗(t)

that convert moving domains into fixed computational grids. Heidari and Azari [90] propose

a novel FFEM for pricing AOs under RSJD models. To address the challenges posed by early-

exercise features, particularly under stochastic regime transitions and asset-price jumps, they

apply a Landau transformation to reformulate the moving exercise boundary into a stationary

computational domain. This leads to a system of coupled PIDEs, one per regime, which is

solved using a fitted finite element scheme. Numerical experiments demonstrate the method’s

robustness, accuracy and computational efficiency in capturing the complex dynamics of

regime shifts, jump processes and early exercise, thereby establishing a reliable framework

for option pricing under realistic market conditions.

In contrast, Longstaff and Schwartz [137] introduce the LSMCmethod, a simulation-based

framework for valuing AOs and other early-exercise derivatives. The LSM approach addresses

the challenge of estimating continuation values along simulated asset price paths by applying

cross-sectional least-squares regression at each exercise date. Functional approximations of

the underlying asset price dynamics are utilized to approximate the conditional expected

payoff from postponing the exercise of the option. This estimate is then compared to the

immediate exercise value through backward induction within a dynamic programming struc-

ture. Notably, LSM exhibits exceptional flexibility and computational efficiency, particularly

in high-dimensional settings where traditional lattice or partial differential equation (PDE)

methods become impractical. Its proven numerical accuracy across diverse asset models
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has established LSM as a foundational tool in the simulation-based pricing of early-exercise

derivatives.

Complementing these contributions, Company et al. [44] apply a linear front-fixing trans-

formation to the Hull-White model for pricing AOs on zero-coupon bonds. By immobilizing

the moving boundary, they transform the free boundary problem into a fixed-domain PDE,

which is subsequently solved using an explicit finite difference scheme. Their approach enables

the simultaneous computation of option prices and optimal exercise boundaries, achieving

both computational efficiency and numerical accuracy. Similarly, Fazio et al. [74] develop

an implicit finite difference scheme coupled with a front-fixing transformation within the

BS framework. Their method ensures stability and consistency, further enhancing accu-

racy through Richardson extrapolation and AMR. Collectively, these studies underscore the

versatility of FFMs in addressing complex financial models while improving computational

performance and numerical precision.

1.2.4 Fixed-Point Iteration Methods

FPI methods provide a robust framework for solving the nonlinear VIs encountered in the

valuation of AOs. These methods iteratively enforce consistency between the option value

and the free boundary condition, typically by freezing the early exercise region and solving

a sequence of linear PDEs until convergence. In recent advancements, adaptive PSOR algo-

rithms with dynamically tuned relaxation parameters have been employed to enforce LCP

conditions and accelerate convergence, especially in jump-diffusion models [146].

Complementarily, penalty-based FPI schemes, such as those proposed by Wang and

Forsyth [210], improve numerical stability when handling degenerate diffusion terms. Ad-

ditionally, Gu et al.[82] introduce parallel-in-time iterative schemes that employ policy it-

eration within an all-at-once formulation of the Hamilton-Jacobi-Bellman equations. This

approach facilitates the concurrent resolution of the full temporal domain, thereby improv-

ing computational efficiency and accelerating convergence. These innovations enhance the

computational tractability of AO pricing models under complex market dynamics. Never-

theless, challenges persist in ensuring convergence near the free boundary and extending FPI

methods to path-dependent and rough volatility contexts. These methodological advances

significantly improve the computational tractability of AO pricing models within the context

of complex market dynamics.

To conclude this section, valuation of APOs remains a central challenge in financial math-

ematics because of the early exercise feature, which introduces a free boundary problem

requiring methods that balance mathematical rigor with computational efficiency. Contem-

porary research focuses on four principal approaches: LCP formulations, FDMs, FFM and

FPI algorithms.
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LCP frameworks elegantly encode free boundary dynamics through complementarity con-

ditions, with recent advancements integrating projection-contraction methods, operator split-

ting and PINNs to enhance accuracy and computational speed. FDMs, while foundational,

employ high-order compact schemes and AMR to mitigate grid dependencies and handle

rough volatility, though scalability in high-dimensional settings remains a limitation.

FFMs stabilize moving boundaries via coordinate transformations, augmented by GPU

acceleration and neural network predictions; however, numerical stability and scalability in

complex markets persist as challenges.

FPI algorithms iteratively solve VIs through adaptive relaxation and parallel comput-

ing techniques, enhancing convergence rates while continuing to face challenges in path-

dependent and rough volatility environments.

Collectively, these approaches underscore the interplay between theoretical precision and

practical implementation. Future innovation must address computational demands in high-

dimensional, non-stationary markets while ensuring robustness across evolving financial in-

struments.

1.3 Fractional Calculus

1.3.1 History of Fractional Calculus

Fractional calculus (FC), which extends classical calculus to derivatives and integrals of non-

integer order, offers powerful tools for modeling complex, memory-dependent and anomalous

phenomena that traditional integer-order calculus cannot adequately capture.

The conceptual origins of FC trace back to the correspondence of Gottfried Wilhelm Leib-

niz, notably with the Marquis de L’Hôpital’s [132]. A pivotal moment appears in a letter from

Leibniz to Guillaume de L’Hôpital’s, in which he poses the question: “Can there be a half-

order derivative?”, thereby proposing for the first time the generalization of differentiation

to non-integer orders.

This inquiry was further extended in Leibniz’s correspondence with John Wallis [132],

where he suggested that the established rules for integer-order derivatives of power functions,
dn

dxn (x
m), could be analytically continued to fractional exponents, an insight that anticipated

later developments involving the Gamma function.

Crucially, Leibniz conceptualized the differential operator d
dx

as subject to exponenti-

ation, thereby laying the operator-theoretic foundation of FC. Although he acknowledged

profound conceptual challenges and described such ideas as ”paradoxical” in his letters to

Jacob Bernoulli [132], this insight proved catalytic. Thus, while Leibniz did not formalize the

theory, he initiated the fundamental question and conceptual framework that would drive

centuries of subsequent mathematical development. This foundational idea spurred centuries
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of mathematical development, with contributions from eminent figures [71, 186].

The 19th century represented a crucial era in the conceptual evolution of FC, during which

foundational principles were established for its formalization and future applications. Math-

ematicians such as Joseph Liouville and Bernhard Riemann introduced rigorous definitions

of fractional derivatives (FDs) and integrals, laying a solid analytical foundation for the field.

In Riemann’s Collected Works [186, pp.353-366], Liouville’s exponential-based approach

to differentiation is acknowledged as foundational to the development of operators of arbi-

trary order. This method employed formal expressions such as eα
d
dx to extend the scope of

calculus beyond integer orders, thereby establishing a conceptual framework for generalized

differentiation. Building upon such techniques, Riemann developed a comprehensive theory

of integral transforms, notably articulated in his seminal paper on hypergeometric functions

[186, pp.67-85]. These transforms exemplified through complex contour integral representa-

tions for solutions to differential equations, utilize path integration in the complex plane to

recast differential problems into algebraic ones. The integrals, defined by their sensitivity

to contour paths and singularities (ibid., p.82), exemplify Riemann’s innovative synthesis of

complex analysis and differential equations, effectively transcending real-variable methods

and significantly expanding the theoretical foundations of mathematical physics.

Building upon the theoretical foundations of FC namely, Liouville’s exponential operators

as documented in Riemann [186, pp.353–366] and Riemann’s contour integral transforms

(ibid., pp. 67-85) the Grünwald-Letnikov formulation introduced a discrete approximation

of fractional operators via a limit-based difference quotient:

Dαf(x) = lim
h→0+

h−α

⌊x−a
h ⌋∑

k=0

(−1)k
(
α

k

)
f(x− kh).

This combinatorial framework, expressed using generalized binomial coefficients
(
α
k

)
[81,

p.454], bridged abstract operator theory with computational implementation. By reduc-

ing differentiation of arbitrary order to finite function evaluations, Grünwald’s approach laid

the groundwork for practical numerical algorithms addressed to fractional differential equa-

tions (FDEs) [81, pp.460-468], thereby transforming continuous theoretical constructs into

programmable procedures essential to modern scientific computing.

The mathematical foundations of FC are intrinsically linked to the Gamma function,

which generalizes the factorial function to complex numbers (excluding non-positive integers)

and non-integer real values. As rigorously established in the seminal treatise Fractional

Integrals and Derivatives: Theory and Applications by Samko, Kilbas and Marichev [193], the

Gamma function is an indispensable tool in defining and analyzing fractional operators. Its

key properties, especially analytic continuation and the functional equation Γ(z+1) = zΓ(z)

enable the extension of classical calculus to arbitrary (including non-integer) orders. This is

exemplified in the Riemann-Liouville fractional integral operator:
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Iα0+f(t) =
1

Γ(α)

∫ t

0

(t− τ)α−1f(τ) dτ, (α > 0),

where Γ(α) serves as a crucial normalizing constant that ensures the convergence of the

integral and recovers the identity operator in the limit as α → 0+. This operator extends

the classical notion of repeated integration to non-integer orders α, forming a foundational

component of fractional analysis [193].

In the 20th century, FDEs emerged as powerful tools for modeling dynamical systems with

memory and hereditary properties. FC provides a transformative mathematical framework

for modeling complex systems where classical integer-order models fail to capture essential

dynamics. As demonstrated by Metzler and Klafter [156], fractional operators inherently

describe anomalous diffusion, long-range memory effects and non-local interactions that de-

viate from standard Brownian motion (BM). This modeling capability is epitomized by the

time-fractional diffusion equation:

∂αu(x, t)

∂tα
= D

∂2u(x, t)

∂x2
, 0 < α < 1,

which governs subdiffusive transport, where the mean-square displacement scales as ⟨x2(t)⟩ ∼
tα, a critical advancement for describing transport in heterogeneous media.

The applications of FC span a broad range of disciplines. In rheology, Mainardi [145]

employs fractional models to characterize power-law viscoelastic responses, such as σ(t) ∼
t−β, in polymers and biological tissues, accurately capturing hereditary behavior unattainable

through classical integer order models. In bioengineering, Magin [144] utilizes fractional

techniques to quantify anomalous blood flow in arterial networks and intracellular diffusion,

accounting for phenomena such as fractal vascular morphology and cytoplasmic crowding.

Collectively, these contributions underscore how non-local fractional operators offer un-

paralleled fidelity in modeling complex physical and biological systems exhibiting spatiotem-

poral heterogeneity.

Classical stochastic models in finance often fail to capture two critical empirical fea-

tures: long-memory effects, observed as persistent autocorrelations in asset returns and non-

Markovian behavior, where asset dynamics depend on the entire historical path rather than

just the current state. To address these limitations, Cartea and Del Castillo-Negrete [37]

introduced the tfBS equation, incorporating a Caputo FD to embed memory effects:

∂αC

∂tα
=

1

2
σ2S2∂

2C

∂S2
+ rS

∂C

∂S
− rC, 0 < α ≤ 1,

where the Caputo kernel (t − τ)−α/Γ(1 − α) accounts for temporal memory. Although this

framework theoretically accommodates phenomena such as volatility clustering, its practical
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adoption was hindered by the computational complexity of solving fractional PDEs and

challenges in empirical calibration.

Subsequent research shifted focus from temporal memory to spatial roughness. Bayer,et.al

[25] demonstrated that volatility trajectories characterized by Hurst exponent H < 0.5 a

property termed rough volatility better replicate market data, particularly the power-law

decay of the at-the-money skew, S(T ) ∼ TH−1/2, in short-dated options. Their model is

specified by:

dSt = vtSt dB
H
t , vt = ξ0

∫ t

0

(t− s)H− 1
2 dWs,

where BH
t is a fractional Brownian motion (fBM) with Hurst index H and Wt is a standard

BM. This formulation addressed empirical shortcomings of the tfBS model and laid the

foundation for modern rough volatility theory.

Further advancements integrated state-dependent jumps.Yuen,et.al [225] develop a trino-

mial tree method for option pricing under regime-switching models, with dynamics:

dSt = µZtStdt+ σZtStdWt

where Zt follows a continuous-time Markov chain modulating jump intensity λZt and volatility

vZt .

This extension addressed the static assumptions of earlier models, improving pricing ac-

curacy for long-dated options during market crises. To address the computational challenges

of high-dimensional fractional PIDEs, Han et.al [86] present a deep learning framework for

solving high-dimensional financial PDEs:

min
θ

E
[
|∂tuθ + Luθ|2

]
demonstrating applications to option pricing.Their neural network approximations enabled

real-time calibration of exotic options, significantly outperforming classical finite-difference

approaches in terms of speed and adaptability.

Collectively, these advancements highlight the importance of incorporating memory and

path-dependence into pricing frameworks while balancing theoretical rigor with practical

tractability. Future research may explore applications of fractional and rough volatility mod-

els to crypto derivatives, multi-agent markets or high-frequency environments.

FC has emerged as a transformative mathematical framework in control theory, signal

processing and electromagnetism. Its defining feature the ability to capture memory and

hereditary properties enables the modeling and control of systems beyond the scope of clas-

sical integer-order approaches.

In control engineering, fractional-order controllers (FOCs) exhibit superior performance

compared to conventional proportional-integral-derivative (PID) controllers. As established
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by Podlubny [181], FOCs provide enhanced stability margins, improved robustness and su-

perior disturbance rejection in complex industrial systems. Their non-local dynamics and

intrinsic memory effects enable effective handling of time-delayed processes and nonlinear

behaviors. The additional tuning parameters afforded by fractional orders prove particu-

larly advantageous in safety-critical domains such as aerospace control and robotics, where

traditional PID controllers often prove inadequate.

Within signal processing, the fractional Fourier transform represents a paradigm shift

for analyzing non-stationary signals. Ozaktas et al. [171] demonstrate that this generalized

transform enables signal representation along arbitrary rotational axes in the time-frequency

plane. This flexibility facilitates improved resolution and localization for rapidly evolving

or frequency-modulated signals, with applications spanning radar detection of maneuvering

targets, biomedical signal analysis (e.g., ECG and EEG) and secure communications systems

where conventional Fourier methods provide limited interpretability.

For electromagnetism, Engheta’s pioneering research [70] established FC as a transforma-

tive framework for modeling wave propagation in complex media. By introducing fractional

multipoles, this approach accurately characterizes electromagnetic behavior in metamaterials,

plasmonic surfaces and fractal geometries. These models reveal novel physical phenomena

including sub-wavelength focusing, frequency selective scattering and energy localization that

eludes classical Maxwellian descriptions, enabling advancements in antenna design, stealth

technology and characterization of engineered materials with exotic electromagnetic proper-

ties.

These advancements highlight how FC can effectively tackle ongoing challenges in system

modeling, control and signal analysis across various disciplines. Its ongoing integration across

applied domains signifies a fundamental shift toward memory-aware system representations

that more accurately reflect physical realities.

FC is fundamentally distinguished by its intrinsic non-locality. Unlike classical deriva-

tives, which depend solely on the instantaneous behavior of a function, FDs incorporate the

entire historical trajectory of the system. This non-local property is essential for accurately

modeling memory-dependent phenomena such as polymer stress relaxation and contaminant

diffusion in porous media [169]. Among the various definitions of FDs, the Caputo formula-

tion has gained prominence due to its superior physical interpretability. It is defined as:

Dαf(t) =
1

Γ(n− α)

∫ t

0

f (n)(τ)

(t− τ)α+1−n
dτ, (n− 1 < α < n),

where Γ(·) denotes the Gamma function and f (n)(τ) is the nth-order derivative of f . A

key advantage of the Caputo derivative is its compatibility with classical initial conditions,

which is critical for physical applications [35]. This operator has proven particularly effective

in modeling hereditary behaviors such as material creep and viscoelastic relaxation [17].
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Advances in computational techniques during the late 20th and early 21st centuries sig-

nificantly expanded the scope of FC. Numerical schemes such as the Grünwald-Letnikov [81]

discretization and the Adams-Bashforth-Moulton predictor-corrector approach enabled prac-

tical solutions to FDEs [59]. Spectral methods, finite element frameworks and matrix-based

algorithms further improved computational feasibility across diverse applications.

Recent explorations into fBM have revealed new insights into long-range dependence in

finance, biology and network theory [147]. The exponential growth in publications evident

in bibliometric data such as that from Scopus attests to the expanding interest in this field

[18].

The assimilation of FC with machine learning represents a transformative advancement

in computational mathematics Pang et al.[172].PINNs, neural architectures that inherently

encode fractional differential operators, have emerged as powerful tools for solving high-

dimensional FDEs [172]. Unlike traditional mesh-based methods, PINNs bypass spatial dis-

cretization entirely, enabling efficient solutions to complex systems in climate modeling (e.g.,

anomalous diffusion in atmospheric processes) and biomedical engineering (e.g., viscoelastic

tissue modeling) [96, 165].

Even though significant challenges that persist in the application of FC, ongoing research

continues to advance its theoretical development and practical relevance.The coexistence

of multiple FD definitions, including the Riemann-Liouville, Caputo, Grünwald-Letnikov,

Hadamard and others, introduces ambiguity when specifying boundary conditions, compli-

cating the resolution of boundary value problems. Furthermore, the intrinsic non-locality

of fractional operators imposes substantial computational burdens due to their dependence

on historical states. Current research addresses these challenges through strategies such as

fast-convolution algorithms for efficient kernel evaluations, sparse representations leveraging

wavelet or multi-resolution bases and unified multiscale frameworks that reconcile local and

non-local operators [208].

As theoretical insights converge with practical applications, FC continues to reshape

our understanding of time, memory and dynamic change. What began as a speculative

notion in Leibniz’s correspondence has evolved into a foundational tool across disciplines.

Its ability to describe complex, non-local and memory-dependent systems underscores its

growing importance in modern science and engineering.

1.3.2 Definitions of FDs

Recent literature primarily defines fractional-order derivatives using several prominent for-

mulations, including the Caputo [134], Riemann-Liouville [221], Jumarie (a modified form of

the Riemann-Liouville) [111] and Abu-Shady-Kaabar fractional [2] derivatives, as well as the

Atangana-Baleanu (AB) FD with a non-singular kernel [2].
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Extensive discussions on these and additional definitions of FDs, along with their respec-

tive advantages and limitations, see [14, 36] and the references therein. Additional detailed

analyses can be found in [108, 109, 110, 111]. We refer to the works in [108, 109, 110, 134, 221]

for formal definitions and methodological developments of specific FDs.

Furthermore, for a robust numerical scheme and a more extensive treatment of FDs,

see [9]. Although the list of derivative types presented here is not exhaustive, given the

continually evolving nature of the field, it provides a focused overview of several widely used

approaches. For a more complete and up-to-date catalog of FDs, including recent citations

and further references, we refer readers to the comprehensive review in [9]. To this end, we

present the following concept:

DEFINITION 1.3.1. Caputo FD

Let v : R → R be a continuous but not necessarily differentiable function. The Caputo FD of

order α is defined as follows :

i New Caputo FD

∂αv

∂tα
= c

0D
α
t v(τ, y) =

1

(1− α)

∫ t

0

v′(τ)e−
α(t−τ)
1−α dτ. (1.1)

We remark from the above definition that the presence of the function v′ ,classical

derivative, which is the derivative of the function v. Note that this already suggests

to us that the classical derivative of the function v must exist before we can apply this

definition. Most recent remarks on the definitions of FDs are clearly highlighted in the

recent manuscript [8].

ii Caputo FD

∂αv

∂tα
= c

0D
α
t v(τ, y) =

1

Γ(1− α)

∫ t

0

v′(τ)
1

(t− τ)α−1
dτ

Dα
t v(t) =

1

Γ(η − α)

∫ t

0

dηv(τ)

dτ η
(t− τ)α−η+1 dτ, η − 1 < α ≤ η; η ∈ N. (1.2)

A key advantage of the Caputo FD is its ability to incorporate classical initial and

boundary conditions into the problem formulation [35].

The Caputo FD is widely favored in applied sciences due to its effectiveness in modeling

memory and hereditary properties of materials and processes while maintaining compatibility

with classical initial conditions. A key advantage of this formulation is that it permits initial

conditions to be specified using integer-order derivatives, aligning naturally with conventional
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physical and engineering practices. Initial states such as finance, displacement, velocity or

temperature are typically described using classical derivatives in such contexts. Further-

more, the Caputo derivative converges to the classical derivative when the fractional order

approaches an integer, ensuring a smooth transition between classical and FC frameworks.

These attributes make the Caputo derivative particularly suitable for modeling real-world

phenomena, including anomalous diffusion, viscoelasticity and other memory-dependent pro-

cesses [227, 217].

However, the Caputo derivative also presents certain limitations. Like all FDs, it is

inherently nonlocal, meaning that its value at a given point depends on the entire history of

the function. This nonlocality increases computational complexity, particularly in large-scale

or high-resolution numerical simulations. Additionally, the Caputo definition requires the

function to be differentiable in the classical sense before applying the fractional operator,

which may restrict its applicability in cases where such regularity is not guaranteed.

Despite certain challenges, the Caputo derivative remains widely utilized in applied disci-

plines such as physics, engineering and bioengineering, largely due to its interpretable initial

conditions and consistency with physical modeling frameworks. Recent works have intro-

duced advanced numerical schemes to mitigate the computational costs associated with the

Caputo framework. For instance, Zabidi et al. [227] proposed an Adams-type multistep

method, while Nuugulu et al. [164] developed a robust numerical method for tfBS equa-

tions, effectively modeling stock exchange dynamics. Their subsequent work, Nuugulu et al.

[163] introduced an efficient numerical scheme derived from the fractal market hypothesis,

underscoring the expanding role of Caputo-type derivatives in financial mathematics and

beyond.

DEFINITION 1.3.2. Riemann-Liouville FD

Let v : R → R be a continuous but not necessarily differentiable function. Then, the Riemann-

Liouville FD of order α is given by:

Dα
t v(t) =

1

Γ(η − α)

dη

dtη

∫ t

0

v(τ)(t− τ)α−η+1 dτ, η − 1 < α ≤ η; η ∈ N. (1.3)

The Riemann-Liouville derivative demonstrates notable limitations in practical modeling

of phenomena with FDEs. Specifically, it produces a non-zero derivative for a constant and

introduces singularities at the origin when the function remains constant at that point, as

observed with exponential and Mittag-Leffler functions. These challenges constrain its appli-

cability. However, Jumarie [109] demonstrated that modifications to the Riemann-Liouville

definition can address some of these issues [169, 193].
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The Riemann-Liouville FD is a cornerstone of FC, providing a mathematically rigorous

generalization of classical differentiation to non-integer orders. Its primary advantages in-

clude a solid theoretical foundation grounded in integral transforms, effective modeling of

memory-dependent phenomena such as anomalous diffusion and viscoelasticity and compat-

ibility with Laplace transform techniques for solving linear FDEs [141, 95]. However, the

Riemann-Liouville derivative also presents notable limitations. It assigns non-zero values to

the derivatives of constant functions, except at integer orders, which contradicts classical

calculus and complicates physical interpretation. Furthermore, it requires initial conditions

expressed in terms of fractional integrals, which often lack clear physical meaning and are

difficult to determine empirically [4]. These drawbacks reduce its applicability in engineering

and applied sciences, where the Caputo derivative is frequently favored due to its alignment

with traditional initial and boundary condition formulations.

DEFINITION 1.3.3. Jumarie (Modified Riemann-Liouville) Derivative

Let v : R → R be a continuous, but not necessarily differentiable function. The Jumarie FD

of order α is defined as follows:

i If v(t) is a constant K, then its Jumarie FD is given by:

Dα
t v(t) =

{
K

Γ(η−α)
t−α+1−η, α ≤ η − 1,

0, α > η − 1,
(1.4)

where η ∈ N and Γ is the Gamma function.

ii If v(t) is not a constant, then its FD is defined by:

Dα
t v(t) =

1

Γ(η − α)

dη

dtη

∫ t

0

v(τ)− v(0)

(t− τ)α
dτ, η − 1 < α ≤ η, (1.5)

where η ∈ N.

The Jumarie FD has gained significant attention for its ability to extend FC to non-

differentiable functions, which frequently arise in practical modeling contexts. A key advan-

tage of this formulation is its operational simplicity and capacity to handle continuous but

non-differentiable functions addressing a limitation of classical FDs. Unlike the standard

Riemann-Liouville derivative Jumarie’s definition ensures that the FD of a constant yields

zero enhances conformity with classical derivative and interpretability in physical applica-

tions. This modification also simplifies initial condition specification and mitigates divergence

issues associated with the classical Riemann-Louville approach. As a result, the Jumarie

derivative has been successfully applied in engineering, physics and finance, particularly for

modeling systems with fractal behavior, irregular signals, or stochastic dynamics.
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Despite these advantages, the Jumarie derivative has faced critical scrutiny within the

mathematical community. A major concern is its comparatively weaker theoretical founda-

tion relative to well-established definitions like the Caputo and Riemann-Liouville derivatives.

Critics have questioned its internal consistency and adherence to fundamental calculus the-

orems such as the chain rule and integration by parts, particularly in generalized settings.

Additionally, while it effectively handles non-differentiable functions, the Jumarie framework

may oversimplify boundary conditions or yield solutions that deviate from experimentally

validated models. Thus, while it provides computational efficiency and practical accessibil-

ity, its application requires careful consideration in contexts where strict mathematical rigor

is essential.

Recent research continues to explore FDs, including variants inspired by Jumarie’s ap-

proach. For example, Ayub et al. [15] applied Riemann-Liouville fractional operators to

solve generalized kinetic energy equations, highlighting the utility of fractional models in

complex physical systems. Similarly, Houas et al. [94] investigated the existence and stabil-

ity conditions for fractional order pantograph differential equations using Riemann-Liouville

and Caputo operators, further demonstrating the versatility of FC in dynamical systems

analysis.

DEFINITION 1.3.4. Grünwald-Letnikov Derivative

The Grünwald-Letnikov (GL) derivative is a natural extension of the finite difference ap-

proach:

GLDα
t f(t) = lim

h→0

1

hα

⌊ t
h⌋∑

k=0

(−1)k
(
α

k

)
f(t− kh),

where
(
α
k

)
= Γ(α+1)

Γ(k+1)Γ(α−k+1)
is the generalized binomial coefficient.

This definition, introduced by Grünwald-Letnikov in the 19th century, is foundational

in FC and suitable for numerical implementations [81, 133]. Independently developed by

A.K.Grünwald in 1867 [81] and A.V.Letnikov in 1868 [133], this approach extended earlier

concepts proposed by Liouville and Riemann. Their key contribution was the development

of a fractional-order differentiation framework grounded in finite differences, now widely

recognized as a discrete approximation of FDs. Unlike other definitions that rely on inte-

gral transforms, the GL derivative is formulated as the limit of a fractional-order difference

quotient, which makes it particularly suitable for numerical computation. This formulation

significantly extended the mathematical framework of differentiation to non-integer orders

while simultaneously establishing a fundamental connection between continuous and discrete

representations in FC.

Due to its simplicity and natural discretization, the GL is widely used in computational

applications. Its structure facilitates direct implementation in numerical schemes, partic-

ularly in FDMs for solving FDEs. Although mathematically equivalent to the Riemann-
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Liouville definition under specific conditions, the GL approach is often preferred in numerical

simulations due to its compatibility with grid-based approximations. However, this method

requires that the function be sufficiently smooth and demands careful treatment of the do-

main to avoid divergence. Despite these limitations, the GL derivative remains a cornerstone

in the development and computational implementation of FC, significantly influencing theo-

retical progress and practical engineering applications.

DEFINITION 1.3.5. Atangana-Baleanu Derivative

The AB Derivative is FD with a non-singular and non-local kernel based on the Mittag-Leffler

function:

ABDα
t f(t) =

B(α)

1− α

∫ t

0

f ′(τ)Eα

(
− α

1− α
(t− τ)α

)
dτ,

where Eα(·) is the Mittag-Leffler function.

This derivative effectively models processes with memory and hereditary properties with-

out singularities [12]. The AB-FD represents a significant advancement in FC, offering a

modern alternative to classical definitions through its incorporation of non-locality and non-

singular kernel properties. Developed by Atangana and Baleanu [12], this operator employs

the Mittag-Leffler function as its kernel, providing notable advantages in modeling memory

effects and hereditary behaviors in complex systems. Unlike traditional Riemann-Liouville

and Caputo derivatives, which rely on singular power-law kernels, the AB derivative elimi-

nates such singularities while preserving the essential non-local characteristics of fractional

operators. This innovation is particularly beneficial for modeling physical phenomena with

fading memory, including applications in viscoelastic materials [13], anomalous diffusion pro-

cesses [160] and control systems [117]. The AB framework has been formulated in both

Caputo-type and Riemann-Liouville-type versions [12], offering flexibility in handling initial

conditions and boundary value problems while maintaining the core attributes of fractional-

order dynamics.

DEFINITION 1.3.6. Abushady Derivative

The Abushady FD is defined using a generalization of the Grünwald-Letnikov approach. It is

expressed as:

Dαf(t) = lim
ϵ→0

1

Γ(α)

∞∑
k=0

(−1)k
(
α

k

)
f(t− kϵ),

where ϵ is a small parameter and the generalized binomial coefficient
(
α
k

)
is given by:(

α

k

)
=

Γ(α + 1)

Γ(k + 1)Γ(α− k + 1)
.
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This definition is particularly used in the study of physical processes with memory effects

and it presents an alternative method for understanding FDs [1].

The Abushady FD, first proposed by Abushady et al. [1], constitutes a significant theo-

retical advancement in FC, specifically developed to address limitations inherent in classical

fractional operators when modeling nonlocal and complex dynamical systems. Unlike con-

ventional formulations such as the Riemann-Liouville or Caputo derivatives, it employs an

innovative kernel structure that enhances the representation of memory-dependent processes

while preserving rigorous physical interpretability. The modified differentiation approach em-

bedded in the Abushady operator offers greater modeling flexibility for anomalous transport

phenomena, particularly in characterizing time-dependent diffusion and viscoelastic relax-

ation dynamics in biological systems.

The derivative’s enhanced mathematical properties, particularly its ability to handle

variable-order dynamics and time-evolving memory effects, have established it as a valu-

able tool in contemporary FC research Abushady et al. [1]. This formulation represents a

notable contribution to the field, offering both theoretical consistency and practical utility in

modeling complex systems across diverse domains, from cellular biomechanics to the design

of smart materials.

1.3.3 Organization of the thesis

The dissertation is organized as follows: Chapter 2 lays the theoretical groundwork, de-

tailing the properties of Stochastic Ordinary Differential Equations (SDEs) and Stochastic

Partial Differential Equations (SPDEs). Chapter 3 focuses on the Historical Development

of SPDEs in APO Pricing, where we discuss the historical evolution connecting SPDEs to the

theoretical and numerical valuation of APOs. In Chapter 4, we had Strong Convergence

of Euler-Type Methods for Nonlinear FSDEs without Singular Kernel. Chapter 5 presents

A Front Fixing Crank-Nicolson Finite-Difference for the APOs Model. Finally, Chapter 6

provides a summary of the contributions and discusses potential avenues for future research.



Chapter 2

Stochastic Ordinary Differential

Equations and Stochastic Partial

Differential Equations

2.1 Introduction

SDEs are differential equations that consist of at least one term involving a stochastic process

(SP). This leads to an inherently stochastic solution. Unlike deterministic differential equa-

tions, which have defined initial conditions and deterministic rules that govern the system to

determine its solution, SDEs are particularly well-suited for modeling systems subject to un-

certainty and noise because they incorporate randomness into ordinary differential equations

(ODEs). A SDE is an ODE with a stochastic term and is the most commonly applicable and

is typically driven by white noise. It represents a significant class of SPs. Mathematically,

such an equation can be expressed as:

dXt = f(Xt, t)dt+ g(Xt, t)dWt

where Xt represents the SPs, f(Xt, t), is drift term, g(Xt, t) is the diffusion coefficient gov-

erning the intensity of the noise and Wt denotes a Wiener process (BM), which accounts for

the stochastic perturbation.

SDEs had a widespread application across many disciplines. In finance, they are essential

for modeling the unpredictable dynamics of asset prices, interest rates and volatility, as

seen in models like the BS equation and geometric BM for more detail, we refer [180]. In

physics and engineering, SDEs are used to describe systems subject to thermal fluctuations,

molecular diffusion and other random perturbations. Similarly, in biology and neuroscience,

model population dynamics, genetic drift and neural activity involve SPs. For augmented

knowledge and comprehensive understanding of SPs, refer to [138].
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Even though solutions of SDEs involve complex methods, they have been used in a wide

range of applications across various fields. To address these challenges, specialized numerical

techniques such as Euler-Maruyama (EM) schemes, Milstein methods and stochastic Runge-

Kutta techniques. These techniques enable efficient simulation of SPs, providing important

insights into the dynamics of complex uncertainty systems.Another important class of SPs

is SPDEs, which generalize classical PDEs by incorporating randomness into coefficients,

forcing terms, or boundary conditions.

This chapter is divided into two thematic sections. The first section SDEs, presents basic

concepts under the following subsections: basic notations of probability theory, basic prin-

ciples of BM and SP formulations. Then exhaustively explored SDEs with emphasis on

different solution techniques, especially numerical ones like the EM approximation. The next

part deals with SPDEs and introduces key solution concepts and methods, specifically the

Green’s function and the Q-Wiener process. Together, these two parts yield an entire theo-

retical and computational framework that is necessary to comprehend stochastic differential

systems.

2.2 Lebesgue Spaces

In this subsection develops a foundation through Lebesgue spaces Lp. These spaces play a

central role in PDE analysis as they provide these are: a rigorous framework for quantify-

ing randomness in parameters and external forcing [52]; a basis for establishing well-posed

weak formulations [72] and the necessary structure for conducting error analysis in numerical

approximations [138].

2.2.1 Definitions and Core Properties of Lebesgue Spaces

The theory begins with the Lebesgue spaces, which are fundamental in modern analysis. Let

(Ω,F , µ) be a measure space. For 1 ≤ p < ∞, the Lebesgue space is defined as

Lp(Ω) :=

{
f : Ω → R measurable : ∥f∥Lp :=

(∫
Ω

|f |p dµ
)1/p

< ∞

}
.

When p = ∞, we define

L∞(Ω) := {f : ∥f∥L∞ := inf {M ≥ 0 : |f | ≤ M µ-a.e.} < ∞} .

Lebesgue spaces are complete, meaning that Lp(Ω) forms a Banach space for all 1 ≤ p ≤
∞, a result established by the Riesz–Fischer theorem [190]. In particular, L2(Ω) possesses a
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Hilbert space structure with the inner product

⟨f, g⟩ =
∫
Ω

fg dµ,

which makes it especially important for applications in SPDEs. Furthermore, the space of

smooth, compactly supported functions C∞
c (Ω) is dense in Lp(Ω) for 1 ≤ p < ∞, ensur-

ing approximation flexibility.There are two cornerstone inequalities that govern analysis in

Lebesgue spaces. First,Hölder’s inequality states that if p−1 + q−1 = 1, then

∥fg∥L1 ≤ ∥f∥Lp ∥g∥Lq .

Second, Minkowski’s inequality ensures that

∥f + g∥Lp ≤ ∥f∥Lp + ∥g∥Lp .

These inequalities provide essential tools for working with nonlinearities and stability in

SPDE analysis [72].

Finally, convergence theorems such as the Dominated Convergence Theorem establish

conditions under which convergence almost everywhere implies convergence in Lp.

THEOREM 2.2.1. Convergence Theorems [33] Dominated Convergence: If fn → f

µ-a.e. and |fn| ≤ g ∈ Lp, then

lim
n→∞

∥fn − f∥p = 0.

2.2.2 Types of Lebesgue Spaces

Lebesgue spaces form the backbone of modern functional analysis and are essential in the

study of PDEs, SPs and various applications in applied mathematics and physics. These

spaces provide a rigorous framework to measure the size of functions, quantify randomness

in stochastic models and ensure convergence properties necessary for analysis. Depending on

the exponent and the structure of the underlying measure space, Lebesgue spaces can take

several forms, each with specific analytical advantages.

i. Classical Lp Spaces (1 ≤ p < ∞) for a measure space (Ω,F , µ), the Lebesgue space

Lp(Ω) is defined as

Lp(Ω) =
{
f : Ω → R measurable

∣∣∣ ∥f∥Lp :=
(∫

Ω

|f |p dµ
)1/p

< ∞
}
.

These spaces are Banach spaces with the norm ∥f∥Lp . In particular, L2(Ω) is a Hilbert

space with the inner product

⟨f, g⟩ =
∫
Ω

fg dµ,

making it especially useful in applications involving SPDEs and Fourier analysis.
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ii. L∞ Spaces: the space L∞(Ω) consists of essentially bounded functions:

L∞(Ω) =
{
f : Ω → R measurable

∣∣∣ ∥f∥L∞ := inf{M ≥ 0 : |f | ≤ M µ-a.e.} < ∞
}
.

The norm here measures the essential supremum of the function. While L∞(Ω) is a

Banach space, it does not possess a Hilbert space structure.

iii. Weighted Lp Spaces: Weighted Lebesgue spaces incorporate a positive weight function

w(x) to emphasize specific regions of the domain:

Lp
w(Ω) =

{
f : Ω → R

∣∣∣ ∥f∥Lp
w
:=
(∫

Ω

|f(x)|pw(x) dx
)1/p

< ∞
}
.

Weighted spaces are particularly useful in PDEs where solutions exhibit singular be-

havior near boundaries or other critical regions.

iv. Dual Spaces and Weak Topologies: for 1 < p < ∞, the dual of Lp(Ω) is isometrically

isomorphic to Lq(Ω), where q = p
p−1

. For each g ∈ Lq(Ω), the functional

φ(f) =

∫
Ω

fg dµ

represents an element of (Lp(Ω))∗ [33].

Weak convergence: a sequence {un} ⊂ Lp(Ω) converges weakly to u if

lim
n→∞

φ(un) = φ(u), ∀φ ∈ (Lp)∗.

v. Sobolev Spaces and Embeddings: for k ∈ N and 1 ≤ p < ∞, the Sobolev space is

W k,p(Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω), ∀|α| ≤ k} ,

equipped with the norm

∥u∥Wk,p =

∑
|α|≤k

∥Dαu∥pLp

1/p

.

In the Hilbert case p = 2, one writes Hk(Ω) := W k,2(Ω).

Sobolev embedding theorems imply that if kp > d, then

W k,p(Ω) ↪→ Cb(Ω).

The Rellich–Kondrachov theorem guarantees compact embeddings on bounded Lips-

chitz domains [3].

Lebesgue provides the essential analytic foundation for PDE theory. Lebesgue spaces enable

duality and weak formulations and Sobolev spaces ensure regularity through embeddings.

Together, these underpin existence theory, numerical approximation and uncertainty quan-

tification in PDEs.



24

2.3 Basic Notations of Probability Theory

Probability theory is the foundational framework for analyzing random phenomena. Think

of a straightforward experiment, for example, rolling a die or tossing a coin, where the result

is unpredictable in each trial. In these situations, the frequency of outcomes is examined and

their likelihood is quantified using statistical and probabilistic methods. The probability of

an event is typically defined as the long-run proportion of times the event occurs when an

experiment is repeated many times. To formalize these theories, we define probability space,

denoted (Ω,F , P ) [138, p.137]. Here:

i. Ω is the sample space, which represents a set of the entire potential outcomes of the

experiment.

ii. F ⊂ Ω is a σ-algebra, which defines the collection of measurable events.

iii. P is a probability measure, mapping each event in F to a corresponding probability

value.

Given the measurable space (Ω,F), the probability measure P satisfies the following funda-

mental axioms:

i. Normalization: the probability assigned to the entire sample space is equal to unity,

P (Ω) = 1. (2.1)

ii. Countable Additivity:

P

(
∞⋃
i=1

Ai

)
=

∞∑
i=1

P (Ai). (2.2)

where Ai ⊂ F and Ai ∩ Aj = ∅ for i ̸= j,

A fundamental concept in probability theory is the ”random variable”, which is a measurable

function X : Ω → R that assigns a real number to each outcome in the sample space. If X

is integrable under P , its ”expectation” (or expected value) is given by [138, p.139]:

E[X] =

∫
Ω

X(ω)dP (ω). (2.3)

Another key measure of dispersion in probability theory is the ”variance”, which quantifies

the spread of a random variable around its expectation:

Var(X) = E[(X − E[X])2]. (2.4)

These fundamental probability concepts serve as the basis for more advanced topics, including

SPs, which play a central role in modeling random dynamical systems.
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2.3.1 Basics of Brownian Motion(BM)

The phrase BM originates from the empirical observations made by the Scottish botanist

Robert Brown in 1828, he noted the erratic motion of pollen grains suspended in water [138].

This seemingly random motion was later explained as a consequence of continuous collisions

between the microscopic particles and the surrounding molecules of the fluid. The stochastic

nature of BM made it an essential topic of study in both physics and mathematics, leading

to its rigorous formulation as a SP.

To model this phenomenon mathematically, it is natural to introduce a SPBt(ω), representing

the place of a pollen grain ω at time t. While BM refers to the exact motion of the pollen

grain, its mathematical abstraction is encapsulated by the Wiener process, which provides

a formal probabilistic framework for describing random fluctuations over time. The Wiener

process serves as the foundation for various applications in probability theory, statistical

physics, finance and stochastic calculus.

DEFINITION 2.3.1. Definition of BM: Let (Ω,F , P ) be a probability space equipped with

a filtration {Ft}t≥0. A standard one-dimensional BM is a real-valued, continuous and Ft-

adapted SP {Bt}t≥0 satisfying the features listed below:

i. Initial Condition: B0 = 0 almost surely (a.s.).

ii. Gaussian Increments:

Bt −Bs ∼ N (0, t− s). (2.5)

where s ⊂ (0,∞), Bt −Bs the increment and normally distributed with mean zero and

variance t− s

iii. Independent Increments: for any s ⊂ (0,∞), Bt − Bs is independent of the filtration

Fs, meaning that past information does not influence future increments.

iv. Continuity: sample path of Bt is almost surely continuous, ensuring that BM evolves

in a smooth, albeit unpredictable, manner.

These fundamental properties make BM an essential building block in stochastic analysis,

serving as the basis for more advanced concepts such as the Itô integral, SDEs and diffusion

processes. Beyond its origins in physics, BM has become a cornerstone of modern probability

theory and found applications across diverse disciplines. In finance, the BS framework forms

the backbone of in option valuation. In physics and chemistry, it underpins diffusion processes

and thermodynamic fluctuations. Furthermore, in engineering and signal processing, BM is

employed to model noise and uncertainty in dynamical systems. The profound impact of BM

across disciplines highlights its fundamental role in the study of random phenomena.
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2.3.2 Basics of Stochastic Process (SPs)

It is a mathematical framework for modeling systems that undergo temporal evolution over

time under the influence of randomness. Let (Ω,F , P ) be a probability space. A SP is defined

as a family of random variables indexed by time

X = {Xt : t ∈ T},
where each Xt is a random variable and T is the index set that defines how long the process

evolves. SPs can be categorized based on whether the index set T is discrete or continuous:

DEFINITION 2.3.2. Discrete-Time SP: A SP X = {Xn : n = 0, 1, 2, . . . } is said to be

a discrete-time process if it consists of a countable sequence of random variables indexed by

N ∪ {0}.

DEFINITION 2.3.3. Continuous-Time SP: A SP X = {Xt : 0 ≤ t < ∞} is referred

to as a continuous-time process if it consists of an uncountable collection of random variables

indexed by [0,∞).

SPs serve as fundamental tools in various scientific and engineering disciplines. In finance,

it models asset prices, interest rates and market fluctuations. In physics, it describes BM,

diffusion processes and thermodynamic systems. Moreover, in engineering and control theory,

it supports analyzing signals, noise and dynamic systems under uncertainty.

A clear understanding, providing a critical assessment and analyzing the differences between

discrete and continuous SPs is crucial for selecting appropriate mathematical models and

analytical techniques. Probability theory, measure theory and functional analysis are the

hub of SPs and underpin advanced subjects like stochastic ordinary differential equations

and stochastic optimization.

2.3.3 Q-Wiener Process

Let (Ω,F ,P) be a filtered Ft-adapted probability space. An H-valued SP {W (t) : t ≥ 0} is

defined as follows [138, p.436]

DEFINITION 2.3.4. Q-Wiener Process An H-valued SP {W (t) : t ≥ 0} is a Q-Wiener

process if:

i. W (0) = 0, P-a.s.,

ii. W (t) is a continuous function R+ → H for each ω ∈ Ω,

iii. W (t) is Ft-adapted and W (t)−W (s) is independent of Fs for s < t,

iv. W (t)−W (s) ∼ N (0, (t−s)Q) for all 0 ≤ s ≤ t, where Q : H → H is a positive definite

bounded operator.
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2.3.4 Probabilistic Lebesgue Spaces

In this subsection, establish the functional analytic foundations required for SPDE theory

by introducing Lebesgue spaces (Lp) and their Banach-space-valued extensions, known as

Bochner spaces, with a particular emphasis on probabilistic settings. These spaces enable

the quantification of randomness in system parameters and forcing terms [52], facilitate the

formulation of well-posed weak solutions [72] and support rigorous numerical error analysis

[138].

i. Probabilistic Lebesgue Spaces

Probabilistic Lebesgue spaces extend classical Lp spaces to stochastic settings. Let

(Ω,F , P ) denote a probability space. For 1 ≤ p < ∞, the space Lp
P (Ω) is defined as

Lp
P (Ω) :=

{
X : Ω → R measurable

∣∣ ∥X∥Lp
P
:=
(
E[|X|p]

)1/p
< ∞

}
.

For p = ∞, L∞
P (Ω) consists of essentially bounded random variables:

L∞
P (Ω) :=

{
X : ∥X∥L∞

P
:= inf{M ≥ 0 : |X| ≤ M a.s.} < ∞

}
.

These spaces possess fundamental properties that are crucial in SPDE analysis. A norm

hierarchy exists such that for 1 ≤ p < q ≤ ∞,

Lq
P (Ω) ⊂ Lp

P (Ω), ∥X∥Lp
P
≤ ∥X∥Lq

P
.

Duality also holds: for 1 < p < ∞, (Lp
P (Ω))

∗ ≃ Lq
P (Ω), where q = p

p−1
. Moreover, the

expectation operator E : L1
P (Ω) → R is continuous and linear. Convergence results

such as the Vitali convergence theorem and Fatou’s lemma establish rigorous conditions

under which convergence in probability implies convergence in Lp
P (Ω) [112].

ii. Sobolev Spaces with Probabilistic Norms

To capture spatial regularity in stochastic systems, Sobolev spaces are extended to

random fields. Let D ⊂ Rd be a bounded domain and u : Ω → W k,p(D) a random

field. The probabilistic Sobolev space Lp
P (Ω;W

k,p(D)) is defined as

∥u∥Lp
P (Ω;Wk,p) :=

(
E[∥u(·, ω)∥p

Wk,p ]
)1/p

< ∞.

Regularity embeddings guarantee that for kp > d,

Lp
P (Ω;W

k,p(D)) ↪→ Lp
P (Ω;Cb(D)),

ensuring that SPDE solutions admit continuous modifications, which is critical for both

theoretical and computational analyses [3, 52].
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iii. Bochner Spaces as Probabilistic Extensions

Bochner spaces provide a natural framework for vector-valued or Banach-space-valued

SPs. Given a Banach space X and probability space (Ω,F , P ), the Bochner space

Lp
P (Ω;X) is defined as

Lp
P (Ω;X) :=

{
u : Ω → X strongly measurable

∣∣ E[∥u∥pX ] < ∞
}
.

These spaces allow the rigorous treatment of SPDEs in functional settings and are

compatible with integral identities such as the Fubini-Tonelli theorem for random fields,

facilitating interchange of spatial and probabilistic integrals [33].

Bochner and probabilistic Lebesgue spaces enable moment estimation and adaptive

discretization. For u ∈ Lp
P (Ω;X), the empirical estimator

m̂ =
1

N

N∑
i=1

u(i)

satisfies

(E[∥E[u]− m̂∥pX ])
1/p ≤ N−1/2σ(u),

providing bounds on stochastic error. Quasi-optimal mesh refinement ensures

inf
vh∈Vh

∥u− vh∥Lp
P (Ω;H1(D)) ≤ Chγ,

guaranteeing computational efficiency in high-dimensional or complex SPDE models.

Lebesgue and Bochner spaces provide the essential analytic foundation for SPDE theory.

Lebesgue spaces enable duality and weak formulations, Sobolev spaces ensure regularity

through embeddings and Bochner spaces handle SPs in infinite-dimensional settings. To-

gether, these underpin existence theory, numerical approximation and uncertainty quantifi-

cation in SPDEs.

2.3.5 Stochastic Ordinary Differential Equations(SDEs)

SDEs generalize classical ODEs by incorporating random perturbations, enabling the mod-

eling of systems influenced by uncertainty. As per Øksendal [168] SDEs incorporate intrinsic

SPs in phenomena that occur in financial markets, engineering systems and biological pro-

cesses, in contrast to deterministic ODEs.

A SDE is typically expressed as:

dXt = f(Xt, t) dt+ g(Xt, t) dWt,
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where f(Xt, t) represents the deterministic drift, g(Xt, t) governs the stochastic diffusion and

Wt is a BM and Xt denotes the state variable,. The stochastic term g(Xt, t) dWt introduces

randomness, rendering solutions stochastic rather than deterministic.

Itô and Stratonovich calculus are used to infer SDEs. Itô formula, prevalent in mathe-

matical finance, employs non-anticipative integrals, precluding dependence on future noise

increments [122]. On the other hand, the Stratonovich calculus, often preferred in physics

and engineering, preserves the classical chain rule, simplifying the modeling of systems with

smooth noise.

Solutions of SDEs are often analytically intractable, requiring robust numerical methods.

Among the most widely implemented techniques are the EM method, which provides a

straightforward approximation for simulating SPs (ibid.) and the Milstein method, a higher-

order approach that improves accuracy by adding corrections based on derivatives of the

diffusion term. These methods address key computational challenges, particularly those

related to stability and efficiency and form the foundation for practical simulations of SDEs

in various applied contexts.

SDEs are applicable across a diverse array of disciplines, including finance, biology and

engineering. In finance, the BS model, a pioneering and highly influential model that incor-

porates SPs, describes the price dynamics of an asset under conditions of market uncertainty

[198]. In engineering, SDEs are employed to design robust control systems that are resilient

to stochastic disturbances, particularly in high-precision fields such as aerospace and robotics

[114].

Mathematically, SDEs rely on advanced probabilistic concepts such as filtrations, martin-

gales and stopping times. Existence and uniqueness of solutions typically require Lipschitz

continuity and linear growth conditions of drift and diffusion functions, as formalized by [168]

and extended in computational contexts [138].

Advancements in computational power have further expanded SDE applications into fields

such as machine learning, where uncertainty quantification is critical, to augment existing

knowledge on the application SDE in machine learning refer [148]. These domains leverage

stochastic frameworks to balance deterministic predictions with real-world unpredictability.

We now consider the following SDE [138]:

du = f(u(t))dt+G(u(t))dW (t), t ≥ 0, (2.6)

with the initial condition:

u(0) = u0. (2.7)

Equation (2.6) has also integral representation as:

u(t) = u0 +

∫ t

0

f(u(s))ds+

∫ t

0

G(u(s))dW (s), (2.8)
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where G : Rd → Rd×m is the diffusion function and f : Rd → Rd represents the drift function.

The term W (t) = [W1(t),W2(t), . . . ,Wm(t)] ∈ Rm denotes an Rm-valued BM on a filtered

probability space (Ω,F , {Ft}t≥0,P). The integral
∫ t

0
G(u(s))dW (s) is interpreted as an Itô

integral;

ASSUMPTION 2.3.1. Assumptions on the Coefficients [[138], p. 325] Let d ∈ Z+ and

assume ∃L > 0 which is constant the following conditions hold

Linear Growth Condition:

∥f(u)∥2Rd ≤ L(1 + ∥u∥2Rd), ∀u ∈ Rd, (2.9)

∥G(u)∥2Rd×m ≤ L(1 + ∥u∥2Rd), ∀u ∈ Rd. (2.10)

Global Lipschitz Condition:

∥f(u1)− f(u2)∥Rd ≤ L∥u1 − u2∥Rd , ∀u1, u2 ∈ Rd, (2.11)

∥G(u1)−G(u2)∥Rd×m ≤ L∥u1 − u2∥Rd , ∀u1, u2 ∈ Rd. (2.12)

Throughout this thesis, we use the notation ∥ · ∥Rd to denote the Euclidean norm in Rd.

DEFINITION 2.3.5 ([149]). A real-valued SP g = {g(t)}a≤t≤b is called a simple process if

there exists a partition a = t0 < t1 < · · · < tk = b of the interval [a, b] and bounded random

variables ξi, for 0 ≤ i ≤ k − 1, such that ξi is Fti-measurable and:

g(t) =


ξ0, t0 ≤ t < t1,

ξ1, t1 ≤ t < t2,
...

ξk−1, tk−1 ≤ t ≤ tk.

(2.13)

We denote the family of all such simple processes by M0([a, b],R).

For a simple process g ∈ M0([a, b],R), we define the Itô integral of g under the BM {Wt}
as: ∫ b

a

g(t)dWt =
k−1∑
i=0

ξi(Wti+1
−Wti). (2.14)

LEMMA 2.3.1 ([149]). If g ∈ M0([a, b],R), then:

E
[∫ b

a

g(t)dWt

]
= 0, (2.15)

E

[(∫ b

a

g(t)dWt

)2
]
= E

[∫ b

a

|g(t)|2dt
]
. (2.16)
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DEFINITION 2.3.6 ([149]). Let M2([a, b],R) denote the space of all real-valued, measurable

and Ft-adapted SPs f = {f(t)}a≤t≤b such that:

∥f∥2a:b = E
[∫ b

a

|f(t)|2dt
]
< ∞. (2.17)

DEFINITION 2.3.7. Let (Ω,F , {Ft}t≥0,P) be a filtered probability space. Define H2
T as

the set of all Rd-valued predictable processes {u(t)}t∈[0,T ] such that:

∥u∥H2
T
:= sup

t∈[0,T ]

∥u(t)∥L2(Ω,Rd) = sup
t∈[0,T ]

E
[
∥u(t)∥2Rd

] 1
2 < ∞. (2.18)

THEOREM 2.3.1. Contraction Mapping Theorem, [[138], p. 2] Let Y be a non-empty closed

subset of the Banach space (X, ∥ · ∥). Consider a mapping J : Y → Y such that there exists

a constant µ ∈ (0, 1) satisfying:

∥Ju− Jv∥ ≤ µ∥u− v∥, ∀u, v ∈ Y. (2.19)

Then there exists a unique fixed point u ∈ Y such that Ju = u.

THEOREM 2.3.2. Existence and Uniqueness of SDEs [138, P 325] Suppose that Assump-

tion 2.3.1 holds and that W (t) is an Ft-BM on (Ω,F , {Ft}t≥0,P).
For each T > 0 and u0 ∈ Rd, there exists a unique u ∈ H2

T such that for all t ∈ [0, T ], u

satisfies the stochastic differential equation:

du = f(u(t))dt+G(u(t))dW (t). (2.20)

2.3.6 Numerical Methods for SDEs

This section addresses numerical methods for solving SDEs using the EM method. The

theoretical foundations were first developed and formalized by Leonhard Euler and Gisiro

Maruyama [138], who are honored by the method’s name. In the context of Itô calculus, the

EM method provides an approximate numerical solution of SDEs. Euler method of ODEs

can be naturally extended to solve the stochastic setting.

2.3.6.1 Euler-Maruyama Approximation

The EM method is a widely used numerical scheme for approximating solutions to SDEs.

As a stochastic extension of the classical Euler method, it incorporates BM terms, making it

indispensable for SDEs where analytical solutions are rarely tractable [122, 138, 114, 235].

The method approximates the evolution of a SP by discretizing time and updating the

solution repeatedly using the SDE’s drift and diffusion terms. Its simplicity, computational

efficiency and extensive applicability make it a popular choice.
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Despite its practical utility, it exhibits certain limitations. Specifically, it may fail to

converge when applied to SDEs with non-globally Lipschitz continuous coefficients and may

display instability in stiff regimes. In light of these challenges, several modified variants have

been proposed, including implicit schemes and adaptive step-size control [235]. Still, the

method remains foundational in stochastic numerical analysis and serves as a benchmark for

advanced techniques.

Applications span finance, biology and engineering, particularly in modeling systems sub-

ject to random perturbations, underscoring its theoretical and practical significance [114].

Consider the SDE of the form:

du(t) = f(u(t))dt+G(u(t))dW (t), 0 ≤ t ≤ T, given u(0) = u0. (2.21)

Here, W (t) is a standard BM. We can rewrite the above equation as:

du(t)

dt
= f(u(t)) +G(u(t))

dW (t)

dt
, 0 ≤ t ≤ T. (2.22)

Let 0 = t0 ≤ t1 ≤ · · · ≤ tN = T be a partition of [0, T ] with step size ∆t. At t = tn, for

n ∈ [0, N − 1], we approximate:

du(t)

dt

∣∣∣
t=tn

≈ u(tn+1)− u(tn)

∆t
+O(∆t). (2.23)

Using the approximations:

f(u(t))
∣∣∣
t=tn

≈ f(u(tn)), (2.24)

G(u(t))
∣∣∣
t=tn

≈ G(u(tn)), (2.25)

dW (t)

dt

∣∣∣
t=tn

≈ W (tn+1)−W (tn)

∆t
, (2.26)

Now it’s time to introduce the EM method:

Un+1 = Un + f(Un)∆t+G(Un)∆Wn, n ∈ [0, N − 1], (2.27)

where

∆Wn = Wn+1 −Wn ≈
√
∆tN (0, 1).

Here, N (0, 1) represents a standard Gaussian random variable.

To analyze the strong error estimate, we define the continuous approximation Ū(t) as:

Ū(t) = Un + (t− tn)f(Un) +G(Un)(W (t)−W (tn)), t ∈ [tn, tn+1]. (2.28)

Clearly, Ū(t) satisfies:

Ū(tn) = Un, Ū(tn+1) = Un+1. (2.29)



33

which is continuous on [0, T ]. Additionally, we define the piecewise constant function:

U(t) =


U0, t ∈ [t0, t1),

U1, t ∈ [t1, t2),
...

UN−1, t ∈ [tN−1, tN ].

(2.30)

The integral representation of the above equation:

Ū(t) = U0 +

∫ t

0

f(U(s))ds+

∫ t

0

G(U(s))dW (s), 0 ≤ t ≤ T. (2.31)

For specific cases:

Ū(t1) = U0 +

∫ t1

0

f(U(s))ds+

∫ t1

0

G(U(s))dW (s) (2.32)

= U0 + f(U0)(t1 − t0) +

∫ t1

0

G(U0)dW (s). (2.33)

Similarly, at t2:

Ū(t2) = U0 +

∫ t2

0

f(U(s))ds+

∫ t2

0

G(U(s))dW (s) (2.34)

= U1 + f(U1)(t2 − t1) +

∫ t2

t1

G(U1)dW (s). (2.35)

For t ∈ (tn, tn+1], we obtain:

Ū(t) = U0 +

∫ t

0

f(U(s))ds+

∫ t

0

G(U(s))dW (s) (2.36)

= Un +

∫ t

tn

f(U(s))ds+

∫ t

tn

G(U(s))dW (s). (2.37)

We can now state a strong convergence error estimate for the Euler method.

THEOREM 2.3.3. Strong Error Estimate [138] Let u(t) be the solution to (2.6) and Ū(t)

the solution of the EM approximation. Then, we have:

E sup
0≤t≤T

∥Ū(t)− u(t)∥2Rd = O(∆t). (2.38)

LEMMA 2.3.2. Boundedness of the Solution [138] Let u(t) be the solution of (2.6). Then,

we have:

E∥u(t)∥2 ≤ C, ∀t ∈ [0, T ]

E sup ∥u(t)∥2 ≤ C. (2.39)

for some constant C > 0.
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Next, we investigate the boundedness of the solution to equation (2.22).

LEMMA 2.3.3. Let Ū(t) be the solution of (2.22). Then, ∃C > 0 which constant:

E∥Ū(t)∥2 ≤ C, ∀t ∈ [0, T ]. (2.40)

DEFINITION 2.3.8. Hölder and Lipschitz [138]

Let (X, ||.||X) and (Y, ||.||Y ) for which are Banach spaces. A function u : X → Y is Hölder

continuous with constant γ ∈ (0, 1] if there is a constant L > 0 such that E sup||u(x1) −
u(x2)||Y ≤ L||x1 − x2||γX ,∀x1, x2 ∈ X If the above holds with γ = 1, then u is Lipschitz

continuous or global Lipschitz continuous to stress that L is uniform for x1, x2 ∈ X.

DEFINITION 2.3.9. Young’s Inequality Assume that p and q are real numbers with p > 1

and q > 1,
1
p
+ 1

q
= 1 then ab ≤ ap

p
+ bq

q
for all a, b > 0. Equality holds if and only if ap = bq.

DEFINITION 2.3.10. Euclidean norm

The Euclidean norm(simply norm) |x| function on a coordinate space Rn is the square root

of the sum of the squares of the coordinates of x.

|x| =
√
x1

2 + x2
2 + . . . . . .+ xn

2

DEFINITION 2.3.11. Progressively Measurable

A SP X defined on a filtered probability space (Ω,F , (Ft)t≥0, P )is progressively measurable

with respect to(Ft)t≥0, if the function X(s, ω) : [0, t]×Ω → R is B([0, t]×Ft)measurable for

every t ≥ 0.

DEFINITION 2.3.12. Adapted

A SP X on (Ω,F , (Ft)t≥0, P ) is adapted to the filtration (Ft)t≥0 or Ft-adapted if X(t) ∈ Ft

for each t ≥ 0.

DEFINITION 2.3.13. Mittag-Leffler function

(i) A one-parameter function of the Mittag-Leffler function type is defined by [182]

Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1)
(2.41)

(ii) A two-parameter function of Mittag-Leffler function type is defined by [182]

Eα,β(z) =
∞∑
n=0

zn

Γ(αn+ β)
(2.42)
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LEMMA 2.3.4. The Burkhölder-Davis-Gundy inequality [130, 222]

If Y is a continuous martingale on [0, T ], there exists a positive constant Q̄1 = Q̄1(p) for

p ∈ [1,∞) such that:

E[ sup
x∈[0,t]

|Y (x)|p] ≤ Q̄1E[|Y (t)|p], 0 ≤ t ≤ T. (2.43)

LEMMA 2.3.5. Generalized Gronwall inequality [222]

Let f(t) be a locally integrable non-negative and non-decreasing function on (a, b] and σ be

a non-negative constant. Suppose g(t) is a non-negative locally integrable function on (a, b]

with

g(t) ≤f(t) + σ

∫ t

a

g(s)

(t− s)1−β
ds,∀t ∈ (a, b], 0 < β < 1,

then (2.44)

g(t) ≤ f(t)Eβ[σΓ(β)(t− a)β],∀t ∈ (a, b]

LEMMA 2.3.6. A Generalized discrete Gronwall’s inequality [222]

Suppose that a non-negative sequence {zn}Nn=1 and non-decreasing sequence {yn}Nn=1 satisfy

the following relation

zn ≤yn +
Q

Nα∗

n−1∑
l=0

zl
(n− l)1−α∗ , 1 ≤ n ≤ N, 0 < α∗ < 1 and Q > 0 (2.45)

Then the sequence {zn}Nn=1 can be bounded from above by

zn ≤ yn(1 + Eα∗ [QΓ(α∗)]), 1 ≤ n ≤ N (2.46)

LEMMA 2.3.7. Jensen’s inequality [222]

If ai, p ∈ R with p ≥ 1 and m ∈ N+ then

|
m∑
i=1

ai|p ≤ mp−1

m∑
i=1

|ai|p (2.47)

2.4 Stochastic Partial Differential Equations (SPDEs)

2.4.1 Introduction

While SDEs are restricted to model temporal dynamics, SPDEs capture both spatial depen-

dencies and temporal dynamics, enabling them to model more complex systems. This key

difference highlights SPDEs’ increased adaptability in describing phenomena where spatial
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structure is important. SPDEs are suitable for modeling phenomena exhibiting both spatial

and temporal dependencies, such as financial markets and chemical reaction kinetics.

SPDEs require spatially correlated noise, which is frequently modeled using cylindrical

Wiener processes or spatially colored noise, as opposed to SDEs, which are usually driven

by finite-dimensional Wiener processes. Significant analytical and computational difficul-

ties arise from this intrinsic structural difference in SPDEs, particularly in terms of well-

posedness, solution regularity and numerical approximation.

SPDEs generalize PDEs by incorporating randomness through coefficients, forcing terms,

or boundary conditions. This framework, rooted in Itô’s seminal work on stochastic calculus

[101], has become essential for modeling systems that are subject to random fluctuations,

such as neural activity [187] and climate dynamics [124].

The methods, modeling frameworks and numerical solution techniques underlying func-

tional analysis, probability theory and PDE theory are combined in the study of SPDEs.

Early contributions of [202, 174] laid the foundation for infinite-dimensional stochastic anal-

ysis. The class of solvable SPDEs has since been extended by contemporary developments

like regularity structures and rough paths.

SPDEs bridge deterministic PDE theory with stochastic analysis, offering a robust frame-

work for modeling systems with inherent randomness. From foundational results and existing

literature, we can define SPDE.

Let (Ω,F , {Ft}t≥0,P): filtered probability space satisfying the standard assumptions and

let H be a separable Hilbert space (e.g., L2(D) for D ⊂ Rd). Consider the abstract SPDE:

du(t) + Au(t) dt = f(u(t)) dt+G(u(t)) dW (t), u(0) = u0 ∈ H, (2.48)

where:

i. A : D(A) ⊂ H → H is a densely defined, self-adjoint, elliptic operator (e.g., A = −∆

with D(A) = H1
0 (D) ∩H2(D)).

ii. W (t) is an H-valued Q-Wiener process with trace-class covariance Q.

iii. f : H → H and G : H → L2(H) (Hilbert-Schmidt operators) are Lipschitz continuous.

2.4.2 Solution Concepts

DEFINITION 2.4.1. Strong Solution A predictable H-valued process u(t) : t ∈ [0, T ] is a

strong solution of (2.48) if it satisfies:

u(t) = u0 +

∫ t

0

[−Au(s) + f(u(s))] ds+

∫ t

0

G(u(s)) dW (s), ∀t ∈ [0, T ]. (2.49)
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DEFINITION 2.4.2. Weak Solution A predictable H-valued process u(t) : t ∈ [0, T ] is a

weak solution if for all v ∈ D(A):

⟨u(t), v⟩ = ⟨u0, v⟩+
∫ t

0

[−⟨u(s), Av⟩+ ⟨f(u(s)), v⟩] ds+
∫ t

0

⟨G(u(s)) dW (s), v⟩. (2.50)

DEFINITION 2.4.3. Mild Solution A predictable H-valued process u(t) : t ∈ [0, T ] is a

mild solution if:

u(t) = e−tAu0 +

∫ t

0

e−(t−s)Af(u(s)) ds+

∫ t

0

e−(t−s)AG(u(s)) dW (s), (2.51)

where e−tA is the analytic semigroup generated by −A.

THEOREM 2.4.1. Existence and Uniqueness [138, p. 450] Under the Lipschitz conditions

on f and G, (2.48) admits a unique mild solution u ∈ L2(Ω;C([0, T ];H)).

Finite element methods for SPDEs [139] and deep learning approaches [21] have emerged

as powerful computational tools. For example, the exponential Euler scheme approximates

(2.48) via:

un+1 = e−A∆tun +∆te−A∆tf(un) + e−A∆tG(un)∆Wn. (2.52)

2.4.3 Green Function

The unique solution of a PDE can be written using the Green’s function. Consider:

ut − uxx = f, 0 < x < 1, (2.53)

with boundary conditions u(0) = u(1) = 0 and initial condition u(0) = u0.

Let {ej}∞j=1 be the eigenfunctions of A = − ∂2

∂x2 with D(A) = H1
0 (0, 1) ∩H2(0, 1).

LEMMA 2.4.1. Let f = 0 and assume:

u(0, x) = u0 =
∞∑
j=1

(u0, ej)ej. (2.54)

Then the solution of (2.53):

u(t, x) =
∞∑
j=1

(u0, ej)e
−λjtej(x) =

∫ 1

0

G(t, x, y)u0(y)dy, (2.55)

where the Green’s function is:

G(t, x, y) =
∞∑
j=1

e−λjtej(x)ej(y). (2.56)
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ASSUMPTION 2.4.1. Growth and Lipschitz Conditions [138] There exists L > 0 such

that:

∥f(u)∥2H ≤ L(1 + ∥u∥2H), (2.57)

∥G(u)∥2L0
2
≤ L(1 + ∥u∥2H), (2.58)

and Lipschitz conditions:

∥f(u1)− f(u2)∥H ≤ L∥u1 − u2∥H , (2.59)

∥G(u1)−G(u2)∥L0
2
≤ L∥u1 − u2∥H , (2.60)

where L0
2 = HS(Q1/2H;H) with norm ∥ · ∥HS.

ASSUMPTION 2.4.2. Trace class operator [138, p.436] Let Q ∈ L(H) be a non-negative

definite and symmetric bounded operator. Furthermore, assume:

i. Q has an orthonormal basis {ej : j ∈ N} of eigenfunctions

ii. Corresponding eigenvalues qj ≥ 0 satisfy
∑

j∈N qj < 1 (i.e., Q is of trace class)

THEOREM 2.4.2. Q-Wiener process representation [138, p.437] Let Q satisfy Assumption

2.4.2. Then W (t) is a Q-Wiener process if and only if

W (t) =
∞∑
j=1

√
qjejβj(t) P-a.s., (2.61)

where {βj(t)} are independent Ft-adapted BMs. Moreover:

i. The series of
(√

qj ej βj(t)
)∞
j=1

converges in L2(Ω;H)

ii. For any T > 0, the convergence holds in L2(Ω;C([0, T ];H))

DEFINITION 2.4.4. Fractional Power of Operator A [138, p.187] Let (λj, ej) be the eigen-

pairs of A. For α ∈ R, the fractional power Aα is defined by:

Aαu :=
∞∑
j=1

λα
j ujej for u =

∞∑
j=1

ujej, uj ∈ R. (2.62)

The domain D(Aα) is given by:

D(Aα) =

{
u ∈ H : ∥Aαu∥2L2 =

∞∑
j=1

(Aαu, ej)
2 =

∞∑
j=1

λ2α
j u2

j < ∞

}
. (2.63)
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THEOREM 2.4.3. Stochastic Integral and Itô Isometry [138, p.445] Let Q satisfy Assump-

tion (2.4.2) and let {Φ(s) : s ∈ [0, T ]} be an L0
2-valued predictable process satisfying:∫ T

0

E
[
∥Φ(s)∥2L0

2

]
ds < ∞. (2.64)

For t ∈ [0, T ], the stochastic integral is well-defined by:∫ t

0

Φ(s)dW (s) :=
∞∑
j=1

∫ t

0

Φ(s)
√
qjejdβj(s), (2.65)

where W (s) =
∑∞

j=1

√
qjejβj(s).

The Itô isometry holds:

E
∥∥∥∥∫ t

0

Φ(s)dW (s)

∥∥∥∥2 = ∫ t

0

E ∥Φ(s)∥2L0
2
ds. (2.66)

Moreover,
{∫ t

0
Φ(s)dW (s) : t ∈ [0, T ]

}
is an H-valued predictable process.

ASSUMPTION 2.4.3. Lipschitz Condition on G For constants ζ ∈ (0, 2] and L > 0, the

operator G : H → L0
2 satisfies:

∥Aζ− 1
2G(u)∥L0

2
≤ L(1 + ∥u∥H), (2.67)

∥Aζ− 1
2 (G(u1)−G(u2))∥L0

2
≤ L∥u1 − u2∥H ∀u, u1, u2 ∈ H. (2.68)

THEOREM 2.4.4. Existence and Uniqueness Assume:

i. f : H → H satisfies (2.4.1)

ii. G : H → L0
2 satisfies (2.4.3)

iii. Initial data u0 ∈ L2(Ω,F0,P;H)

Then for any T > 0, ∃u(t) which is a unique mild solution on [0, T ] to (2.48) satisfying:

sup
t∈[0,T ]

∥u(t)∥L2(Ω;H) ≤ CT (1 + ∥u0∥L2(Ω;H)). (2.69)

LEMMA 2.4.2. Regularity in Time Under the assumptions of (2.4.4), if u0 ∈ L2(Ω,F0,P;D(A)),

then for T > 0, ϵ ∈ (0, ξ):

i. For θ1 := min(2ξ − ϵ, 1/2), ∃C > 0:

∥u(t2)− u(t1)∥L2(Ω;H) ≤ C(t2 − t1)
θ1 , 0 ≤ t1 ≤ t2 ≤ T (2.70)

ii. For ξ ∈ [1, 2] and θ2 := 2ξ − ϵ, ∃C > 0:

∥u(t2)− u(t1)∥L2(Ω;H) ≤ C(t2 − t1)
θ2 (2.71)



Chapter 3

Historical Development of SPDEs in

American Put Option Pricing

3.1 Introduction

In this section, we examined the historical evolution connecting SPDEs to the theoretical

and numerical valuation of APOs. It shows how option pricing changed from early deter-

ministic PDEs to probabilistic representations and stochastic numerical techniques. It covers

fundamental concepts, the BS revolution, free boundary formulations, the introduction of

stochastic analysis, the rise of SPDEs and contemporary deep learning techniques. Recent

developments have established new directions for future research by demonstrating the in-

terdisciplinary fusion of computational finance, PDE theory, and stochastic analysis.

The connection between SPDEs and financial mathematics, focusing on AO valuation,

demonstrates a sophisticated and profound development in modern applied mathematics.

Deterministic PDEs have been the main method used to formulate the valuation of derivative

securities since the foundational study by Black and Scholes in 1973 [30]. These models

often oversimplify the inherent stochastic nature of financial markets. A more precise and

adaptable framework was made available by the incorporation of stochastic methods and

eventually SPDEs as mathematical finance developed, particularly for intricate derivatives

like AOs.

The free boundary and early exercise before the maturity of the APO complicate the

valuation process in the PDE framework. To overcome these obstacles, researchers have

increasingly employed stochastic methods over time. This study connects developments in

PDE theory, stochastic calculus and computational finance to trace the historical path from

fundamental ideas to current research.

As the need to model ever-more complex market dynamics grows, it has been reflected

in the shift from deterministic PDEs to SPDEs. The BS model and other conventional PDE
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frameworks are based on restrictive assumptions, such as constant volatility, continuous as-

set paths and frictionless markets but ignore empirical phenomena like volatility clustering,

jumps and liquidity constraints. SPDEs, directly integrating randomness into the governing

equations, overcome these drawbacks and make it possible to model path-dependent char-

acteristics and time-varying uncertainty, which are crucial for pricing APO and associated

derivatives.

Fundamentally, the incorporation of SPs, such as fBM, Lévy noise, or BM with differential

operators, into the formulation of PDE leads to the development of SPDEs. For example,

volatility changes as a SP linked to the asset price in models such as the one Heston sug-

gested. These models offer a more comprehensive framework for representing the intricacies

of financial markets and inherently encode mutual dependencies between state variables.

This chapter comprises three thematically interconnected sections. It begins with Foun-

dations of Financial Modeling, which establishes the theoretical foundations and mathemat-

ical frameworks central to modern finance. The second section, Emergence of SDEs and

Early Probabilistic Developments, examines the historical evolution and conceptual basis of

stochastic modeling within financial contexts. The third section, Numerical Methods for

SPDEs in Option Pricing, presents computational strategies for solving SPDEs in the valu-

ation of options.

3.1.1 Foundations of Financial Modeling

According to Bachelier [16], pioneering work, the first financial models involving uncertainty

were crude and mostly focused on discrete random walks. However, the contemporary frame-

work of SPs did not start to have a more significant impact on financial mathematics until

the middle of the 20th century. The BS model which assumes the price of the underlying

security moves in a geometric BM, transformed the field by introducing a continuous-time

framework for option pricing. The BS-PDE for an EO is given by

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0,

where σ is volatility , r is risk-free interest rate , S is asset price and V is the option price.

The derivation of this model was based on Itô’s lemma [93] but the pricing equation that

resulted was deterministic. In certain situations, the application of PDEs made analytical

solutions possible, but it left open issues about how to value more complicated derivatives.

The Black-Scholes-Merton model (1973) represented a seminal contribution to derivatives

pricing by providing an explicit solution for EOs. For a stock characterized by the absence of

dividend payments, the BS-PDE governs the option value V and is accompanied the payoff

condition at maturity V (S, T ) = max(K − S, 0) in the case of a put option. The model is

elegant but it is predicated on various constraining assumptions. It ignores significant market
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phenomena like volatility clustering and transaction costs, presumes constant volatility and

ongoing hedging. Moreover, it is inapplicable to AOs because it does not support early

exercise features.

Two concurrent theoretical developments resulted from the failure to price APOs. Free

boundary formulations were the foundation of one method. Itô’s and McKean’s pioneering

book, Diffusion Processes and Their Sample Paths [100], first published in 1965 and heavily

revised and reprinted in 1996, changed the way we study SPs and set the stage for mod-

ern diffusion theory. According to [100] reinterpretation of the valuation problem as a free

boundary problem, the optimal exercise boundary S∗(t) must meet smooth-pasting condi-

tions, specifically V (S∗(t), t) = K − S∗(t) and ∂V
∂S

(S∗(t), t) = −1. At the same time, VI was

used in another field of study.

In their innovative book Impulse Control and Quasi-VIs [28] defined the VI that governs

option pricing as a stochastic control problem:

∂V

∂t
+ LV ≤ 0 (continuation inequality)

V (t, S) ≥ Φ(S) (early exercise constraint)

[V (t, S)− Φ(S)] ·
(
∂V

∂t
+ LV

)
= 0 (complementarity condition)

min
(
−∂V

∂t
− LV, V − (K − S)

)
= 0

with L denoting the BS operator and V (S, t) is the option price.

3.1.2 Emergence of SDEs and Early Probabilistic Methods

During the 1980s, there was growing recognition that SDEs provided a natural framework for

financial modeling. McKean’s work on the probabilistic interpretation of PDEs [153] offered

theoretical support for Monte Carlo methods. For AOs, the valuation problem was linked to

stochastic control theory through the formulation of optimal stopping problems [115]. How-

ever, it was still challenging to identify the associated free boundary in a purely probabilistic

setting. Pardoux and Peng [175] introduced backward SDEs, which made a direct link be-

tween nonlinear PDEs and SPs. Early applications demonstrated their potential for option

pricing, but more work was needed to integrate backward SDEs into APO valuation.

In parallel, Krylov, Rozovskii and others made significant contributions to the develop-

ment of SPDE theory in the late 1980s and early 1990s [189]. By adding random noise to

deterministic PDEs, SPDEs allowed for a dynamic description of changing random fields.

Later on, the APO problem was reformulated as an obstacle problem for an SPDE [66],

in which the payoff function constrains the solution. Advanced stochastic analysis tools,

including reflected backward SDEs and stochastic VIs, were made easier to use by this re-

formulation. Moreover, existence and uniqueness results for fully nonlinear SPDEs with
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obstacles were obtained by adapting viscosity solution techniques to the stochastic setting

[49].

Stochastic volatility models emerged to fix problems with the BS model that were found.

One of these problems was that it couldn’t capture the volatility smile and skew seen in option

markets. The Heston model, introduced by Steven and Heston [91], achieves a significant

advancement by modeling volatility as a mean-reverting square-root process. As described

by the systems:

dSt = rSt dt+
√
vt St dW

S
t ,

dvt = κ(θ − vt) dt+ ξ
√
vt dW

v
t ,

where St is the asset price, vt the instantaneous variance, κ the speed of mean reversion,

θ the long-term variance mean, ξ the volatility of volatility and dW S
t , dW

v
t correlated BMs

with E[dW S
t dW

v
t ] = ρ dt.

For APOs, the price V (S, v, t) satisfies a nonlinear SPDE due to the early exercise con-

straint V (S, v, t) ≥ max(K − S, 0). Applying Feynman–Kac theorem, the Heston SPDE in

the continuation region S > S∗(v, t) is:

∂V

∂t
+

1

2
vS2∂

2V

∂S2
+ ρξvS

∂2V

∂S∂v
+

1

2
ξ2v

∂2V

∂v2
+ rS

∂V

∂S
+ κ(θ − v)

∂V

∂v
− rV = 0,

with boundary conditions:

i. V (S, v, T ) = max(K − S, 0):terminal condition,

ii. V (S∗(v, t), v, t) = K − S∗(v, t):value matching at the free boundary,

iii. ∂V
∂S

(S∗(v, t), v, t) = −1: smooth pasting.

Where S∗(v, t), the free boundary depends on both stochastic volatility v and time t.

There are a lot of numerical problems that come up, like the cross-derivative term ∂2V
∂S∂v

,

which makes finite difference schemes often require implicit-explicit or alternating direction

implicit(ADI) methods. It takes care to deal with the degeneracy at v = 0 ; Feller’s condition

2κθ > ξ2 ensures vt > 0. Penalty methods or operator splitting techniques are frequently

employed to address the free boundary problem encountered in early exercise. The Heston

model is effective in capturing volatility smiles. The correlation parameter ρ < 0 and volatil-

ity ξ respectively.That explains skewness, especially in equity markets and volatility shapes

the smile curvature, respectively. Still, calibration remains challenging because the model

has many parameters.

Merton [155] came up with a pioneering jump-diffusion model for option pricing. This

framework combines Poisson-driven jumps with geometric BM to accurately model sudden
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changes in asset prices. In this model, Merton developed a PIDE and a series solution for

the price of EOs. Jump-diffusion models can handle discontinuous price paths because they

include random jump components. Merton was the first person to use compound Poisson

processes to model jumps. Later extensions have used more general Lévy processes to model

more comprehensive jump behaviors. For an exponential Lévy model St = S0e
(r−q)t+Lt , where

Lt Lévy process characterized by a (µ, σ, ν), the generator A acting on V (S, t) is:

AV = µS
∂V

∂S
+

1

2
σ2S2∂

2V

∂S2
+

∫
R

[
V (Sez, t)− V (S, t)− S(ez − 1)

∂V

∂S

]
ν(dz).

The corresponding SPDE for APOs is:

min

(
−∂V

∂t
−AV + rV, V −max(K − S, 0)

)
= 0.

A non-local integral term is a key challenge in solving problems in jump-diffusion SPDEs,

for which Fourier methods or adaptive quadrature make it simple. Early exercise boundaries

originated from jump-adapted grids and infinite activity models require series truncations,

which are also another challenge.

3.1.3 Numerical Methods for SPDEs in Option Pricing

FDM and FEM are foundational for solving SPDEs but face complications from free bound-

aries, mixed derivatives and non-local integral terms. FDMs discretize the SPDE on a struc-

tured grid in (S, v, t)-space. For the Heston model, the mixed derivative term arising from

correlation ρ poses numerical instability if treated explicitly. Modern strategies include ADI

schemes, which decompose the operator L into parts along S, v and the cross-term (S, v) and

non-uniform grids, which use transformations such as x = ln(S/K) and y =
√
v to cluster

grid points near critical regions.

Penalty methods enforce the early exercise constraint V ≥ max(K − S, 0) by modifying

the PDE:
∂V

∂t
+ LV = λmax(K − S − V, 0),

where λ ≫ 1 is a penalty parameter updated dynamically using a Newton-Raphson iteration

scheme.

Achdou and Pironneau [226] discuss advanced numerical methods for solving high-dimensional

PDEs in option pricing in their book, Computational Methods for Option Pricing, which

specifically concentrates on the Heston stochastic volatility model. They use ADI schemes to

break down multi-dimensional problems into a series of one-dimensional subproblems. That

makes their method much more efficient. To get second-order accuracy when ∆t ∼ ∆S2+∆v2
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and to make sure that the numbers stay stable, especially in high correlation regimes, they

combine high-order finite element discretization with implicit time stepping and special sta-

bilization methods, following the time-step limits set by the spatial mesh. They employ a

penalty method, along with adaptive domain decomposition, to monitor the free boundary

for APOs. This integration of ADI schemes with finite element methods yields a robust and

scalable framework for pricing complex derivatives under stochastic volatility.

FEMs approximate the solution by representing V (S, v, t) as a weighted sum of spatial ba-

sis functions. Wavelet Galerkin methods build on this by combining the Galerkin approach’s

variational structure with wavelets’ ability to adapt to different resolutions. Because wavelet

bases are sparse and hierarchical, these methods are efficient at solving problems with lo-

calized features such as steep gradients or singularities [159]. Wavelet discretization, on the

other hand, supports automatic mesh refinement while keeping numerical stability. This

is not the case with traditional finite element or spectral methods. Despite the method’s

stability, challenges still exist regarding the handling of boundary conditions and the repre-

sentation of operators. In the context of jump models, wavelet Galerkin methods give sparse

representations. When used with adaptive quadrature, enable targeted integration in regions

where the jump measure is most significant. For further foundational insights, [54, 42, 29, 53]

are some of the most important sources.

Monte Carlo simulation, regression-based techniques and machine learning are now key

methods for pricing APO, especially in high-dimensional or path-dependent situations. A

significant advancement was the LSMC methodology put forward [137]. Using backward

induction, the method estimates continuation values by applying least-squares regression

to polynomial basis functions (e.g., {1, vt, Stvt, v
2
t }. It allows for efficient handling of early

exercise boundaries while keeping computations manageable. Later research has expanded

the LSMC framework to accommodate more complex market dynamics, including rough

volatility models. For example, Bayer et al. in [26] proposed a hybrid LSMC approach that

integrates fBm paths with a Hurst parameter H, successfully capturing volatility roughness.

These advancements, such as flexibility, have led to the enduring significance of Monte Carlo

methods in quantitative finance. However, there are computational trade-offs that continue

to be a thematic area in research.

Machine learning methods, such as PINNs, solve high-dimensional SPDEs by minimizing

a loss functional enforcing both dynamics and payoff conditions. Transformers have proven ef-

fective for path-dependent options, capturing long-range dependencies through self-attention

mechanisms. Deep hedging frameworks [27] aim to minimize expected hedging errors directly.

Despite these advancements, certain challenges remain in the field. Machine learning models

require extensive simulations to be properly trained.



Chapter 4

Strong Convergence of Euler-Type

Methods for Nonlinear Fractional

Stochastic Differential Equations

without Singular Kernel

4.1 Basics for SDEs

4.1.1 Introduction

A SDE Mathematical models of natural and physical phenomena have always played a cen-

tral and critical role in science since the times of Newton and Euler. The FDs have been

crucial in applied mathematics and mathematical sciences since the time of Leibniz. Note

that the foundation of FDs was pioneered by Liouville. These fractional systems are often

of evolutionary type, time-dependent, linear or nonlinear cases and within their range of

important applications, we find aircraft simulation, fractional Newtonian fluids, flow through

porous media, weather prediction, image restoration and image processing, inverse image

processing, just to name a few. Among others, these fractional systems can be used to de-

scribe behaviors of most fascinating and challenging issues in the mathematical community.

Despite much progress, it is still open and often quiet challenging to obtain regular and global

solutions to the fractional Navier-Stokes and hydrodynamics models of turbulence for just the

case of a deterministic setting. For the fractional stochastic counterparts, it is even harder

in certain cases, for example, the existence of invariant measure in any dimension. Over the

last few decades SFPDEs have been investigated by several authors and many results have

been obtained on its theory and also applied to various real-world phenomena. We refer for

example to [58, 92, 119, 209]. The analysis of systems with Caputo derivative of variable
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order without singular kernel presents a cutting-edge and mathematical framework for mod-

eling complex systems influenced by both randomness and non local interactions. Instead of

approaches to calculus, these equations make use of the adaptable nature of variable order

Caputo derivatives, which adjust to varying conditions and capture subtle memory effects.

By incorporating stochastic terms to accommodate randomness in system dynamics often

represented by Wiener or Gaussian processes, SFPDEs with variable order Caputo deriva-

tives provide a tool for analyzing intricate phenomena across various fields such as some

branches of physics (nematic liquid crystal), mechanics (stochastic electro-rheological fluids)

and climate, atmospheric, ocean dynamics (shallow water systems), turbulent flow in gas

pipelines and porous media problems.

The application of the Caputo derivative with variable order goes beyond standard PDEs

allowing for the exploration of anomalous diffusion, non local interactions and spatio-temporal

correlations in diverse systems. The lack of kernels in the variable order Caputo derivative

improves stability and enables efficient computational methods for solving SFPDEs. This

progress creates opportunities to study emerging behaviors, multi-fractal patterns and com-

plex dynamics in disciplines such as physics, biology, finance and engineering, just to name

a few.

Nowadays, notable works from several researchers delve into the characteristics and uses

of variable order Caputo derivatives in calculus. These investigations offer perspectives on

the underpinnings and real world significance of utilizing variable order Caputo derivatives to

model and analyze intricate systems influenced by SFPDEs. In this direction, several authors

extended many results in order to incorporate the definition of the Caputo derivative to model

useful problems and also complex phenomena either through the temporal variable or via a

spacial component or as space-time FDs. For instance, we refer to more recently manuscript in

this direction, see [113] and the references therein for attenuation of the Caputo-Djrbashian

fractional time derivative in modeling some inverse problems for wave equations. For the

solution of stochastic evolution equation using the Marchaud FD we refer to the work in

and the book of Zhou et al.[236] and more recent results in this direction can be obtained

in [63] and [7, 80, 87, 238, 22] and the references therein. For the exact solution using

the conformable derivative, we refer to the papers [80] and Abu-Shady and Mohammed in

[1, 152, 158] and further extension can be found in the references [88, 89, 177, 201]. For

the Wick-type FD we refer for instance the manuscript [121]. For fractional PDEs and their

numerical solutions we refer e.g., to the work [84, 205] where further references can also

obtained. For the random attractor in the fractional sense see for example the manuscript

[199]. For the FDs in the sense of Jumarie’s modified Riemann-Liouvile type we refer the

reader to [83] where further references are given therein. Most recent results concerning the

various extensions of the Riemann-Liouville FDs can be found in the work of Jacky and Anna

in [51].
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SPs in many fields and applications can be described by classical SDE of the form

du = f(u(t))dt+ b(u(t))dW. (4.1)

Many SPs arising in finance, physics, biology and engineering can be modeled by the sys-

tem presented in (4.1), which is commonly formulated as an Itô SDE driven by a Wiener

process. Classical examples include geometric BM, which forms the foundation of the BS

option-pricing model; the Ornstein-Uhlenbeck process, which is widely used to model mean-

reverting phenomena; and the Cox-Ingersoll-Ross process, which preserves non-negativity

while exhibiting mean-reverting behavior. More generally, SDEs of the form given in (4.1)

provide a flexible and mathematically rigorous framework for describing stochastic dynamics

in continuous-time systems. Their solutions are typically interpreted in the Itô sense, thereby

enabling the application of fundamental tools from stochastic calculus, including Itô’s lemma

and martingale methods. Consequently, such equations constitute the foundation for the

development of more advanced stochastic models, including jump-diffusion processes, rough

volatility models, path-dependent systems and high-dimensional stochastic frameworks.

There are SPs can not be described (modeled) by the system given in (4.1), for instance,

a particle in the viscoelastic medium has random movement, BM, with its resistance of a

memory effect that leads to FSDE, see [123, 222, 68, 69, 67, 176] for more details. Despite

knowing that multiple time-scale processes are not easy to model by using FSDE, however,

we can emphasize the modeling of the accuracy of numerical approximation of non-physical

initial weak singularity problems through FSDE; see, for instance, [192, 205] where further

references can be found therein. Henceforth, it is clearly challenging to obtain probabilistic

strong solutions for SFPDEs. Therefore, various numerical approximations of the solutions

to both the deterministic FPDEs and SFPDEs have been proposed to deal with the issues

of strong convergence and error estimates based on the EM approximating techniques. See,

for instance, the examples of a range of numerical approximations in the recent results in

[6, 60, 61, 62, 97, 136, 135, 176, 218, 229, 224]. For the convergence of relative entropy for the

EM approximation, we refer to the most recent work of Yu in [224] and further exposition

can be found in the work [24, 5].

For the first time, Zhiwei et al. [222] analyzed, discretized and obtained a solution of a

two-time-scale variable-order time-FSDE using the Riemann-Liouville fractional differential

operator with the non-Lipschitz weakly singular kernel. Similarly, Hong et al. [211] obtained

the solution of the variable-order time-fractional diffusion equations and a variable-order

FSDE of two-time scales with a Riemann-Liouville fractional differential operator presented

by Xiangcheng et al.[234]. More detailed exposition about the Caputo derivatives can be

found in [36] in this direction. For more engineering applications we refer to [55]. On the

other hand, for the solvability of time-fractional diffusion equation of constant order we refer

to Martin [205]. However, all the above papers dealt with the numerical approximations of
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FSPDEs with kernels. Therefore, the asymptotic and ergodic environment of the type of

probabilistic solutions in this work have not yet been studied in the literature. Thus, so far,

the asymptotic behavior of the underlying problem can still be treated as an open problem.

To the best of my knowledge, the strong convergence of the EM scheme for the nonlin-

ear FSDEs without singular kernels has not yet been investigated in the existing literature.

In light of the above, therefore, the present work is the first one to consider proving the

existence and uniqueness of a probabilistic strong solution to the FSDEs with non-singular

kernel subjected to nonlinear perturbation. Hence, this motivate us to state and prove a

range of results on a priori estimates, error estimates and the strong convergence of the EM

approximation method for the problem under consideration. In fact, the underlying problem

describes the more complex random phenomena with non-local effect. Secondly, we develop

and prove the strong convergence of the Euler-type scheme. Finally as a matter of fact, we

present our numerical experiments in order to substantiate the analysis of the problem under

consideration. The current results from the numerical experiments are then compared with

the results in the existing literature using both Matlab and Python programmings. The main

difference between the results carried out in this paper and those in [222] is highlighted by

the existence and uniqueness carried out not only without the Lipschitz conditions as used

in [222] but also the fact that we do not use the kernel as in [222]. Instead of adapting the

Riemann-Liouville fractional differential operator as in [222], we use the new Caputo FD

with variable order and study numerical solutions of FSDE without a singular kernel.

In this chapter we consider the new Caputo-Fabrizio FD with variable order and study

numerical solutions of FSDE without a singular kernel in the form

du =(−λ C
0 D

α
t u+ f(t, u))dt+ b(t, u)dW, t ∈ [0, T ], u(0) = u0, λ ≥ 0, (4.2)

where f and b are nonlinear external terms representing the drift and the intensity of the

noise, respectively. Here W is a Wiener process and C
0 D

α
t u is the new Caputo-Fabrizio FD

of order α, see the subsection below for more details and properties of this operator. Note

that the assumptions on both functions f and b will be specified later on.

4.1.2 Important Properties of C
0 D

α
t

We recall from Caputo and Fabrizio [36], the Caputo FD of order α is defined by

Dα
t u(t) :=

1

Γ(1− α)

∫ t

a

K(t, s)u′(s) ds
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where α ∈ [0, 1], a ∈ [−∞, t) and u ∈ H1(a, b) for a < b and a, b ∈ R. Here K(t, s) is the

kernel defined as

K(t, s) := (t− s)−α for s ≤ t.

We can list some of the properties and drawbacks of this operator in the remark below.

Remark 4.1. Note that for s = t then the kernel in the above definition becomes singular, that

is K(t, t) = 0. This singularity is disadvantageous in modeling real-world phenomena. This

fact can reduce the application of this operator to more complex problems. Furthermore,

we also note in the definition of the operator Dα
t , the presence of the function u′(t) meaning

that the derivative of u must exist in the ordinary sense before we can define or compute any

expression with the above defined operator.

Now set

K0 := e−
α

1−α
(t−s)

and change the constant 1
Γ(1−α)

by 1√
2π(1−α2)

in the definition of the operator Dα
t . Then,

according to [140], the new Caputo-Fabrizio derivative of order α ∈ (0, 1), C
0 D

α
t u can be

defined as FD without a singular kernel as follows (after normalizing):

C
0 D

α
t u =

1

(1− α)

∫ t

a

u̇(τ)e
−α(t−τ)
(1−α) dτ.

Remark 4.2. At first glance, we notice that for t = s, the new kernel K0(t, t) = 1 ̸= 0. In

contrast to K, the new kernel K0 is not singular and it is in addition a very much regular

kernel. Moreover, as for the operator Dα
t , we also observe that C

0 D
α
t requires the function u

to admit a first derivative in the ordinary sense. However this can be addressed below.

Arguing similarly as in [36], one can easily define the operator C
0 D

α
t for function u ∈

L1(a, b) and α ∈ [0, 1] by setting

C
0 D

α
t u(t) =

αM(α)

1− α

∫ t

a

[u(t)− u(s)]K0(t, s) ds

where M(α) is a normalized constant depending on α.

From this definition, we remark that system modeled by the operator C
0 D

α
t u can describe

non-local systems, which are able to model fluctuations that cannot be captured by the usual

operator Dα
t .

4.1.3 Motivational background

Exploring systems that display unpredictability and distant connections is fundamental in

contemporary science and engineering practices. The mathematical representation of these
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systems frequently necessitates instruments that surpass traditional calculus by integrating

components capable of managing both randomness and memory impacts. SFPDEs has re-

cently been among the most popular areas in describing and understanding mathematically,

complex behaviors of robust systems such as the Navier-Stokes and hydrodynamics mod-

els of turbulence fluids. It is worth mentioning that the presence of stochastic forces in a

model (fractional type) can lead to new phenomena that are very difficult to describe using

their deterministic fractional counterparts. The generalization of Navier-Stokes equations by

fractional Navier-Stokes systems can be used to better describe and analyze in practice the

compressible and incompressible fluids dynamics. Due to the challenging task in computing

and analyzing the behavior of some complex phenomena, several researchers have proposed

different classes of models recently. Among those models we mention the shell fractional sys-

tem that consist of infinitely many differential equations which can be used to model similar

bahaviors to the fractional Navier-Stokes and many other similar properties of the classical

Navier-Stokes can be studied. Moreover, other things that can be explored are their attempt

in relaxing some assumptions and homogeneity, studies boundary conditions and boundary

layers and treat other physical phenomena.

By utilizing adaptable derivatives in these equations allow for a more accurate repre-

sentation of real-world events that help capturing nuances that are often missed by the

conventional models.

The enhanced capabilities of the order Caputo derivative without singular kernels repre-

sent a major step forward in FC by enhancing stability and effectiveness in computational

techniques across various industries like physics with prevalent anomalous diffusion phenom-

ena; biology with intricate spatio-temporal patterns; and finance, with market dynamics

displaying fractal characteristics. By removing kernels from the models structure it not only

enhances its resilience but also makes it more viable computationally thus paving the way

for exploring fresh avenues, in simulating and comprehending systems that are impacted by

both deterministic and stochastic elements.

Innovations in the field have revealed that SFPDEs incorporating Caputo derivatives of

varying orders offer perspectives on complex system behaviors that conventional models find

challenging to explain fully. For example intricate phenomena characterized by scale pro-

cesses, non local interactions and intricate random dynamics present in viscoelastic materials

or financial markets stand to benefit from this method. These progressions not enrich our

theoretical comprehension but also hold practical significance in refining algorithms and en-

hancing numerical techniques applied in simulations, across diverse scientific domains.

The objectives of this chapter is to initiate the study of some interesting classes of nonlin-
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ear FSPDEs driven by white noise and to also investigate several results: first the issues

of well-posedness (existence and uniqueness) of these systems, rate of convergence, strong

convergence, a priori estimates and higher integrability on the solutions, error estimates and

the approximate solutions.

In our research we are seeking to extend our knowledge in this particular field even further

by investigating a novel approach not previously explored. Examining how a robust strong

probabilistic solution can exist for FSDEs characterized by non singular kernels and impacted

by nonlinear perturbations for the very first time ever. This study opens up pathways for

delving deeper into intricate stochastic systems and enhancing computational methodologies

for better outcomes overall. Our findings underscore distinctions and advancements compared

to current techniques in this area of study. Laying down a strong groundwork that will

shape future investigations, in SPs and FC. The discoveries have the potential to result in

advancements across various sectors such as material science and financial engineering by

addressing uncertainties and memory influences that are essential, in these fields.

To the best of our knowledge, the strong convergence of the EM scheme for the nonlinear

FSDEs without singular kernels has not yet been studied in the corresponding literature.

Therefore, this work is the first one to consider proving the existence and uniqueness of a

probabilistic strong solution to the FSDEs with non-singular kernel subjected to nonlinear

white noise. Hence, this clearly motivates us to establish new results on a priori bounds,

higher integrability, error estimates and the strong convergence of the EM approximation

method for the problem under consideration.

4.1.4 Organization of the chapter

The remaining sections of this chapter are structured as follows. In section 4.2, we prove

that the convergence of the EM and the associated numerical solution has a bounded p-th

moment for a some p ∈ [2,∞). In Section 4.3 we impose further assumptions on the nonlinear

external forces f and g to ensure that u(t) has bounded moments. In Section 4.4, we focus

on establishing an optimal rate of convergence of the method established in Section 4.3. This

section is augmented to a more widely used implicit variant of EM by relating the notion

introduced in Section 4.2 of implicit methods with the result obtained in Section 4.4. In

Section 4.5, we draw concluding remarks. While Section contains the major tools as part of

the Appendix.
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4.2 Convergence, Continuity and Uniqueness of the So-

lution for 4.2

In this section, we prove the existence of numerical solutions of FSDE (4.2) i.e

du =(−λ C
0 D

α
t u+ f(t, u))dt+ b(t, u)dW, t ∈ [0, T ], u(0) = u0, λ ≥ 0,

We start by reformulating FSDE (4.2) similar to Yang et al. [222].

Let (Ω,F ,P ,F) be a filtered probability space equipped with a filtration satisfying the

usual condition. LetW be a Wiener process (BM) defined on this probability space, (Ω,F ,P)

associated with the filtration Ft and u0 be a random second-order variable that is independent

of W . We consider W (·) to be a BM with respect to the filtration

Ft = U{W (s) : s ∈ [0, t], u0},

where Ft is the natural σ-algebra generated by u0 and Ft is dependent of BM W (·) with a

history up to time t. Here and in the sequel, we assume that the filtration F is complete and

right-continuous.

Indeed, always here and here after, we will be assuming that the nonlinear external terms,

f : R −→ Rm and b : R −→ Rd×m are continuous w.r.t the first variable t and Lipschitz with

respect to the second variable u. We denote the Euclidean vector norm by the symbol |·|.
In order to obtain the existence and uniqueness of solution (strong) to the problem under

consideration, we need to provide some assumptions on a the nonlinear terms, the drift f

and the diffusion coefficients b that will be needed in the sequel.

(i) Suppose that f and b are both one sided-Lipschitz nonlinear continuous functions and

in addition, the function b is Lipschitz nonlinear continuous function with respect to u

respectively i.e for R ∈ (0,∞), then there exists a constant CR > 0 depending only on

R, such that ∀u, v ∈ Rm it holds that

⟨f(u)− f(v), u− v⟩ ≤ CR|u− v|2, (4.3)

⟨b(u)− b(v), u− v⟩ ≤ CR|u− v|2, (4.4)

|b(u)− b(v)|2 ≤ CR|u− v|2. (4.5)

(ii) We assume that the nonlinear term b is measurable a.e., t and that there exists LC ∈
(0,∞) such that

|f(u)| ≤ LC(1 + |u|),∀u ∈ Rm, (4.6)

|b(u)| ≤ LC(1 + |u|), ∀u ∈ Rm. (4.7)
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(iii) Let α ∈ C1([0, T ]), the space of functions that are differentiable and continuous on the

interval [0, T ] such that there is α∗ ∈ (0, 1) such that

0 ≤ α(y) ≤ α∗. (4.8)

To represent equation (4.2) in a SP form first we integrate the FD part of (4.2) from 0 to t

by applying the same technique as of Xiangcheng et al. [234]. We first have∫ t

0

−λ C
0 D

α(y)
y udy =

∫ t

0

∫ y

0

−λ

(1− α(y))
u̇(s)e

−α(y)(t−y)
(1−α(y)) dsdy

=

∫ t

0

∫ t

s

−λ

(1− α(y))
u̇(s)e

−α(y)(y−s)
(1−α(y)) dyds

=

∫ t

0

u(s)

∫ t

s

−λ

(1− α(y))
e

−α(y)(y−s)
(1−α(y)) dyds

−
∫ t

0

u(s)
d

ds

[∫ t

s

λ

(1− α(y))
e

−α(y)(y−s)
(1−α(y)) dy

]
ds

=− u(0)

∫ t

0

λ

(1− α(y))
e

−α(y)(y)
(1−α(y)) dy −

∫ t

0

K(t, s)u(s)ds, (4.9)

where

K(t, s) =
d

ds

[∫ t

s

λ

(1− α(y))
e

−α(y)(y−s)
(1−α(y)) dy

]
. (4.10)

LEMMA 4.2.1. Let λ > 0 and α ∈ C1[0, T ] then for any s, t ∈ [0, T ] and s ≤ t it holds that

|K(t, s)| ≤ λ

1− α∗ (4.11)

Proof. From Lemma 2.1 of [233] and by assumption (4.8) we have that

e
−(y−s)α∗

1−α∗ ≤ 1 (4.12)

Inserting (4.12) into (4.10) we then deduce from the resulting relation that

|K(t, s)| =| d
ds

∫ t

s

λ

(1− α(y))
e

−α(y)(y−s)
(1−α(y)) dy| ≤ | d

ds

∫ t

s

λ

(1− α(y))
dy|

≤ | d
ds

∫ t

s

λ

(1− α∗)
dy| = λ

(1− α∗)
| d
ds

(t− s)| = λ

(1− α∗)

∴ |K(t, s)| ≤ λ

(1− α∗)



55

Our main objective is to find a SP u that will satisfy the stochastic integral (4.13). For

this purpose, modulo a stopping time arguments, we can insert equation (4.10) on (4.2), with

t ∈ [0, T ], to generate a SP u(·), which is progressively measurable on F(·) such that the

following stochastic integral hold:

u(t) =u(0) + u(0)

∫ t

0

λ

(1− α(s))
e

−α(s)(s)
(1−α(s))ds+

∫ t

0

K(t, s)u(s)ds

+

∫ t

0

f(u(s))ds+

∫ t

0

b(u(s))dW (s) a.s.. (4.13)

Our first and primary goals are to investigate the strong convergence of numerical approxi-

mation in the scenario, where f and b are both one-sided Lipschitz with b in addition being

locally Lipschitz. In the sequel, Qi denote some generic positive constants which may change

from time to time throughout the chapter.

THEOREM 4.2.1. If assumptions (4.3) to (4.8) hold then SDE (4.2) has a unique solution

u such that

E[ sup
0≤t≤T

|u(t)|2] ≤ ΘE0Υ < ∞, t ∈ [0, T ]. (4.14)

where Θ = 3
λ2

(1− α∗)2
T 2E(|u0|2) + 6L2(T 2 +Q1T )(1 + E(|u0|)2),

Λ = 3(
λ2

(1− α∗)2
T + CR(T +Q)) and

E0(ΛT ) =
∞∑
n=0

Υn =
∞∑
n=0

Υn

Γ(0× n+ 1)
, Υ = ΛT ≥ 0. (4.15)

In order to proceed with the proof of this result in Theorem 4.2.1, we rely on the Picard

iteration approach. For this purpose we define a general term of the Picard sequence {Zn}∞n=0

by setting

Zn+1(t) =Z0 + u0

∫ t

0

λ

(1− α(s))
e

−α(s)(s)
(1−α(s))ds+

∫ t

0

K(t, s)Zn(s)ds

+

∫ t

0

f(Zn(s))ds+

∫ t

0

b(Zn(s))dW (s) for n ≥ 1, (4.16)

with Z0 := u(0) = u0.

This above Picard sequence can be generated using the Picard iteration method. There-

fore, we follow the arguments of the celebrated work of Etienne Pardoux in [174] to deal with

the terms in the sequence. Before we delve into the proof of Theorem 4.2.1, we first introduce

the following result.
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LEMMA 4.2.2. Under the assumptions (4.3), (4.4), (4.6) and (4.7), there is a constant

C > 0 such that for any n ≥ 1 and t ∈ [0, T ], we have the estimate

E sup
0≤x≤t

|Zn(x)|2 ≤ C. (4.17)

Proof. Applying the Ito’s formula to the function |x|2, we have

|Zn+1(s)|2 =|Z0|2 + 2u0

∫ x

0

⟨K(x, s), Zn(s)⟩ds+ 2

∫ x

0

⟨Zn(s), f(Zn(s))⟩ds

+2

∫ x

0

⟨Zn(s), b(Zn(s))⟩dW (s) +

∫ x

0

|b(Zn(s))|2ds

=|Z0|2 +K1(x) +K2(x) +K3(x) +K4(x). (4.18)

In order to estimate every term in (4.18), we rely on assumptions (4.3), (4.4), (4.6) and (4.7),

the Burkholder-Davis-Gundy (BDG) inequality, the Young’s inequality and the Cauchy-

Swarz inequality to deal with each term in (4.18). For this purpose we deal with the integrals

in (4.18) separately. Therefore, we take mathematical expectation on both sides of (4.18)

then apply the supremum on both sides to obtain the corresponding relation from which we

estimate the remaining terms as below. We have

E sup
0≤x≤t

|K1(x)| = E sup
0≤x≤t

|
∫ x

0

⟨K(x, s), Zn(s)⟩ds|

≤ E sup
0≤x≤t

[∫ x

0

|K(x, s)|2ds
] 1

2
[∫ x

0

|Zn(s)|2ds
] 1

2

≤ CεE sup
0≤x≤t

∫ x

0

|K(x, s)|2ds+ εE sup
0≤x≤t

∫ x

0

|Zn(s)|2ds

≤ Cε
λ2

(1− α∗)2
E(t) + εE sup

0≤x≤t

∫ x

0

|Zn(r)|2ds

≤ Cε
λ2

(1− α∗)2
T + εE sup

0≤x≤t

∫ x

0

|Zn(r)|2ds. (4.19)

Using the assumption in item (ii) along with Fubini’s Theorem, we infer from Young and

Cauchy inequalities that there exists a constant LC such that

E sup
0≤x≤t

|K2(x)| =E sup
0≤x≤t

∣∣∣∣∫ x

0

⟨Zn, f(Zn(s))⟩ds
∣∣∣∣

≤ LCE sup
0≤x≤t

∫ x

0

|Zn(s)|(1 + |Zn(s)|)ds

≤ LCE sup
0≤x≤t

[
ε

∫ x

0

|Zn(s)|2ds+ Cε

∫ x

0

12ds+

∫ x

0

|Zn(s)|2ds
]

≤ Cε + (1 + ε)E sup
0≤x≤t

∫ x

0

|Zn(s)|2ds. (4.20)
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As for the term in K3, we first apply the BDG inequality and then use assumption (4.7) and

the Young’s inequality to obtain

E sup
0≤x≤t

∣∣∣∣∫ x

0

⟨Zn(s), b(Zn(s))⟩dW (s)

∣∣∣∣
≤ CE sup

0≤x≤t

∣∣∣∣∫ x

0

|Zn(s)|2 |b(Zn(s))|2 ds
∣∣∣∣ 12

≤ CE

[[
sup
0≤x≤t

|Zn(s)|2
] 1

2

sup
0≤x≤t

∣∣∣∣∫ x

0

(1 + |Zn(s)|2)ds
∣∣∣∣ 12
]

≤ ηE sup
0≤x≤t

|Zn(s)|2 + tCη + CηE sup
0≤x≤t

∫ x

0

|Zn(s)|2 ds. (4.21)

Similarly in the case for the bound of K3(x), we can also estimate the term K4(t) using

assumption (4.7) to obtain

E sup
0≤x≤t

∫ x

0

|b(Zn(s))|2 ds

≤ LCE sup
0≤x≤t

∫ x

0

(1 + |Zn(r)|)2 ds

≤ TLC + LCE sup
0≤x≤t

∫ x

0

|Zn(r)|2ds. (4.22)

Combining all the estimates (4.19)-(4.22) we obtain that

E sup
0≤x≤t

|Zn+1(x)|2

≤ |Z0|2 + Cε + (1 + ε)E sup
0≤x≤t

∫ x

0

|Zn(s)|2ds

+ ηE sup
0≤x≤t

|Zn(s)|2 + tCη + CηE sup
0≤x≤t

∫ x

0

|Zn(s)|2 ds

+ Cε + (1 + ε)E sup
0≤x≤t

∫ x

0

|Zn(s)|2ds+ TLC + LCE sup
0≤x≤t

∫ x

0

|Zn(r)|2ds

≤ C + ηE sup
0≤x≤t

|Zn(s)|2 + 2(1 + ε+ LC + Cη)E sup
0≤x≤t

∫ x

0

|Zn(r)|2ds. (4.23)

On the other hand, raising the expression in (4.16) to the power 2 and taking mathematical
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expectation, the supremum and using Jen’s inequality, we obtain that

E sup
0≤x≤t

|Zn+1(x)|2

≤ 5E|Z0|2 + E sup
0≤x≤t

u0

∫ x

0

λ

(1− α(s))
e

−α(s)(s)
(1−α(s))ds+ 10E sup

0≤x≤t

∣∣∣∣∫ x

0

K(x, s)ds

∣∣∣∣2
+ 10E sup

0≤x≤t

∣∣∣∣∫ x

0

f(Zn(s))ds

∣∣∣∣2 + 10E sup
0≤x≤t

∣∣∣∣∫ x

0

b(Zn(s))dW (s)

∣∣∣∣2
= 5|Z0|2 +M1(x) +M2(x) +M3(x) +M4(x). (4.24)

Similarly as in the estimates for K1(t) − K4(t), we do rely on the same techniques to deal

with the estimates for M1(t)−M4(t). Therefore, we use assumptions (4.3) - (4.8) along with

BDG, Young, Cauchy and Jensen inequalities to obtain the corresponding relations needed

for the estimates. We hence deduce the estimate for M1(t) and M2(t) as follows:

E sup
0≤x≤t

M1(x) + E sup
0≤x≤t

M2(x) ≤ 2
λ2

(1− α∗)2
T. (4.25)

Owing to assumption (4.6) along with Young and Cauchy inequalities, we infer that

E sup
0≤x≤t

M3(x) ≤ E sup
0≤x≤t

∣∣∣∣∫ x

0

f(Zn(s))ds

∣∣∣∣2
≤ E sup

0≤x≤t

[∫ x

0

|f(Zn(s))| ds
]2

≤ E sup
0≤x≤t

[∫ x

0

(1 + |Zn(s)|)ds
]2

≤ T 2 + E sup
0≤x≤t

[∫ x

0

|Zn(s)| ds
]2

≤ T 2 + E sup
0≤x≤t

[(∫ x

0

12ds

) 1
2
(∫ x

0

|Zn(s)|2 ds
) 1

2

]2
≤ T 2 + TCκ + κE sup

0≤x≤t

∫ x

0

|Zn(s)|2 ds. (4.26)

As for the stochastic term, we use assumption (4.7) and we apply BDG’s inequality along
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with Young and Cauchy inequalities to obtain that

E sup
0≤x≤t

M4(x) ≤ E sup
0≤x≤t

∣∣∣∣∫ x

0

b(Zn(s))dW (s)

∣∣∣∣2
≤ CE

∫ t

0

|b(Zn(s))|2 ds

≤ CLCE
∫ t

0

(1 + |Zn(s)|2)ds

≤ TCLC + CLCE sup
0≤x≤t

∫ x

0

|Zn(s)|2 ds. (4.27)

Combining all the estimates (4.25) - (4.27) we obtain

E sup
0≤x≤t

|Zn+1(x)|2 ≤ C(λ, α∗, κ, T ) + C(T, κ)E sup
0≤x≤t

∫ x

0

|Zn(s)|2 ds. (4.28)

In order to carry on with the remaining parts of the proof, we define the function H(t) by

setting

Hn(t) := E sup
0≤x≤t

|Zn+1(x)|2, for n ∈ N.

We can easily remark by definition of Hn(t) that

Hn(t) ≤ C(λ, α∗, κ, T ) + C(T, κ)E sup
0≤x≤t

∫ x

0

|Zn(s)|2 ds (4.29)

from which we infer that

Hn(t) ≤ QT

∫ x

0

|Hn−1(s)|2 ds, (4.30)

where that Q is a constant depending only on λ, α∗, T and κ.

Arguing similarly as in [222], we heavily rely on principle of mathematical induction to

estimate the function Hn(t). For this purpose, we first address the case of n = 0 and deal

with the corresponding relation as follows:
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we infer from the relation (4.18) and BDG inequality (4.27) with n = 0 that

H0(t) = E sup
0≤x≤t

|Z1(x)|2

=|Z0|2 + 2u0

∫ x

0

⟨K(x, s), Z0(s)⟩ds+ 2

∫ x

0

⟨Z0(s), f(Z0(s))⟩ds

+2

∫ x

0

⟨Z0(s), b(Z0(s))⟩dW (s) +
1

2

∫ x

0

|b(Z0(s))|2ds

≤ E|Z0|2 + 2Eu0 sup
0≤x≤t

∫ x

0

⟨K(x, s), Z0(s)⟩ds+ 2E sup
0≤x≤t

∫ x

0

⟨Z0(s), f(Z0(s))⟩ds

+2E sup
0≤x≤t

∫ x

0

⟨Z0(s), b(Z0(s))⟩dW (s) + E sup
0≤x≤t

∫ x

0

|b(Z0(s))|2ds

≤ E|Z0|2 +
λ2

1− α∗E|u0|2 + TLCE sup
0≤x≤t

∫ x

0

|Z0|2ds

≤ CE|u0|2 =: Γ < ∞, (4.31)

where Γ is a constant depending only on α∗, λ, E|u0|2 and T . It implies that the estimate of

the first term H0(t). This holds true.

For n = 1, we have

H1(t) ≤ QT

∫ x

0

H0(s)ds

= QT

∫ x

0

Γds

= QT

∫ t

0

Γds

= QTΓt < ∞. (4.32)

This holds true as well

Similarly, for n = 2 we have

H2(t) ≤ QT

∫ x

0

H1(s)ds

= QT

∫ x

0

Γ2tds

= QT

∫ t

0

Γ2tds

= QTΓ
2t2 < ∞. (4.33)
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This is true.

Now, we assume that the induction step and the inductive hypothesis both hold true, for

n = k + 1 we have that

Hk+1(t) ≤ QT

∫ x

0

Hk(s)ds

= QT

∫ x

0

Γktk−1ds

= QT

∫ t

0

Γktk−1ds

= QTΓ
ktk < ∞, (4.34)

from which we deduce that the series (4.34) can be written as

∞∑
n=0

QT (Γt)
n = QT

∞∑
n=0

(Γt)nQTE0(Γt) < ∞ for any t ∈ [0, T ]. (4.35)

Here E0 stands for the Mittag-Leffler function and the above series dully converges. There-

fore,
∞∑
n=0

E sup
0≤t≤T

|Zn+1(t)|2 < ∞ a.s.

from which along with Chebyshev’s inequality we infer that

P
(

sup
0≤t≤T

|Zn+1(t)|2 ≥ 2−n

)
≤ 4nE sup

0≤t≤T
|Zn+1(t)|2

≤ 4n(Γt)nQT

≤ 4nΓnT nQT . (4.36)

Hence, we use the Borel-Cantelli lemma to deduce that the sequence {Zn}∞n=0 converges

uniformly to the process u(t) on [0, T ].

We are now ready to proceed with the proof of Theorem 4.2.1.

Proof. In order to obtain the integrability in Theorem 4.2.1, we need to estimate every terms

in the right hand side of (4.16). For this purpose, we first rely on the result of Lemma

4.2.2 and use the same sequence {Zn}n≥1 as defined above. We therefore noticed that the
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difference Zn+1(t)− Zn(t) is given by

Zn+1(t)− Zn(t) =

∫ t

0

K(t, s)(Zn+1(s)− Zn(s))ds

+

∫ t

0

(f(Zn+1(s))− f(Zn(s))ds+

∫ t

0

[b(Zn+1(s))− b(Zn(s))]dW (s).

In order to obtain the best estimates, we first apply the Ito’s formula to the functions |x|2

and d(Zn+1−Zn). Secondly, we estimate the terms in the expression of |Zn+1−Zn|2 directly
without using the expressions coming from the Ito’s formula and then combine the terms

coming from both relations to get the best estimates required for the proof of this theorem.

For this purpose, on one hand applying the Ito’s formula to the functions |x|2 and d(Zn+1 −
Zn), we obtain that

|Zn+1(s)− Zn(s)|2 =2

∫ t

0

⟨K(t, s), Zn(s)− Zn−1(s)⟩ds

+2

∫ t

0

⟨Zn(s)− Zn−1(s), f(Zn(s))− f(Zn−1(s))⟩ds

+2

∫ t

0

⟨Zn(s)− Zn−1(s), b(Zn(s))− b(Zn−1(s))⟩dW (s)

+
1

2

∫ t

0

|b(Zn(s))− b(Zn−1(s))|2ds

=J1(t) + J2(t) + J3(t) + J4(t),

from which we infer that

E sup
0≤x≤t

|Zn+1(x)− Zn(x)|2

≤ E sup
0≤x≤t

|J1(x)|+ E sup
0≤x≤t

|J2(x)|+ E[ sup
0≤x≤t

|J3(x)|+ E sup
0≤x≤t

|J4(x)|. (4.37)

Our next task is to separately estimate every term on the right side of the equation (4.37).

To bound the first term of (4.37) we can apply Lemma 4.2.1, Cauchy-Schwarz inequality

and assumption (4.3) to (4.8). We also apply the Young’s inequality modulo a stopping time
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to obtain that

E sup
0≤x≤t

|J1(x)|

= E sup
0≤x≤t

|
∫ x

0

|K(x, s)||Zn(s)− Zn−1(s)|ds|

≤ CE sup
0≤x≤t

∫ x

0

|K(x, s)|2ds+ CE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ C
λ2

(1− α∗)2
T + CE sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds. (4.38)

We can proceed to estimate the term, J2(x). Note that by virtue of triangle and Jensen

inequalities and owing to the assumption in item (i) along with Fubini’s Theorem, we have

E sup
0≤x≤t

|J2(x)| =E sup
0≤x≤t

∣∣∣∣∫ x

0

⟨Zn − Zn−1, f(Zn(s))− f(Zn−1(s))⟩ds
∣∣∣∣

≤ CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds. (4.39)

In order to proceed with the estimate of the term J3(x), we first use the one-sided Lipschitz

assumption given in item (i), secondly the BDG inequality and thirdly the Young’s inequality

to insert that there exists a constant CT > 0 such that

E sup
0≤x≤t

|J3(x)|

≤ E
[∫ t

0

|Zn(s)− Zn−1(s)|2|b(Zn(s))− b(Zn−1(s))|2ds
] 1

2

≤ E

([
sup
0≤x≤t

|Zn(x)− Zn−1(x)|2
] 1

2
[
sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2d(s)
] 1

2

)

≤ CE sup
0≤x≤t

|Zn(x)− Zn−1(x)|2 + E sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2d(s)

≤ CTE sup
0≤x≤t

|Zn(x)− Zn−1(x)|2. (4.40)

Finally, by applying Ito’s isometry, Lemma 2.3.4 and assumption (4.3) to (4.8) we can bound

the third term of (4.37) and obtain using a stopping time argument that

E sup
0≤x≤t

∣∣∣∣∫ x

0

[b(Zn(s))− b(Zn−1(s))] ds

∣∣∣∣2
≤ c1E sup

0≤x≤t

∫ x

0

|b(Zn(s))− b(Zn−1(s))|2ds

≤ Q3E sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds, (4.41)
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where Q3 is constant depending on R only. This gives us the estimate on the last term J4(x).

Now we combine all the estimates from (4.37) to (4.41) and (4.37) as well as applying

Young’s inequality to obtain

E sup
0≤x≤t

|Zn+1(x)− Zn(x))|2

≤ C(α∗, λ, T ) + E sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+

3CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+ 3Q1CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ C(α∗, λ, T ) + ΨE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds, (4.42)

where Ψ = CR(T +Q1).

On the other hand, we notice that

|Zn+1(x)− Zn(x)|2 = |I1(x) + I2(x) + I3(x)|2 (4.43)

where

I1(x) =

∫ x

0

K(x, s) [Zn(s)− Zn−1(s)] ds,

I2(x) =

∫ x

0

[f(Zn(s))− f(Zn−1(s))] ds,

I3(x) =

∫ x

0

[b(Zn(s))− b(Zn−1(s))] dW (s).

This indicates to us that we must also estimate every term in (4.43). Then by Jensen

inequality, we have

|Zn+1(x)− Zn(x)|2 ≤3
[
|I1(x)|2 + |I2(x)|2 + |I3(x)|2

]
from which we infer that

E[ sup
0≤x≤t

|Zn+1(x)− Zn(x)|2] ≤ 3E[ sup
0≤x≤t

[|I1(x)|2] + 3E[ sup
0≤x≤t

[|I2(x)|2] + 3E[ sup
0≤x≤t

[|I3(x)|2].

(4.44)

Our next task is to separately bounding every term on the right side of the equation (4.44).

To bound the first term of (4.44), we can apply Lemma 4.2.1, Cauchy-Schwarz inequality

and assumption 4.3 to 4.8. We also apply the Young’s inequality modulo a stopping time to
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obtain that

E sup
0≤x≤t

|I1(x)|2

= E sup
0≤x≤t

|
∫ x

0

K(x, s)(Zn(s)− Zn−1(s))ds|2

≤ E sup
0≤x≤t

[∫ t

0

|K(x, s)|2ds
] 1

2
[∫ x

0

|Zn(s)− Zn−1(s)|2ds
] 1

2

≤ E sup
0≤x≤t

∫ x

0

|K(x, s)|2ds+ E sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ λ2

(1− α∗)2
t+ E sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ λ2

(1− α∗)2
T + E sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds. (4.45)

Next, by applying Cauchy and Young’s inequalities and assumption (4.3) to (4.8), we can

bound the second term of (4.37) as follows:

E sup
0≤x≤t

|I2(x)|2 =E

[
sup
0≤x≤t

∣∣∣∣∫ x

0

f(Zn(s))− f(Zn−1(s))ds

∣∣∣∣2
]

≤ E

([
sup
0≤x≤t

[∫ x

0

1ds

] 1
2
[∫ x

0

|f(Zn)(s)− f(Zn−1(s))ds|2
] 1

2

])

≤ E sup
0≤x≤t

[∫ x

0

1ds+

∫ x

0

|f(Zn)(s)− f(Zn−1(s))ds|2
]

≤ T + CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ T + CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds. (4.46)

Finally, by applying Ito isometry, Lemma 2.3.4, BDG and assumption (4.3) to (4.8), we

can bound the third term of (4.44) and obtain using a stopping time τ that

E sup
0≤x≤t

[I3(x)]
2

= E sup
0≤x≤t

∣∣∣∣∫ x

0

[b(Zn(s))− b(Zn−1(s))] dW (s)

∣∣∣∣2
= E

∫ t

0

|b(Zn(x))− b(Zn−1(x))|2dx

≤ Q1CR

∫ t

0

|Zn(x)− Zn−1(x)|2dx, (4.47)
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where Q1 is constant as the one given by Lemma 2.3.4. Now we combine all inequalities

(4.38) - (4.47) with relation (4.37) and apply Young’s inequality to obtain

E sup
0≤x≤t

|Zn+1(x)− Zn(x)|2

≤ 3
λ2

(1− α∗)2
T + E sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+

+ 3TCRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+ 3Q1CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ 3
λ2

(1− α∗)2
T +ΨE sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds, (4.48)

Combining estimates (4.42) and (4.48), we infer that there exists a constant Ψ such that

E sup
0≤x≤t

|Zn+1(x)− Zn(x)|2

≤ 3
λ2

(1− α∗)2
T + E sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+

+ 3TCRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds+ 3Q1CRE sup
0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds

≤ 3
λ2

(1− α∗)2
T +ΨE sup

0≤x≤t

∫ x

0

|Zn(s)− Zn−1(s)|2ds, (4.49)

Next we use mathematical induction to find the estimate for the terms in relation (4.49).

For this purpose, for n ≥ 1, we reformulate and estimate the terms in the right-hand side of

equation (4.44) as follows. Set

hn(t) := E sup
0≤x≤t

|Zn+1(x)− Zn(x)|2 ≤ 3C(α∗, T ) + Ψ

∫ x

0

hn−1(s)ds,

where

hn−1(t) := E sup
0≤r≤t

|Zn(r)− Zn−1(r)|2 for n ≥ 1.

Using equation (4.37) with n = 0, applying Jensen inequality and using assumptions (4.3) to

(4.8) we obtain that
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h0(t) = E sup
0≤x≤t

|(Z1(x)− Z0(x))|2 (4.50)

≤ 3E sup
0≤x≤t

(∣∣∣∣∫ x

0

K(x, s)u0ds

∣∣∣∣2 + ∣∣∣∣∫ x

0

f(u0)ds

∣∣∣∣2 + ∣∣∣∣∫ x

0

b(u0(s))dW (s)

∣∣∣∣2
)

≤ 3E sup
0≤x≤t

(
u2
0

(∫ x

0

|K(x, s)|ds
)2

+

(∫ x

0

|f(u0)|ds
)2

+Q1

∫ x

0

|b(u0)|2ds

)

≤ 3E

(
sup
0≤x≤t

(∫ x

0

L(1 + |u0)|ds
)2

+Q1

∫ x

0

L2(1 + |uO|)2ds

)
+ 3

λ2

(1− α∗)2
T 2E(|u0|2)

≤ 3
λ2

(1− α∗)2
T 2E|u0|2 + 3L2T 2E(1 + |u0|)2 + 3Q1L

2TE(1 + |u0|)2 = Θ < ∞,

where Θ = 3 λ2

(1−α∗)2
T 2E|u0|2 + 6L2(T 2 +Q1T )(1 + E(|u0|)2). Therefore h0(t) is bounded.

Our next task is to estimate hn(t) for n ≥ 1. Again, we easily can prove this by mathe-

matical induction as in the aforementioned technique.

For n = 1, using (4.50) we have

h1(t) =: E sup
0≤x≤t

|Z2(s)− Z1(s)|2 ≤ Ψ

∫ t

0

Θds = ΨtΘ < ∞. (4.51)

Similarly for n = 2 we have

h2(t) :=E sup
0≤x≤t

|Z3(s)− Z2(s)|2 ≤ (Ψt)2Θ < ∞.

Now, suppose that the relation holds for n = m i.e.,

hm(t) := E sup
0≤x≤t

|Zm(s)− Zm−1(s)|2 ≤ Ψ

∫ t

0

hm−1(s)ds ≤ (Ψt)mΘ < ∞. (4.52)

We claim that the assumption also holds true for n = m+ 1:

hm+1(t) ≤ Ψ

∫ t

0

hm(s)ds ≤ (Ψt)m+1Θ < ∞

from which we therefore infer that

hn(t) = E sup
0≤x≤t

|Zn+1(s)− Zn(s)|2 ≤ (Ψt)nΘ < ∞, ∀ n ≥ 0. (4.53)

Moreover, the series defined by the right hand side of relation (4.53) converges to the Mittag-

Leffler function
∞∑

m=0

(Ψt)nΘ =
∞∑

m=0

(Ψ)ntnΘ = Θ
∞∑

m=0

(Ψ)ntn

Γ(0.n+ 1)
=ΘE0(ΨT ) < ∞, t ∈ [0, T ]
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which implies that

∞∑
n=0

E sup
0≤t≤T

|Zn+1(t)− Zn(t)|2 < ∞, a.s.. (4.54)

Owing to Chebyshev’s inequality, we infer from (4.53) and (4.54) that

P( sup
t∈[0,T ]

|Zn+1(t)− Zn(t))|2 ≥ 2−n) ≤4nE[ sup
t∈[0,T ]

|Zn+1(t)− Zn(t))|2]

≤ 4n(Ψt)nΘ ≤ 4n(ΨT )nΘ.

Using the Borel-Cantelli lemma, the sequence

Zn(t) = u0 +
n∑

m=1

[Zm(t)− Zm−1(t)]

uniformly converges to limit u on [0, T ] and solves the underlying problem (4.13) a.s. We

establish the continuity of u based on the continuity of {Zn}∞n=0 and the above result. From

this we can therefore assert that the solution of FSDE (4.2) is the continuous function u.

Let ū(t) be the solution of (4.2), different from u(t). By following similar procedures as

applied in (4.48), we have

E[ sup
0≤x≤t

|u(x)− ū(x)|2] ≤ Ψ

∫ t

0

E[ sup
0≤r≤s

|u(r)− ū(r)|2]ds,∀t ∈ [0, T ]. (4.55)

By applying Lemma 2.3.5 on (4.55), we obtain that

E[ sup
0≤x≤t

|u(x)− ū(x)|2] = 0.

This implies

u(t) = ū(t) a.s..

We conclude that the problem (4.2) admits a unique solution u(t).

In this chapter, it is crucial to note that we are mainly interested in the strong conver-

gence of the EM scheme. Therefore, it is clear to emphasize that we need to focus on the

approximation of the sample paths of the SFPDEs. Our main task is to state and prove

results similar to those in [222] while showing the convergence.

The results in the above theorem can be generalized to compute the expected error

E[ sup
0≤s≤t

|u(s)|p] for 2 ≤ p < ∞, if the assumption, E[ sup
0≤s≤t

|u0|p] < ∞ is satisfied. This

fact is stated and proved in the result below.
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THEOREM 4.2.2. If assumption (4.3) to (4.8) hold, then FSDE (4.2) has a unique solution

u such that

E[ sup
0≤x≤t

|u(x)|p] < ∞, t ∈ [0, T ]. (4.56)

Proof. Recall from (4.13) that

u(t) =u(0) + u(0)

∫ t

0

λ

(1− α(s))
e

−sα(s)
(1−α(s))ds+

∫ t

0

K(t, s)u(s)ds

+

∫ t

0

f(u(s))ds+

∫ t

0

b(u(s))dW (s) a.s.. (4.57)

We raise (4.57) to the power p and since p > 2, we can apply Jensen’s inequality to the

corresponding relation to obtain:

E sup
0≤x≤t

|u(t)|p

≤ 5p−1E|u0|p + 5p−1E|u0|p sup
0≤x≤t

∣∣∣∣∫ x

0

λ

1− α(s)
e

−sα(s)
1−α(s)ds

∣∣∣∣p + 5p−1E sup
0≤x≤t

∣∣∣∣∫ x

0

K(x, s)u(s)ds

∣∣∣∣p+
+ 5p−1E sup

0≤x≤t

∣∣∣∣∫ x

0

f(u(s))ds

∣∣∣∣p + 5p−1E sup
0≤x≤t

∣∣∣∣∫ x

0

b(u(s))dW (s)

∣∣∣∣p
= 5p−1E|u0|p + 5p−1I1(x) + 5p−1I2(x) + 5p−1I3(x) + 5p−1I4(x). (4.58)

Similarly as in the proof of Theorem 4.2.1, we can estimate the term I1(x) as follows:

I1(x) ≤
λp

(1− α∗)p
T. (4.59)

To estimate the term I2(x), we apply Holder’s inequality to get

I2(x) ≤ E sup
0≤x≤t

[∫ x

0

|K(x, s)|p−1ds

] p
p−1
∫ x

0

|u(s)|pds

≤ E sup
0≤x≤t

x
p

p−1

[
λp−1

(1− α∗)p−1

] p
p−1
∫ x

0

|u(s)|pds

≤ T
p

p−1
λp

(1− α∗)p
E sup

0≤x≤t

∫ x

0

|u(s)|pds. (4.60)

In order to estimate the term I3(x), we deploy assumption 4.6 in item (ii) along with Holder’s
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inequality to obtain that

I3(x) ≤ E sup
0≤x≤t

∣∣∣∣∫ x

0

f(u(s))ds

∣∣∣∣p
≤ E sup

0≤x≤t

[(∫ x

0

1(p−1)ds

) 1
p−1
(∫ x

0

|f(u(s))|pds
) 1

p

]p
≤ E sup

0≤x≤t

[
xp

∫ x

0

|f(u(s))|pds
]

≤ T pE sup
0≤x≤t

∫ x

0

|f(u(s))|pds

≤ T pLCE sup
0≤x≤t

∫ x

0

(1 + |u(s)|)pds

≤ T pCLp
CE sup

0≤x≤t

∫ x

0

(1 + |u(s)|p)ds

≤ T p+1CLp
C + T pCLp

CE sup
0≤x≤t

∫ x

0

|u(s)|pds. (4.61)

As for the term I4(x), we use assumption (4.7) and we apply Holder and BDG inequalities

to assert that there exists a constant C > 0 such that

I4(x) ≤E sup
0≤x≤t

∣∣∣∣∫ x

0

b(u(s))dW (s)

∣∣∣∣p
≤ CE

∣∣∣∣∫ t

0

|b(u(s))|2ds
∣∣∣∣
p
2

≤ CE

[(∫ t

0

1qds

) 1
q
(∫ t

0

|b(u(s))|pds
) 2

p

] p
2

≤ CE
[
t
p−2
2

∫ t

0

|b(u(s))|pds
]

≤ T
p−2
2 CELp

C

∫ t

0

(1 + |u(s)|p)ds

≤ T
p
2CLp

C + T
p−2
2 CLp

CE sup
0≤x≤t

∫ x

0

|u(s)|pds, (4.62)

where q is the conjugate of p
2
and it is given by q = p

p−2
.
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Combining all the estimates (4.59) - (4.62), we infer from (4.58) that

E sup
0≤x≤t

|u(t)|p ≤5p−1E|u0|p + 5p−1E|u0|p
λp

(1− α∗)p
T

+ 5p−1T
2p−1
p−1

λp

(1− α∗)p
E sup

0≤x≤t

∫ x

0

|u(s)|pds++5p−1T p+1CLp
C

+ 5p−1T p+1CLp
CE sup

0≤x≤t

∫ x

0

|u(s)|pds+ 5p−1T
p
2CLp

C+

+ 5p−1T
p
2CLp

CE sup
0≤x≤t

∫ x

0

|u(s)|pds (4.63)

from which we infer that

E sup
0≤x≤t

|u(x)|p ≤ κ1 + κ2E sup
0≤x≤t

∫ x

0

|u(s)|pds, (4.64)

where κ1 and κ2 are constants depending on p, T and λ.

By virtue of Gronwall’s inequality applied to (4.64), we deduce that there exists a constant

κ such that

E sup
0≤x≤t

|u(t)|p ≤ κ. (4.65)

Arguing similarly as in the proof of Theorem 4.2.1, it is sufficient to assert that there exists

a constant κ3 depending only on p, T, λ such that

E sup
0≤t≤T

|u(t)|p ≤ κ3. (4.66)

This conclude the desired proof of the theorem.

4.3 Strong Convergence of the EM Scheme

In this section, we develop the EM scheme of (4.2) and conveniently investigate its strong

convergence under some more weaker assumptions than those in the literature. Mainly, we

will study the strong convergence of the SFPDEs with one-sided Lipschitz coefficients. Before

stating and proving results similar to those above, we first construct the EM approximation

scheme.

4.3.1 Derivation of the Scheme

Let us first fix N ∈ N and suppose n ∈ [0, N ] and τ := T
N

and set tn := nτ and ∆Wn =

W (τn+1) − W (τn). Using the Euler quadrature at tn for n ∈ [1, N ], we can discretize the
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right-hand side of equation (4.13).

Firstly, let us discretize the second term by using

u(0)

∫ tn

0

λ

(1− α(tn))
e

−sα(tn)
(1−α(tn))ds =u(0)

n−1∑
l=0

∫ tl+1

tl

λ

(1− α(tn))
e

−sα(tn)
(1−α(tn))ds

=u(0)
λ

α(tn)
(1− e

−tnα(tn)
(1−α(tn)) ). (4.67)

Secondly, we discretize the third term. Instead of classical SDEs or constant-order FSDEs,

its kernel is non-local without a convolution structure. It is difficult to discretize, but to

simplify, we first bound the kernel using (4.11), then discretized the bounded equation.

∫ tn

0

K(t, s)u(s)ds ≤ λ

1− α∗

∫ tn

0

u(s)ds =
λ

1− α∗

n−1∑
l=0

∫ tl+1

tl

u(s)ds

≈ λ

1− α∗

∫ tl+1

tl

u(tl)ds =
λ∆t

1− α∗

n−1∑
l=0

u(tl)

=
λτ

1− α∗

n−1∑
l=0

u(tl). (4.68)

Next let’s discretize the fourth term∫ t

0

f(u(s))ds =
n−1∑
l=0

∫ tl+1

tl

f(u(s))ds

≈
∫ tl+1

tl

f(u(tl))ds = τ
n−1∑
l=0

f(u(tl)). (4.69)

Finally let’s discretize the fifth term.∫ t

0

b(u(s))dW =
n−1∑
l=0

∫ tl+1

tl

b(u(s))dW (s)

≈
n−1∑
l=0

∫ tl+1

tl

b(u(tl))dW (s) =
n−1∑
l=0

b(u(tl))∆Wl, (4.70)

where ∆Wl ∼ N(0, τ) and ∼ N(0, τ) is a Gaussian random variable with zero mean and

variance τ .

The EM scheme of (4.2) is built by incorporating the discretizations (4.67) through (4.70)

and (4.13) from which we define recursively vn, for n ∈ {1, 2, . . . , N} and the initial value
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v0 := u0, by setting

vn =u0 + u0
λ

α(tn)
(1− e

−tnα(tn)
(1−α(tn)) ) +

∫ tn

0

K(t, s)u(s)ds

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl

≈ u0 + u0
λ

α(tn)
(1− e

−α(tn)(tn)
(1−α(tn)) ) +

λτ

1− α∗

n−1∑
l=0

u(tl)

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl. (4.71)

The EM approximation gives us the closest values for the solution of the underlying problem

but this is done only at the grid points, hence it makes the EM approximation vn for n ∈
{1, 2, . . . , N} much easier to implement in the numerical aspect of the problem. We now

ready to introduce the following result.

THEOREM 4.3.1. Under the assumptions (4.3)-(4.7), for each n ∈ {1, 2, 3, . . . , N}, the
solution of (4.71), vn, satisfies the estimate

E|v2n| ≤ Q1(1 + Eα∗(Q2Γ(α
∗))), (4.72)

where the constants Q1 and Q2 are given by

Q1 = 5E[u2
0](1 + (

λ

α∗ )
2) + 10L2T (T + 1),

Q2 = 10L2TN(T + 1) + 5N(
λT

1− α∗ )
2. (4.73)

Proof. Using Jensen’s inequality with m = 5 along with Cauchy inequality, we can bound

the solution of (4.71), vn, as follows:

E|v2n| ≤5E|u2
0|+ 5E(u0

λ

α(tn)
(1− e

−α(tn)(tn)
(1−α(tn)) ))2 + 5E(

∫ tn

0

K(t, s)u(s)ds)2

+ 5τ 2E(
n−1∑
l=0

f(u(tl))
2 + 5E(

n−1∑
l=0

b(u(tl))∆Wl)
2. (4.74)

Let bound the second term of (4.74), we have

5E[(u0
λ

α(tn)
(1− e

−α(tn)(tn)
(1−α(tn)) )2] ≤ 5E[(u0

λ

α(tn)
)2]

≤ 5(
λ

α∗ )
2E[(u0)

2]. (4.75)
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Next, let’s bound the fourth term of (4.74) in a similar fashion as in [222]. We apply the

Cauchy’s inequality and use assumptions (4.3) through (4.8) to get

5τ 2E[(
n−1∑
l=0

f(vl))
2] ≤10L2T 2τ

n−1∑
l=0

E[1 + v2l ]

≤ 10L2T 2 + 10L2Tτ
n−1∑
l=0

E[v2l ]

≤ 10L2T 2 + 10L2T 2

n−1∑
l=0

E[v2l ]. (4.76)

Now we estimate the fifth term of (4.74). In a similar fashion as in [222]. We use Ito’s

isometry and assumption (4.3) to (4.8) to obtain the desired bound as follows:

5E[(
n−1∑
l=0

b(vl)∆wl)
2] =5τ

n−1∑
l=0

E[b(vl)2] ≤ 10L2τ
n−1∑
l=0

E[1 + v2l ]

≤ 10L2T + 10L2τ
n−1∑
l=0

E[v2l ]

≤ 10L2T + 10L2T
n−1∑
l=0

E[v2l ]. (4.77)

We will now examine the estimate of the third component of (4.74), which is unfamiliar with

numerical approximations of conventional SDEs. Using assumptions (4.3) to (4.8) and the

relation (4.68), we obtain the following.

5E[(
∫ tn

0

K(t, s)u(s)ds)2] ≤5E((
λT

1− α∗ )
2(

n−1∑
l=0

u(tl))
2)

= 5(
λT

1− α∗ )
2

n−1∑
l=0

E(u(tl))2

≤ 5(
λT

1− α∗ )
2

n−1∑
l=0

E[v2l ]. (4.78)

Combining approximations (4.75), (4.76), (4.77) and (4.78) into (4.74) and applying the
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inequality (n− l)1−α∗ ≤ N1−α∗
to infer that

E[v2n] ≤ 5E[u2
0] + 5(

λ

α∗ )
2E[(u0)

2] + 10L2T 2 + 10L2T 2

n−1∑
l=0

E[v2l ] + 10L2T

+ 10L2T
n−1∑
l=0

E[v2l ] + 5(
λT

1− α∗ )
2

n−1∑
l=0

E[v2l ]

= Q1 + (10L2T (T + 1) + 5(
λT

1− α∗ )
2)
Nα∗

Nα∗

n−1∑
l=0

E[v2l ](n− l)1−α∗

(n− l)1−α∗

≤ Q1 + (10L2T (T + 1) + 5(
λT

1− α∗ )
2)
Nα∗

Nα∗

n−1∑
l=0

E[v2l ](N)1−α∗

(n− l)1−α∗

= Q1 + (10L2T (T + 1) + 5(
λT

1− α∗ )
2)

N

Nα∗

n−1∑
l=0

E[v2l ]
(n− l)1−α∗

= Q1 +
Q2

Nα∗

n−1∑
l=0

E[v2l ]
(n− l)1−α∗ , (4.79)

where Q1 and Q2 being given as in (4.73).

By applying the result from Lemma 2.3.6 and using (4.79) we deduce that

E[v2n] ≤ Q1(1 + Eα∗(Q2Γ(α
∗))).

Hence, this concludes the proof of the desired result stated in this theorem.

For us to study the strong convergence, we first fix (Ω,F ,F,P), the filtered probability

space with the complete filtration satisfying the usual conditions, F. In the sequel, we assume

the assumptions (4.3) - (4.8) hold.

4.3.2 Auxiliary Equation and Its Error Estimates

In order to study the strong convergence of the EM scheme, we construct an equivalent

form of the extension of the EM approximation, which is a new continuous-time SP v(t)

on [0, T ] based on the step function ŝ = ŝ(s). Suppose ŝ = tn for tn ≤ s ≤ tn+1 and

n ∈ {0, 1, 2, . . . , N − 1} hence the equivalent form is given by

v(t) =u(0) + u(0)

∫ t

0

λ

(1− α(s))
e

−α(s)ŝ
(1−α(s))ds+

∫ t

0

K(t, s)v(ŝ)ds

+

∫ t

0

f(v(ŝ))ds+

∫ t

0

b(v(ŝ))dW for all t ∈ [tn.tn+1) a.s.. (4.80)
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LEMMA 4.3.1. Let {vn}Nn=0 be the solution of the EM scheme and v be the continuous-time

SP defined by (4.80) then {v(tn)} = vn for 0 ≤ n ≤ N .

Proof. The proof of this result is a simple follow up of the result in Lemma 3.2 of Zhiwei et

al. [222] where a detailed description of the proof is given.

The aim of this section is to prove the convergence, we start by stating that the p-

moment of the EM approximation can also be estimated using same techniques similar to

the previous result. For this purpose, let N ≥ 1 be a fixed natural integer and set ∆ = T
N

and 0 < t1 < t2 < · · · < tN := T where τn := n∆ for n ∈ {1, 2, . . . , N}. Now we can state

the following result.

LEMMA 4.3.2. For n ∈ {0, 1, 2, . . . , N} and N fixed, let vn be the EM approximation at

time tn given in

vn =u0 + u0
λ

α(tn)
(1− e

−tnα(tn)
(1−α(tn)) ) +

∫ tn

0

K(t, s)u(s)ds

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl

≈ u0 + u0
λ

α(tn)
(1− e

−α(tn)(tn)
(1−α(tn)) ) +

λτ

1− α∗

n−1∑
l=0

u(tl)

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl. (4.81)

Then, there exists a finite constant C > 0 such that

E(|vn|p) ≤ C ∀ n ≥ 1 and p ≥ 1. (4.82)

Proof. For n = 0, we have v0 := u0 and since E(|u0|p) < ∞ for any p ≥ 1 by hypothesis, we

can directly assert and verify that E(|v0|p) < ∞. It is enough to show using mathematical

induction techniques that

E(|vn|p) < ∞

which will follow from

E(|vn+1|p) < ∞.
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For this purpose, we recall the EM approximation at time tn given in

vn =u0 + u0
λ

α(tn)
(1− e

−tnα(tn)
(1−α(tn)) ) +

∫ tn

0

K(t, s)u(s)ds

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl

≈ u0 + u0
λ

α(tn)
(1− e

−α(tn)(tn)
(1−α(tn)) ) +

λτ

1− α∗

n−1∑
l=0

u(tl)

+ τ
n−1∑
l=0

f(u(tl)) +
n−1∑
l=0

b(u(tl))∆Wl. (4.83)

since v(tn) = vn.

Therefore, we first fix n ≥ 1 and we assume that

E(|vn|p) < ∞.

In light of the above, to carry on with the required proof, it sufficient to raise the relation

(4.83) to the power p and using assumption on f and b along with applying Jensen’s inequality

with m = 5, we obtain

E(|vn+1|p)

≤ 5p−1E|v0|p + 5p−1E
∣∣∣∣u0

λ

α(tn)
(1− e

−tnα(tn)
(1−α(tn)) )

∣∣∣∣p + 5p−1E
∣∣∣∣∫ tn

0

K(t, s)u(s)ds

∣∣∣∣p
+ 5p−1E

∣∣∣∣∣τ
n−1∑
l=0

f(u(tl))

∣∣∣∣∣
p

+ 5p−1E

∣∣∣∣∣
n−1∑
l=0

b(u(tl))∆Wl

∣∣∣∣∣
p

≤ 5p−1E|v0|p + 5p−1 λp

(α(tn))p
1

(1− α∗)p
E|v0|p + 5p−1 λp

(1− α∗)p
∆pE |u(tn)|p

+ 5p−1∆pτ pE |f(u(tn))|p + 5p−1∆pE |b(u(tn)|p |∆Wl|p

≤ 5p−1E|v0|p + 5p−1 λp

(α(tn))p
1

(1− α∗)p
E|v0|p + 5p−1 λp

(1− α∗)p
∆pE |u(tn)|p

+ 5p−1∆pτ pC2E [1 + |u(tn)|p] + 5p−1∆pC3E [1 + |u(tn)|p]E
[
|∆Wl|2p

] 1
2 . (4.84)

By virtue of BDG’s inequality, we assert that there exists a constant C > 0 such that

E|∆Wl|2p ≤ cp∆
p ≤ cpT

p, (4.85)

from which we infer that

E(|vn+1|p) ≤ 5p−1E|v0|p + 5p−1 λp

(α(tn))p
1

(1− α∗)p
E|v0|p + 5p−1 λp

(1− α∗)p
∆pE |vn|p

+ 5p−1∆pτ pC2E [1 + |vn|p] + 5p−1∆pC3E [1 + |vn|p]CT
p
2 . (4.86)
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Therefore, we deduce that

E(|vn+1|p) < ∞ forany n ≥ 1 and p ≥ 1. (4.87)

This finally proves the desired result.

We are now ready to state and prove the following theorem concerning the convergence

of the EM approximating scheme.

THEOREM 4.3.2. The following estimate holds for the continuous time SP v defined by

(4.80) for any t ∈ [tn, tn+1) and n ∈ {0, 1, 2, . . . , N − 1}. Then

E[(v(t)− v(tn))
2] ≤ M1 +M2.

Here the constants M1 and M2 are given by,

M1 = 6L2τQ1(1 + τ) and

M2 = 6τQ1[L
2(1 + τ) + 5(

λ

1− α∗ )
2][1 + Eα∗(Q2Γ(α

∗))]. (4.88)

Proof. Owing to relations (4.80) and (4.13) at time tn, for t ∈ [tn, tn+1) and n ∈ [0, N − 1]

then implement Jensen’s inequality at m = 3 to obtain(∫ c

a

fds−
∫ b

a

gds

)2

=

(∫ b

a

(f − g)ds+

∫ c

b

fds

)2

, for a < b < c.

Hence(∫ b

a

(f − g)ds+

∫ c

b

fds

)2

≤ 2

(∫ b

a

(f − g)ds

)2

+ 2

(∫ c

b

fds

)2

to obtain

E[(v(t)− v(tn))
2] ≤ 3E

(∫ t

0

K(t, s)v(ŝ)ds−
∫ tn

0

K(tn, s)v(ŝ)ds

)2

+ 3E
(∫ t

0

f(v(ŝ))ds−
∫ tn

0

f(v(ŝ))ds

)2

+ 3E
(∫ t

0

b(v(ŝ))dW (s)−
∫ tn

0

b(v(ŝ))dW (s))

)2

≤ 6E
(∫ tn

0

(K(t, s)−K(tn, s))v(ŝ)ds

)2

+ 6E
(∫ t

tn

K(t, s)v(ŝ)ds

)2

+ 3E
(∫ t

tn

f(v(ŝ))ds

)2

+ 3E
(∫ t

tn

b(v(ŝ))dW (s)

)2

. (4.89)
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Next, we bound the third term of (4.89) using Theorem 4.3.1 and assumption (4.3) to (4.8),

we get

3E
(∫ t

tn

f(v(ŝ))ds

)2

≤ 3τ

∫ t

tn

E[f(v(ŝ))2]ds ≤ 6L2τ

∫ t

tn

(1 + E[|vn|2]ds

= 6L2τ 2(1 + E[|vn|2]) ≤ 6L2τ 2Q1[1 + (1 + Eα∗(Q2Γ(α
∗)))]. (4.90)

We employ Itô isometry, Theorem 4.3.1 and assumption (4.3) to (4.8) to bound the last term

of the right-hand side of (4.89).

3E
(∫ t

tn

b(v(ŝ))dW (s)

)2

= 3E
∫ t

tn

b(v(ŝ))2ds ≤ 6L2τ(1 + E[|vn|2])

≤ 6L2τ [1 +Q1(1 + Eα∗(Q2Γ(α
∗)))]. (4.91)

The remaining terms of (4.89) have neither local nor convolutional structures, which are

unfamiliar in conventional SDEs and constant-order FSDEs. Let us estimate them one by

one. Using the Cauchy inequality and (4.11), we will link the second term (4.89).

6E
(∫ t

tn

K(tn, s)v(ŝ)ds

)2

≤ 6

∫ t

tn

|K(tn, s)|2E[v(ŝ)]2ds

≤ 6(
λ

1− α∗ )
2

∫ t

tn

E[v(ŝ)]2ds ≤ 6(
λ

1− α∗ )
2τE[vn]2

≤ 6(
λ

1− α∗ )
2τQ1[1 + Eα∗(Q2Γ(α

∗))]. (4.92)

Next, we used Cauchy-Schwarz inequality to bound the first term of (4.89) from the inequality

below:

6E
(∫ tn

0

(K(t, s)−K(tn, s))v(ŝ)ds

)2

≤ 6

∫ tn

0

|K(t, s)−K(tn, s)|2E[vn]2ds

≤ 12

∫ tn

0

(|K(t, s)|2 + |K(tn, s)|2)E[vn]2ds

≤ 24(
λ

1− α∗ )
2τE[vn]2 ≤ 24(

λ

1− α∗ )
2τQ1[1 + Eα∗(Q2Γ(α

∗))]. (4.93)

Inserting the outcomes of (4.90) through (4.93) into (4.89), we get
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E[(v(t)− v(tn))
2] ≤ 6L2τ 2Q1[1 + (1 + Eα∗(Q2Γ(α

∗))] + 6L2τ [1 +Q1(1 + Eα∗(Q2Γ(α
∗)))]

+ 6(
λ

1− α∗ )
2τQ1[1 + Eα∗(Q2Γ(α

∗))] + 24(
λ

1− α∗ )
2τQ1[1 + Eα∗(Q2Γ(α

∗))]

= 6L2τ(Q1τ + 1) + 6τQ1[L
2(1 + τ) + 5(

λ

1− α∗ )
2][1 + Eα∗(Q2Γ(α

∗))]

= M1 +M2,

where M1 and M2 being given in (4.88). Hence the proof is complete.

4.3.3 Error Estimate of the EM Scheme

In this part, we can estimate the error of the strong convergence of the EM scheme (4.71)

which is the chapter’s main contribution. As a matter of fact, in order to do this, we start

by estimating the error of the process u(t)− v(t).

THEOREM 4.3.3. Let u and v be the solutions to the variable-order FSDE (4.2) and the

auxiliary (4.80), respectively. Then the following estimate holds

max
t∈[0,T ]

E[|u(t)− v(t)|2] ≤ Q3Eα∗ [Q4Γ(α
∗)tα

∗
],

where the constants Q3 and Q4 are given by

Q3 = 6T [M1 +M2]((
λ

1− α∗ )
2 + L2(T + 1)) and

Q4 = 6((
λ

1− α∗ )
2 + L2(T + 1))

∫ t

0

E[u(s)− v(s)]2ds. (4.94)

Proof. For any 0 ≤ t ≤ T , let t ∈ [tn, tn+1) for some n ∈ [0, N − 1). Subtract equation

(4.80) from equation (4.13) to obtain

E[(u(t)− v(t))2] = J1 + J2 + J3, (4.95)

where J1 = 3E[(
∫ t

0

K(t, s)(u(s)− v(ŝ))ds)2],

J2 = 3E[(
∫ t

0

(f(u(s)− f(v(ŝ))ds)2],

J3 = 3E[(
∫ t

0

(b(u(s))− b(u(ŝ))dW ))2].
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Let bound J1 by Lemma 4.2.1 and Theorem 4.3.2 to obtain

J1 = 3E[(
∫ t

0

K(t, s)(u(s)− v(ŝ))ds)2]

≤ 6E[(
∫ t

0

K(t, s)(u(s)− v(s))ds)2] + 6E[(
∫ t

0

K(t, s)(v(s)− v(ŝ))ds)2]

≤ 6(
λ

1− α∗ )
2

∫ t

0

E[(u(s)− v(s))]2ds+ 6(
λ

1− α∗ )
2

∫ t

0

E[(v(s)− v(ŝ))2]ds

≤ 6(
λ

1− α∗ )
2

∫ t

0

E[(u(s)− v(s))]2ds+ 6T (
λ

1− α∗ )
2[M1 +M2]. (4.96)

Apply assumption (4.3) to (4.8), Cauchy inequality and Theorem 4.3.2 to estimate J2 by the

following inequality:

J2 =3E[(
∫ t

0

(f(u(s)− f(v(ŝ))ds)2]

≤ 3TL2[(

∫ t

0

E((u(s)− (v(ŝ))ds)2]

≤ 6TL2(

∫ t

0

(E[|u(s)− v(s)|2] + E[|v(s)− v(ŝ)|2])ds

= 6TL2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6TL2

∫ t

0

E[|v(s)− v(ŝ)|2]ds

≤ 6TL2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6T 2L2[M1 +M2]. (4.97)

We use Itô isometry, assumption (4.3) to (4.8), Theorem 4.3.2 and split

u(s)− v(ŝ) = (u(s)− v(s)) + (v(s)− v(ŝ))

to bound J3 by

J3 = 3E[(
∫ t

0

(b(u(s))− b(u(ŝ))dW ))2] = 3[(

∫ t

0

E(b(u(s))− b(u(ŝ))2(dW )2]

≤ 3L2

∫ t

0

(E[|u(s)− u(ŝ)|2]ds ≤ 6L2

∫ t

0

(E[|u(s)− v(s)|2] + E[|v(s)− u(ŝ)|2])ds

= 6L2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6L2

∫ t

0

E[|v(s)− u(ŝ)|2]ds

≤ 6L2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6TL2[M1 +M2]. (4.98)

Substitute estimates (4.80), (4.97) and (4.98) in to (4.95) to obtain



82

E[(u(t)− v(t))2] ≤ 6(
λ

1− α∗ )
2

∫ t

0

E[u(s)− v(s)]2ds+ 6T (
λ

1− α∗ )
2[M1 +M2]

+ 6TL2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6T 2L2[M1 +M2]

+ 6L2

∫ t

0

E[|u(s)− v(s)|2]ds+ 6TL2[M1 +M2]

≤ Q3 +Q4

∫ t

0

E[u(s)− v(s)]2ds

≤ Q3 +Q4

∫ t

0

E[u(s)− v(s)]2

(t− s)1−α∗ ds. (4.99)

Applying results of Lemma 2.3.5 to complete the proof of the results in Theorem 3.5 from

(4.94)

E[(u(t)− v(t))2] ≤ Q3Eα∗ [Q4Γ(α
∗)tα

∗
].

Hence the proof of this theorem is complete.

The convergence analysis of the EM scheme for the Caputo-Fabrizio FSDE (4.2) involves

challenges not encountered the classical SDE framework. For classical SDEs (α = 1), the

standard Gronwall inequality suffices to establish strong convergence because error propa-

gation is bounded exponentially. In the present model (0 < α < 1), the Caputo-Fabrizio

derivative employs a non-singular exponential kernel. However, the variable-order parameter

α(t) destroys the convolution structure, while the non-local nature of the FD couples the

error across all previous time levels. Consequently, the error equation yields an integral in-

equality that can be treated the generalised Gronwall inequality (2.3.5).

The error bound in Theorem 4.3.3 depends on the Mittag-Leffler function Eα∗(·), where
α∗ is the largest value of α(t) on the interval [0, T ]. In the limiting case α∗ = 1, this func-

tion reduces to the exponential and the classical SDE convergence result is recovered. For

α∗ < 1, the Mittag-Leffler function grows more slowly than an exponential, which reflects

the fading memory of the fractional system. The precise convergence rate is determined by

the constants Q3 and Q4 in Theorem 4.3.3, which depend on α∗, the Lipschitz constants and

other problem parameters.

4.4 Numerical Results and Simulations

In this section, we focus on the approximation and numerical methods for the problem under

consideration. In this study, we conduct numerical experiments by employing the EM scheme
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(4.71) to assess its efficacy and performance.

4.4.1 Strong Convergence of the EM Scheme

In this subsection, we conduct a numerical test that shows the strong convergence of the

EM scheme (4.71) to (4.2), along with the calculation of the corresponding errors. For more

detailed exposition in the the EM topic, we refer to the work in [162, 222]. First we deal

with the numerical part of the noise by setting

∆ωi = Zi

√
∆ti (4.100)

where Zi ∈ N(0, 1) is a random discrete-time Gaussian process and normally distributed.

Note that each set of {ω0, ω1, . . . . . . , ωn} produced by the EM method is an approximate

solution of SP u(t). Each ωt is an approximate solution for the FSDE produced by the EM

scheme.

Let u(tn, ωj) be the jth independent sample path of the FSDE (4.2) evaluated at tn with

the numerical approximation vn(ωj) defined using the EM scheme (4.71) for n = 0, 1, 2, ·, N
and j = 1, 2, ...,M . Computing and estimating the mean-square distance (error) between

numerical solution u(tn, ωj) and reference solution vn(ωj). The sample mean of the error eτ
and the convergence rate k are defined by

eτ = max
0≤n≤N

[
1

M

M∑
j=1

|u(tn, ωj)− vn(ωj)|2]
1
2 ≤ QN−k, (4.101)

where

k = log2
eτ
e τ

2

. (4.102)

In addition the variable order α(t) is chosen by

α(t) = α(1) + [α(0)− α(1)][1− t− sin(2π(1− t))

2π
] (4.103)

for more details, we refer [105, 104, 222].

Next, by illustrations, we demonstrate the convergence and stability properties of the methods

presented in this chapter.

Taking into account all of the preceding formulas, we can now define the structure algorithm:

1. Find the reference solution at Nref = 210 = 1, 024 because the analytical solution is

unknown a priori;

2. In the numerical experiment, the inputs for the simulation are:
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� the time interval [0, T ] = [0, 1];

� λ = 1;

� M = 210 = 1, 024;

� with the initial condition u(0) = u0,E[u2(0)] = E[u2
0] < ∞;

3. Define the corresponding grid (ωj,∆ω,∆t, tn) and notice that

� ∆t = T
N

and tn = n∆t, n = 0, 1, 2, . . . . . . , N ;

� ∆ωi = Zi

√
∆ti, Zi ∈ N(0, 1);

4. Compute the variable order α using

α(t) = α(1) + [α(0)− α(1)][1− t− sin(2π(1− t))

2π
];

5. Compute the sample mean of the error eτ as follows:

eτ = max
0≤n≤N

[
1

1, 024

1,024∑
j=1

|u(tn, ωj)− vn(ωj)|2]
1
2 ≤ QN−k;

6. Compute the convergence rate k using (4.102) and set

k = log2[
eτ
e τ

2

].

EXAMPLE 4.4.1. For a linear variable-order FSDE, we choose f(u) = b(u) = −u and

u0 = 0.1 in the variable-order FSDE (4.2). We present the error eτ for different mesh

size N and different choices of α(0) and α(1) in (4.103). We observe that the EM scheme

(4.71) demonstrates the convergence rates and we note that both are in agreement with the

theoretical results obtained in Theorem 4.3.3.
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Table 4.1: Convergence of the scheme for the linear FSDE Example.

(α(0), α(1)) (0.2, 0.1) (0.6, 0.3) (0.8, 0.5)

N eτ k eτ k eτ k

8 4.40 e−3 0.00 4.73e−3 0 8.77 e−3 0

16 4.38 e−3 0.0070642 5.04e−3 0.0924739 9.49e−3 0.1148251

32 4.33 e−3 0.0141644 5.12e−3 0.0222736 9.72e−3 0.0334769

64 4.25 e−3 0.0284441 4.96e−3 0.0445478 9.39 e−3 0.0494342

128 4.08e−3 0.0570356 4.47e−3 0.1524107 8.22 e−3 0.1926919

256 3.78e−3 0.1109219 3.97e−3 0.1714552 8.22 e−3 0.00

min(1− α∗, 0.5) 0.5 0.4 0.2

In the next examples, we include a one sided-Lipschitz case of nonlinear function f and b

in order to illustrate the numerical examples and verify the efficiency of the EM scheme and

the validity of Theorems 4.2.1, 4.3.1 and 4.2.2.

EXAMPLE 4.4.2. A linear variable-order FSDE. We choose f(u) = b(u) = sinu and

u0 = 0.1 in the variable-order FSDE (4.2). We present the error eτ for different mesh size N

and difference choices of α(0) and α(1) in (4.103). We observe that the EM scheme (4.71)

demonstrates convergence rates and we note that both are in agreement with the theoretical

results obtained in Theorem 4.3.3. We present the numerical results in tables 4.2 and have

the same observations as in Example 4.4.1.

Since the above results for the nonlinear are not closely related, we can compute the

sample paths many times with higher sample size to conclude the outcomes for this specific

exam. For the following two examples, we assert the given functions satisfy assumptions in

the above theorems, therefore the result holds for this cases.

Tables 4.1 and 4.2 present the convergence behavior of the EM scheme applied to linear

and nonlinear variable-order FSDEs, respectively. In Table 4.1 , the linear problem is con-

sidered with f(u) = b(u) = −u and initial condition u0 = 0.1, while Table 4.2 examines the

nonlinear case with f(u) = b(u) = sin(u) under the same initial condition. The numerical

experiments are carried out for the fractional-order parameter pairs (α(0), α(1)) = (0.2, 0.1),

(0.6, 0.3) and (0.8, 0.5). For both cases, the absolute errors eτ decrease as the number of time

steps N increases, demonstrating convergence of the EM scheme under mesh refinement.
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Table 4.2: Convergence of scheme for the nonlinear FSDE Example.

(α(0), α(1)) (0.2, 0.1) (0.6, 0.3) (0.8, 0.5)

N eτ k eτ k eτ k

16 4.38 e−2 0.009004 5.04e−2 0.08139 9.49e−2 0.1234129

32 4.33 e−4 0.00900 5.12e−3 0.02227360 9.72e−4 0.0231000

64 6.25 e−2 0.03411000 4.96e−3 0.0445478 9.39 e−1 0.0494342

128 4.08e−2 0.32949910 4.47e−3 0.1524107 8.22 e−3 0.1926919

min(1− α∗, 0.5) 0.5 0.4 0.2

In the linear case, the errors decrease monotonically and the empirical convergence rates k

approach the theoretical rate min(1−α∗, 0.5), where α∗ = max(α(0), α(1)). In the nonlinear

case, the errors are initially larger, typically of order 10−2 and exhibit mild oscillations due

to the nonlinear nature of the sin(u) function; nevertheless, the convergence rates still tend

toward the same theoretical bound, although at a slightly slower rate than in the linear case.

Overall, the numerical results presented in Tables (4.1) and (4.2) are consistent with the

theoretical predictions of Theorem (4.3.3) and provide strong numerical validation for the

convergence analysis of the EM scheme for both linear and nonlinear variable-order FSDEs

under one-sided Lipschitz conditions.

EXAMPLE 4.4.3. In this example, we investigate the strong convergence and the conver-

gence rate for the SFPDEs on the interval [0, 1]. Along with the theorems mentioned above,

we also verify the one-sided Lipschitz conditions on both nonlinear external terms, f and b.

For a nonlinear variable-order FSDE, we choose f(u) = e−u and b(u) = u+ e−u and u0 = 0.1

in the variable-order FSDE (4.2).

du = (−λ C
0 D

α
t u+ e−udt+ (u+ e−u)dW, t ∈ [0, T ], u(0) = u0.

We present the error eτ for different mesh size N and different choices of α(0) and α(1) in

(4.103). Again, we observe that the EM scheme (4.71) demonstrates the convergence rates

that are in agreement with the theoretical analysis in Theorem (4.3.3).

Another example we can include in the following case.

EXAMPLE 4.4.4. In this example, we investigate the strong convergence and the con-

vergence rate for the SFPDEs on the interval [0, 1]. Along with the theorems mentioned
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above, we also verify the one-sided Lipschitz conditions on both nonlinear external terms, f

and b. For a nonlinear variable-order FSDE, we choose f(u) = γ1
u
− γ2u where γ1 and γ2

are the Lamberty constant that can be determined and b(u) = u +
√
u and u0 = 0.1 in the

variable-order FSDE (4.2).

du = −λ C
0 D

α
t u+ (

γ1
u

− γ2u)dt+ (u+
√
u)dW, t ∈ [0, T ], u(0) = u0.

We present the error eτ for different mesh size N and different choices of α(0) and α(1) in

(4.103). Again, we observe that the EM scheme (4.71) demonstrates the convergence rates

and we note that both are in agreement with the theoretical analysis in the result obtained

in Theorem (4.3.3).

4.4.2 Performance of the Variable-Order FSDE

We compare the performance of the variable-order FSDE (4.2), for λ = 0, with the stan-

dard SDE. In this section of the numerical experiment, we used the same time interval and

other variables as in the previous section. For computing various combinations of solutions

of (α(0), α(1)) we use the EM scheme (4.71) with a mesh size N = 210.

In Figures (4.1) and (4.2) below, we show the results for (α(0), α(1)) = (0.2, 0.1) and (α(0), α(1)) =

(0.8, 0, 5), respectively. Each figure shows the plots with values between 0.1 and 1. We

note that the FSDE solution (4.2) and the standard SDE solution are nearly identical for

λ < 1 (here λ = 0.1 in this case). In contrast to λ = 1, the FSDE solution (4.2) exhibits a

considerable difference from the SDE solution. *

4.5 Concluding Remarks

In this chapter, we investigate a non-Lipschitz non-singular kernel variable order FSDE sub-

jected to a nonlinear multiplicative white noise that loses the convolution structure due to the

variable order fractional differential operator. In addition to the well-posedness and moment

estimates of the problem, we developed and proved a generalized EM scheme and showed the

strong convergence of the EM approximation scheme.

In particular, the strong convergence results obtained here in this chapter had the same

result as the classical SDEs when taking α = 0 and α = 1 in the variable-order FSDE, we

obtained the results related to the classical version of the problem under consideration.

To support the theoretical findings, we conducted numerical experiments. In particular,

when the variable-order FSDE is α = 0 and α = 1, the behavior of the obtained convergence

resembles to the well-known convergence rates of the EM scheme for the conventional SDEs.
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Figure 4.1: (α(0), α(1))=(0.2,0.1) and

λ = 0.1

Figure 4.2: (α(0), α(1))=(0.8,0.5) and

λ = 1

Plots of SDE and FSDE solutions with the same sample size: classical SDE solutions (blue

color),the variable-order FSDE solutions (orange color).

Figure 4.3: (α(0), α(1))=(0.2,0.1) and

λ = 1

Figure 4.4: (α(0), α(1))=(0.8,0.5) and

λ = 1

Plots of SDE and FSDE solutions with the same sample size: classical SDE solutions (blue

color),the variable-order FSDE solutions (orange color)
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There are future perspectives and research potential directions which are mainly inspired

from the need of sound mathematical analysis to extend the results obtained in this chapter.

We will mainly be interested in the question of global regularity and asymptotic expansion

of the solutions for these SFPDEs. Additionally, many other open problems in this direction

are the invariant measure and the ergodicity of the associated solutions are crucial for future

perspective work. The long time behavior of a fractional stochastic system is of great rele-

vance in long-term prediction of weather/climate or natural phenomena. Investigating the

well-posedness of the the SFPDEs driven by Gaussian jumps and Levy processes and with

non-regular intensity is still an open problem that can be addressed in future work.



Chapter 5

A Front Fixing Crank-Nicolson

Finite-Difference for the Solvability of

the APO Models

5.1 Introduction

The APO model is one of the most common derivatives instruments that are used in the

valuation of financial contracts. This type of option allows investors to exercise their options

at any time before the option expires and this gives the APO activity an edge over any other

options in the market. Hence, a European put options are important terms to understand

the value and the valuation of APOs in the derivatives market. As for further reading on

this particular subject, one can turn to Riccardo et al. [75] and Company et al. [64], for

instance.

The foundational work on pricing options via PDEs, with some stringent assumptions,

was principally introduced by Black and Scholes and Merton in the celebrated references

[30, 154], respectively, where further references can be found.We also need to credit the work

of Schwartz [196] and Brennan and Schwartz [31, 32], were pioneers in solving APO problems

employing the FDM, the accuracy of which has been verified by Jaillet et al. [102].Further,

we acknowledge that subsequent works [64, 75, 85, 173, 207] have considered front tracking

methods for monitoring the boundaries and for discretizing the problem within a changing

domain.

However, we must emphasize that the complexity in pricing APOs stems from deter-

mining optimal exercise time of the underlying asset along with from solving a PDE which

fulfills the requisite boundary and initial values; meaning that we must closely monitor both

the fixed and the unknown free boundary conditions for clearly understand the dynamics of



91

the underlying problem. The FFM, which is predicated on a variable change that maps a

dynamic domain onto a constant domain, can mitigate the challenges associated with free

boundary problems.

A plethora of free boundary problems encountered in physics and finance have been re-

solved using the FFM, see for instance [44, 50, 64, 75, 93, 207, 216, 237] and the references

therein; with seminal applications and solutions to free boundary option pricing using FFM

by Wu and Kwok in their investigation in [216]. The FFM is advantageous for directly com-

puting free boundary problems, in the sense of simplifying the management of computational

mesh points or elements when applying FDMs and FEMs to such problems. This has moti-

vated Landau in his work [128] to highlight that the method effectively transforms unknown,

time-varying boundaries into known, fixed boundaries by altering the original problem into

a nonlinear PDE within a bounded domain.

The application of FC has been instrumental in streamlining the modeling of complex

systems across various disciplines, with its role intensifying over the past decade in sectors

such as finance and economics, among other fields of science and engineering; where further

details can be found in [126, 164, 223, 12, 19, 36, 185], among others. Nuugulu et al. [163]

present a robust numerical approach in order to solve the fractional BS equation applied to

value APOs. Their approach integrates FC with an implicit front-fixing algorithm, effec-

tively addressing the complexities of the free boundary problem. The results of their study

demonstrate that the proposed scheme can be characterized as consistent, convergent and

stable. However, we need to clearly emphasize that the first work dealing with robust numer-

ical approaches to solve the fractional BS differential equations with applications in pricing

APOs was dully observed in the paper [9] which to the best of our knowledge was the first

paper dealing with robust numerical schemes in establishing note only the uniqueness and

existence of solutions for APO but also the deep investigations of their numerical treatment.

The current study in this manuscript generalizes to some extent the results in the existing

literature as well as some of the work in our groundbreaking paper [9].

In light of the above, we can also note that valuation of APO contracts have garnered sig-

nificant attention from financial engineers and mathematicians and other scientists over the

past few decades due to their status as a highly liquid and widely traded instrument within

the financial options market.

In this chapter, we apply the new Caputo FDs, which do not possess a singular kernel (no

blow-up at any time), as compared to the classical BS equations. Additionally, we introduce

a Crank-Nicolson finite-difference scheme in conjunction with FFM to address the challenges

in solving the APOs. This study focuses on developing a novel APO scheme that employs



92

the Crank-Nicolson finite-difference approach and the FFM, specifically in the absence of

dividend payments. The proposed method transforms the variable domain problem into a

bounded rectangular domain specified for the nonlinear problem using a front-fixing trans-

formation.

This study underscores the importance of accurate and efficient numerical methods for

option pricing. Among the various methods, we introduce a new variant of Crank-Nicolson

FDM, dubbed the front-fixing Crank-Nicolson FDM. This method is designed to navigate

the complexities exercise before the maturity feature of APOs, where the optimal exercise

boundary is unknown a priori. We refer the reader to [93, 207] for further elaboration on this

method. By integrating front-fixing techniques into the Crank-Nicolson scheme, we propose

an enhanced numerical approach that captures the behavior of the early exercise boundary

more effectively.

Furthermore, this research augments the ongoing efforts and the extant literature by

developing robust and efficient numerical schemes for pricing APOs. This contribution will

provide valuable insights for financial practitioners, researchers and investors engaged in

option valuation and portfolio management.

5.1.1 Transition from FSDEs to APO Pricing

In chapter 4 developed a comprehensive numerical framework for solving Caputo–Fabrizio

FSDEs establishing the existence and uniqueness of solutions, as well as the strong con-

vergence of the EM scheme. In contrast, the present chapter extends these FC tools to a

deterministic financial model, namely the pricing of APOs. It addressed stochastic dynamics

driven by a Wiener process.

Chapter 5 focuses on deterministic dynamics incorporating a free-boundary structure

arising from the early-exercise feature of APO. Despite this difference, the numerical treat-

ment of the Caputo-Fabrizio FD remains consistent with the methodology developed in the

previous chapter. In particular, the discretization scheme in is employed to approximate

the fractional time derivative and the stability analysis relies on the boundedness results

established in Theorem (4.3.3).

The main additional challenge in this chapter is the presence of the free boundary X∗(τ),

which separates the continuation and exercise regions. This difficulty is addressed using the

front-fixing (Landau) transformation, which maps the moving boundary problem onto a fixed

computational domain. The resulting numerical formulation, based on a Crank-Nicolson dis-

cretisation combined with the front-fixing approach, can be interpreted as a natural extension

of the EM framework developed in Chapter 4 to parabolic PDEs with free boundaries.
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The chapter is structured as follows: Section 5.2 elaborates on Caputo-time fractional

equation of APO. Section 5.3 introduces the fixed domain transformation of the APO problem

and the Crank-Nicolson discretization of the transformed equation. Section 5.4 examines the

stability and consistency of the scheme concerning time at the optimal exercise boundary.

Section 5.5 presents numerical experiments and comparisons with other methodologies.

5.2 Time-Caputo-fractional equation of APO

5.2.1 The APOs Model

Let us assume that an underlying asset has a price of X at time t. Here, we consider the

subsequent mathematical model for determining the value of an APO or the purpose of selling

the underlying asset V (X, τ). Therefore, to address this objective, we examine the following

problem



∂V
∂τ

+ 1
2
σ2X2 ∂2V

∂2X
+ rX ∂V

∂X
= rV, for X = X∗(τ), and t ∈ [0, T ],

V (X,T ) = max{E −X, 0}, for X ≥ 0,
∂V
∂X

(X∗(τ), τ) = −1,

V (X∗(τ), τ) = E −X∗(τ),

lim
X→∞

V (X,T ) = 0,

X∗(T ) = E,

V (X(τ), τ) = E −X, for X ∈ [0, X∗(τ)),

(5.1)

where T is the time horizon which represents the maturity T also known to us sometimes as

the expiration time, t ≥ 0 stands for the time from 0 up to maturity T , τ = T − t represents

the period until maturity T , here, X∗(t) denotes the unknown early exercise-free boundary

which we assume ”doneravant” that X∗(t) > 0, E is the strike price, r risk-free interest rate

and σ is the volatility parameter.

Note that to describe the problem at hand, we refer to the Black-Scholes-Merton equation

(5.1) was developed by Merton [154] and Black and Scholes [30].

The historical development of FC, together with the formulation and definitions of FDs,

including the Caputo, Riemann-Liouville, Jumarie, and Caputo-Fabrizio derivatives, as well

as the associated fractional differential operators, has been presented in Section (1.3.2). In the

next section, the derivation of the tfBS-PDE for pricing APOs without dividends is discussed.

Subsequently, the classical APO pricing model described by equation (5.1) is reformulated

by incorporating the Caputo-Fabrizio FD, which possesses a smoother non-singular kernel
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compared with several existing FDs, such as the conformable derivative [10, 116] and the

Abu-Shady-Kaabar FD [2]. Building upon these foundational concepts, the fractional Taylor

series expansion is introduced, as it plays a fundamental role in the derivation of the tfBS-

PDE presented in the subsequent section.

DEFINITION 5.2.1. Fractional Taylor Series

Let v : R → R be a continuous function that has a derivative of order αζ, where ζ is any

positive integer and 0 < α ≤ 1. The fractional Taylor series is given by:

v(t+ κ) =

{∑∞
ζ=0

καζ

Γ(1+αζ)
v(αζ)(t), η − 1 < α ≤ η,

v(t) + κv′(t) +
∑∞

ζ=1
κζβe+1
Γ(ζβe+2)

v(ζβe+1)(t), βe = α− η,
(5.2)

where η ∈ N.

5.2.2 Derivation of the tfBS-PDE

Before delving into the derivation of the time-SFPDEs, we need to introduce one important

ingredient in stochastic calculus, the Itô’s lemma. To frame our approach, we first define

the Itô’s Lemma. The later is widely used in the subsequent analysis. For a comprehensive

discussion, we refer to the celebrated book [239] where the SPDEs were introduced and

further discussed in great detail.

LEMMA 5.2.1. Itô’s Lemma Let Xt be an Itô process given by

dX = µ(X, t) dt+ σ(X, t) dWt (5.3)

where Wt is a standard Wiener process and µ(X, t) and σ(X, t) are sufficiently smooth func-

tions. Let f(t, x) ∈ C2([0,∞)×R), i.e., f is twice continuously differentiable on [0,∞)×R.
Then the process f(X, t) is again an Itô’s process and its differential is given by

df =

(
∂f

∂t
+ µ

∂f

∂X
+

1

2
σ2 ∂

2f

∂X2

)
dt+ σ

∂f

∂X
dWt (5.4)

where the stochastic differentials satisfy the multiplication rules:

dt · dt = dt · dWt = dWt · dt = dWt · dWt = 0, dWt · dWt = dt. (5.5)

For the proof of this lemma, we refer to [239]. In the derivation of the tfBS-PDE, we

start by assuming that a FSDE governs the dynamics of the stock price:

dX = rX dt+ σω(t)(dt)α/2, 0 < α ≤ 1, (5.6)

whereX is the stock price, σ is the volatility, r is the risk-free interest rate and ω(t) represents

a standard Wiener process. Arguing similarly as in [164, 163], we can assert that using
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Jumarie’s fractional Taylor series, as presented in equation (5.2), the following identities are

derived:

dαt =
1

Γ(2− α)
t1−α(dt)α, 0 < α ≤ 1, (5.7)

dαX = Γ(1 + α)dX, 0 < α ≤ 1, (5.8)

dαX

(dX)α
=

1

Γ(2− α)
X1−α, 0 < α ≤ 1. (5.9)

Combining equations (5.7) and (5.9) results in a formula that enables the conversion between

integer-order and fractional-order derivatives.

dX = X1−αΓ(1 + α)

Γ(2− α)
(dX)α, 0 < α ≤ 1. (5.10)

Now, let V (X, t) be the value of an APO and assume that V (X, t) satisfies the following

assumption:

ASSUMPTION 5.2.1. The function V (X, t) is sufficiently smooth with respect to X and

its FD with respect to time exists for some α ∈ (0, 1).

Remark 5.1. Despite remarking that in the aforementioned definitions, we used the condition

0 < α ≤ 1, however, as the condition presented in the above assumption does not make use

of α = 1 due to the fact that for α = 1 the result applies to the classical derivative.

The dynamics of the risk-free investment interest rate are given by:

dV = rV dt.

Multiplying both sides of this equation by Γ(1 + α), we obtain:

Γ(1 + α)dV = Γ(1 + α)rV dt. (5.11)

Using equation (5.11) and combining it with (5.7), we derive the following fractional interest

rate increment:

dαV = Γ(1 + α)rV dt. (5.12)

Now, combining equations (5.12) and (5.10), we arrive at the following fractional interest

rate dynamic equation:

dαV = rV
1

Γ(2− α)
t1−α(dt)α. (5.13)

Since V (X, t) is sufficiently smooth, applying the fractional Taylor series expansion (5.2)

of order α on V (X, t), we obtain:

dV =
1

Γ(1 + α)

∂αV

∂tα
(dt)α +

∂V

∂X
dX +

1

2

∂2V

∂X2
(dX)2. (5.14)
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Now we can apply Itô’s lemma on (5.6) to find (dX)2

(dX)2 =
(
rX dt+ σω(t) (dt)α/2

)2
(dX)2 = (rX dt)2 + 2 (rX dt)

(
σω(t) (dt)α/2

)
+
(
σω(t) (dt)α/2

)2
(dX)2 = 2rXσω(t)(dt)1+α/2 + σ2ω(t)2 (dt)α since (dt)2 = 0 (5.15)

In Itô’s calculus, (dt)1+α/2 is a higher-order term and vanishes. Since ω(t) is a SP with

ω(t)2 ∼ 1, the term
(
σω(t) (dt)α/2

)2
simplifies to σ2(dt)α.

Hence, (5.15) becomes:

(dX)2 = σ2(dt)α (5.16)

Plugging equation (5.16) and by applying Itô’s lemma to the expression in (5.14), we have:

dV =
1

Γ(1 + α)

∂αV

∂tα
(dt)α + rX

∂V

∂X
dt+

1

2
σ2X2 ∂

2V

∂X2
(dt)α. (5.17)

Using the conversion formula (5.13) for dt, we replace dt in equation (5.17) with:

dt = t1−α(dt)α
1

Γ(1 + α)Γ(2− α)
(5.18)

which gives:

dV =
1

Γ(1 + α)

∂αV

∂tα
(dt)α + r

Xt1−α

Γ(1 + α)Γ(2− α)

∂V

∂X
(dt)α +

1

2
σ2X2 ∂

2V

∂X2
(dt)α. (5.19)

Finally, multiplying each side of the equation (5.19) by Γ(1 + α) and simplifying the terms

using (5.12) to (5.14), we obtain tfBS-PDE:

∂αV

∂tα
=

(
rV − rX

∂V

∂X

)
t1−α

Γ(2− α)
− Γ(1 + α)

2
σ2X2 ∂

2V

∂X2
, where , 0 < α ≤ 1 (5.20)

By introducing the change of variable τ = T − t, τ is the time to maturity and incorporating

the specified boundary conditions, equation (5.20) can be transformed into the following:

∂αV
∂τα

= [rV − rX ∂V
∂X

] τ1−α

Γ(2−α)
− Γ(1+α)τ1−α

2(T−τ)1−α σ2X2 ∂2V
∂X2 , X∗(τ) ≤ X ≤ ∞, and τ ∈ [0, T ],

V (X,T ) = max{E −X, 0}, for X ≥ 0,
∂V
∂X

(X∗(τ), τ) = −1,

V (X∗(τ), τ) = E −X∗(τ),

lim
X→∞

V (X,T ) = 0,

X∗(T ) = E,

V (X(τ), τ) = E −X, for X ∈ [0, X∗(τ))

(5.21)
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Where

τ = T − t represents the period until maturity T ,X∗(t) unknown early exercise-free boundary

with X∗(t) > 0,E is strike price, T expiration time, σ volatility and r the interest rate

(risk-free).

5.3 The Front Fixing Method (FFM)

Free boundary problems are inherently challenging due to the requirement of solving a PDE

that must satisfy boundary and initial values on both a fixed and an unidentified free bound-

ary. To manage this complexity, these problems are typically reformulated as non-linear

PDEs, treating the free boundary as an unknown variable. A prominent method to ad-

dress this is the FFM, which transforms the initial PDE into a new nonlinear PDE within a

bounded domain, facilitating direct computation of the free boundary.

The FFM, grounded in physics and via Landau transformation, simplifies the problem by

”fixing” the unknown boundary along a vertical axis. This transformation enables a more

manageable analysis. Widely applied across disciplines like physics and finance, including

option pricing, the method was initially introduced byWu and Kwok [127] in 1997 for financial

applications. Since then, it has been refined by researchers such as Riccardo et al. [75, 73],

R. Company et al. [44], Nielsen[161], Ševčovič [197] and Zhang and Zhu [230], among others.

A key advantage of the FFM is its capacity to directly compute the free boundary, which

is crucial for analyzing the system’s behavior. For instance, in the context of the BS formulae

for APOs, the problem is transformed into a parabolic equation within a bounded domain,

where a truncated boundary is introduced and finite-difference schemes are applied to solve

the resulting approximate problem.

When X ≤ X∗(τ), optimal to exercise APO, while for X∗(τ) < X, the optimal strat-

egy is to hold the option, as exercising it under these conditions is not financially viable.

The value-matching condition v(X∗(τ), τ) = E − X∗(τ) and the smooth-pasting condition
∂v
∂X

(X∗(τ), τ) = −1 are essential to maintaining the financial interpretation of the continuity

of v and ∂v
∂X

across the optimal exercise boundary X∗(τ). These conditions prevent arbitrage

opportunities, ensuring that transactions are self-financing i.e., each portfolio adjustment is

precisely funded by the proceeds from the previous position.

5.3.1 Arbitrage-Free Pricing of APOs

Ensuring arbitrage-free pricing of APOs requires adherence to two fundamental conditions:

the value matching condition and the smooth pasting condition. These conditions play a

critical role in eliminating arbitrage opportunities and maintaining consistency within the
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financial market structure [23].

The Value Matching condition, expressed as V (X∗(τ), τ) = E − X∗(τ) in the APO

framework, states that the option’s price must equal its intrinsic value at the boundary

corresponding to optimal exercise. Here, X∗(τ) denotes the optimal exercise boundary at

time τ . This condition ensures that exercising the option does not produce profit beyond

the guaranteed payoff E − X∗(τ), thus eliminating arbitrage opportunities. If violated,

arbitrageurs could exploit pricing discrepancies by exercising the option and simultaneously

trading the underlying asset to secure risk-free profits [47].

Furthermore, the principle of put-call parity reinforces the necessity of this condition in

preventing arbitrage, even in nonlinear pricing models where early exercise features compli-

cate valuation [23, 127, 163].

The smooth pasting condition, expressed as ∂V
∂X

(X∗(τ), τ) = −1 in the APO frame-

work, ensures that the option value function transitions smoothly across the early exer-

cise boundary. This condition guarantees continuity in the slope of the value function

V (X∗(τ), τ) = E − X∗(τ) and ∂V
∂X

(X∗(τ), τ), preventing abrupt changes that could create

arbitrage opportunities.

A discontinuity would allow sudden changes in the hedge ratio to be exploited to con-

struct risk-free portfolios with guaranteed profits [120]. Furthermore, arbitrage-free pricing

models highlight the crucial role of smooth pasting in ensuring a seamless transition between

holding and exercising AOs [47, 127, 163].

These conditions are fundamental because, in an arbitrage-free market, the transition

between holding and exercising an option must occur smoothly, without introducing price

discontinuities or abrupt shifts in the hedging strategy. A violation of the value matching

condition would enable arbitrageurs to exploit pricing discrepancies by exercising the option

and concurrently trading the underlying asset to generate risk-free profits [120, 127, 163].

At the optimal exercise boundary, an investor must decide whether to continue holding the

option or exercise it immediately. The value matching condition ensures that exercising

does not create unaccounted excess value, while the smooth pasting condition guarantees a

seamless transition, preventing exploitable pricing discontinuities. Together, these conditions

ensure that the optimal stopping problem defining X∗(τ) is well-posed within the framework

of the VI governing the pricing of AOs [107, 127, 163].

A key feature of American-style derivatives is their flexibility, allowing early exercise at

any time before expiration, unlike EOs. This flexibility requires that portfolio adjustments

associated with early exercise remain self-financing, meaning that the reallocation of wealth
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between the option and the underlying asset should not require external capital infusion.

Mathematically, this is enforced by the free-boundary problem in the price of AOs, where

X∗(τ) must be determined in conjunction with the PDE governing the price of the APO

V (X, τ).

Since early exercise involves liquidating the option in exchange for cash while simultaneously

taking a short position in the APO, any misalignment between the APO’s value and intrinsic

value would create arbitrage opportunities. The value matching and smooth pasting condi-

tions eliminate such possibilities by ensuring that transactions along the free boundary satisfy

the self-financing constraint. This ensures that each trade at X = X∗(τ) is precisely covered

by the cash flows generated from either exercising or holding the option [107, 127, 163].

5.3.2 Derivation of the Transformed Fractional PDE

The FFM addresses the moving exercise boundary X∗(τ) by introducing a change of vari-

ables, converting the problem into a nonlinear tfBS-PDE defined over a fixed domain. This

transformation allows for a given boundary position while some boundary conditions remain

unidentified and computed simultaneously with the option value. For numerical implemen-

tation, the following change of variables (dimensionless variables), similar to [64, 75, 216], is

introduced:

i. Logarithmic scale for stock price: y = ln( X
Xf (τ)

), where Xf (τ) is a time-dependent

scaling factor.

ii. New dependent variable: v(y, t) = V (X,τ)
K

: K > 0 is a constant.

iii. Scaling for Xf (τ) : Xf (τ) =
X∗(τ)
K

.

Arguing similarly as in [128] and applying the Landau transformation given therein: y =

ln
(

X
Xf (τ)

)
to the asset price variable ensures that y = 0 whenever X = X∗(τ), thereby

converting the free boundary condition into a fixed boundary condition. Consequently, the

stock dynamics is modified as follows:

dy =

(
r − σ2

2
−

X ′
f (τ)

Xf (τ)

)
dt+ σω(t)(dt)α/2, α ∈ (0, 1] (5.22)

Using transformations of (5.22) and the above items in the change of variables, we can

transform, each part of the tfBS-PDE (5.21) to new variables as follows.

The first derivative of V (X, t) in terms of X is transformed as:

∂V

∂X
=

∂

∂X
(v(y, τ)) =

∂v

∂y

∂y

∂X
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Using y = ln( X
Xf (τ)

), we can have that

∂y

∂X
=

1

X
and X = eyXf (τ)

which implies that
∂V

∂X
=

∂v

∂y

1

X
=

1

eyXf (τ)

∂v

∂y
.

Therefore

X
∂V

∂X
=

∂v

∂y
. (5.23)

Next, we can transform the second derivative of V (X, t) in terms of X using the chain rule,

hence the second derivative becomes:

∂2V

∂X2
=

∂

∂X

(
∂v

∂y

∂y

∂X

)
=

∂2V

∂X2
=

∂

∂X

(
1

eyXf (τ)

∂v

∂y

)
.

Taking the derivative in terms of X and noting that

∂y

∂X
=

1

X

we obtain

∂2V

∂X2
=

1

(Xf (τ))2e2y
∂2v

∂y2
=

1

X2

∂2v

∂y2
. (5.24)

Finally, we can transform the fractional time derivative of V (X, τ) in terms of τ . Hence,

applying the fractional time derivative ∂α(V (X,τ))
∂τα

involves using the chain rule to get

∂αV

∂τα
=

∂αv

∂τα
+

∂y

∂τ
=

∂αv

∂τα
−

X ′
f (τ)

Xf (τ)

∂v

∂y
(5.25)

Now, using the previous change of variables we can substitute from (5.23) to (5.25) into

(5.21) and factor out common terms. After simplification, the transformed equation becomes:

∂αv

∂τα
= ϕ(τ)

(
(rv − (r − σ2

2
)
∂v

∂y
)
(T − τ)1−α

Γ(2− α)
+

X ′
f (τ)

Xf (τ)

∂v

∂y
− Γ(1 + α)σ2

2

∂2v

∂x2

)
(5.26)

where ϕ(τ) = τ 1−α(T − τ)α−1 which represents the combined influence of past and future

memory contributions inherent to FC and more references can be found in the most recent

papers by Nuugulu and his coauthors in [163] and by Ali, Abera and Nazir in [9, 8].

After simplifying equation (5.26), we obtain the transformed tfBS-PDE, given in (5.21).

This equation is represented using the newly introduced variable y, which facilitates a more
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efficient analysis of the problem. Thus far, the newly transformed fraction derivative of V

can be written as:

∂αv
∂τα

= θ(τ)[rv − (r − σ2

2
)∂v
∂y
]− φ(τ)σ

2

2
∂2v
∂y2

+ ϕ(τ)
X′

f (τ)

Xf (τ)
∂v
∂y

= 0

θ(τ) = τ1−α

Γ(2−α)
, φ(τ) = Γ(1+α)τ1−α

(T−τ)1−α , ϕ(τ) = τ1−α

(T−τ)1−α X∗(τ) ≤ X ≤ ∞, and t ∈ [0, T ],

v(0, y) = 0, for y ≥ 0, Xf (0) = 1,

lim
y→∞

v(τ, y) = 0,

v(τ, 0) = 1−Xf (τ),
∂v
∂y
(τ, 0) = −Xf (τ)

on 0 ≤ t ≤ T and 0 ≤ X(τ) ≤ X∗(τ).

(5.27)

5.3.3 Crank-Nicolson Finite-Difference Scheme

In the following section, we define a numerical scheme to compute the grid values of APO. For

this purpose, we start by truncating (0,∞) into 0, Y ) to solve the problem. To determine

the appropriate value of Y = y∞ and ensure the accuracy of the corresponding numerical

solution, we adapt the methodology proposed by Kangro and Nicolaides. That is, the problem

can be studied on (0, T ]× [0, Y ] with M ∈ N and µ ∈ R+ ; now we set the step size as follows:

∆y =
Y

M

∆τ = µ(∆y)2

The integer N = ⌈ T

∆τ
⌉ (5.28)

where ⌈.⌉ : R+ → N is the ceiling function from a R+ to N greater or equal to it. Hence, the

grid-ratio µ is then given by

µ =
∆τ

(∆y)2
.

A mesh of grid points can be introduced in the finite domain as follows:

ym = m∆y,

τn = n∆τ, for m = 0, 1, . . . ,M and n = 0, 1, . . . , N.

To compute the grid values, we construct a numerical scheme and the free boundary values

by setting

vnm ≈ v(τn, ym)

Xn
f = Xf (τ

n), for m = 0, 1, . . . ,M and n = 0, 1, . . . , N.
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Having defined the size of the mesh of grid points concerning time and space which we can

use for computing a numerical scheme of the grid value of APO, we will now move to develop

a new Crank-Nicolson finite-difference scheme of APO. Recalling from (5.27), we present the

Crank-Nicolson finite-difference scheme, which to the best of our knowledge has never been

used for this problem.

The Jumarie FD (1.3.3) and the new Caputo-Fabrizio FD (1.1) are equivalent for differen-

tiable functions, we refer [163] for further detailed investigation in this direction.The order

α in equation (5.27), the order of the FD, will be evaluated using (1.1). However, similar

results can also be obtained from the other discussed definitions.

First, we discretize the terms in the FDs appearing in (5.27) using (1.1). Therefore, we

have

∂αv

∂τα
=

1

(1− α)

∫ tn

0

v′(τ)e−
α(tn−τ)

1−α dτ

=
1

(1− α)

n∑
j=1

∫ jk

(j−1)k

(
(
vj+1
m − vjm
∆τ

) +O(k)

)
e−

α(tn−τ)
1−α dτ

=
1

(1− α)

n∑
j=1

∫ jk

(j−1)k

(
1

k
(vj+1

m − vjm) +O(k)

)
e−

α(nk−τ)
1−α dτ

=
1

(1− α)

n∑
j=1

(
1

k
(vj+1

m − vjm) +O(k)

)
(1− α)

α

∫ jk

(j−1)k

e−
α(nk−τ)

1−α dτ

=
1

kα

n∑
j=1

(
(vj+1

m − vjm
)
+O(k))(e−

α(n−j)k
1−α − e−

α(n+1−j)k
1−α )

Shifting the indices in the above equation yields

=
1

kα

n∑
j=1

(
(vn−j+1

m − vn−j
m ) +O(k)

) (
e−

αjk
1−α − e−

α(j+1)k
1−α

)
=

1

kα

(
1− e−

αk
1−α

) n∑
j=1

(
(vn−j+1

m − vn−j
m ) +O(k)

)
e−

αjk
1−α

= β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α +O(k)

1

kα
(1− e−

αk
1−α )

= β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α +O(1) (5.29)

where

β =
1

kα
(1− e−

αk
1−α ).
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From the above equation (5.29) we analyze the terms as follows:

O(k)
1

kα
(1− e−

αk
1−α )

First, we deal with the following:

O(k)

kα

where

� O(k): represents growth proportional to k, potentially with smaller terms.

� kα: this grows linearly in k since α is constant.

Hence,

O(k)

kα
≈ D

α
,

where D is the constant implied by O(k).

Next we will see the order of

1− e−
αk
1−α .

Since 0 < α < 1, the exponent − αk
1−α

becomes large and negative as k → ∞. Therefore,

e−
αk
1−α → 0, and 1− e−

αk
1−α → 1 as k → ∞.

Finally, the term becomes:

O(k)

kα
· 1 ≈ D

α
.

Since the right-hand side does not depend on k, we may directly assert that the error order

is O(1).

Subsequently, the Crank-Nicolson scheme is employed to discretize the derivative terms on

the right-hand side of the FDs in equation (5.27) i.e.,

rv =
rvn+1

m + rvnm
2

∂v

∂y
=

1

2
(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
)

∂2v

∂y2
=

1

2
(
vn+1
m−1 − 2vn+1

m + vn+1
m+1

∆y2
+

vnm−1 − 2vnm + vnm+1

∆y2
)

1

Xn
f

dXn
f

dτ

∂v

∂y
=

1

2Xn
f

Xn+1
f −Xn

f

(∆τ)
(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
)

for m = 1, 2, . . .M − 1 and n = 1, 2, . . . , N (5.30)
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By combining equations (5.29) and (5.30) we can obtain a new Crank-Nicolson finite-difference

discretization time scheme for internal special nodes given by the following:

2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α =

θ(τn+1)[(rvn+1
m + rvnm)− (r − σ2

2
)(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
)]

−φ(τn+1)
σ2

2
(
vn+1
m−1 − 2vn+1

m + vn+1
m+1

∆y2
+

vnm−1 − 2vnm + vnm+1

∆y2
)

+
ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

(∆τ)
(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
) (5.31)

After collecting like terms, we obtain the following expression:

− 2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α+

vn+1
m+1

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ
]+

vnm+1

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ
]

+ vn+1
m−1

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ
]+

vnm−1

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ
]+

vn+1
m

[
θ(τn+1)r + φ(τn+1)

σ2

∆y2

]
+ vnm

[
θ(τn+1)r + φ(τn+1)

σ2

∆y2

]
= 0 (5.32)

Our Crank-Nicolson numerical scheme (5.32) can be rewritten as

Ān+1vn+1
m+1 + B̄n+1vn+1

m−1 + C̄n+1vn+1
m + Ān+1vnm+1 + B̄n+1vnm−1 + C̄n+1vnm

− 2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α = 0

which becomes

vn+1
m+1 = −(B̄n+1/Ān+1)vn+1

m−1 − (C̄n+1/Ān+1)vn+1
m − (Ān+1/Ān+1)vnm+1 − (B̄n+1/Ān+1)vnm−1−

(C̄n+1/Ān+1)vnm + (2β/Ān+1)
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α for m = 1, 2, . . . ,M − 1 and n = 1, . . . , N

(5.33)
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where

Ān+1 =
−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

B̄n+1 =
θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

C̄n+1 = θ(τn+1)r + φ(τn+1)
σ2

∆y2
. (5.34)

It follows from the boundary and initial conditions in (5.27) that

vn0 = 1−Xn
f , for n = 0, 1, . . . , N

∂v
∂y
(τ, 0) = −Xn

f (τ),

v0m = 0, for m = 0, 1, . . . ,M

X0
f = 1, for m = 0, 1, . . . ,M

vnM = 0, for n = 0, 1, . . . , N.

(5.35)

To present and validate equation (5.33) in matrix form, we intend in employing an induction

technique.

To illustrate this, we start with the initial case n = 1 , yielding:

Ā2v2m+1 + B̄2v2m−1 + C̄2v2m + Ā2v1m+1 + B̄2v1m−1 + C̄2v1m − 2β(v1m − v0m)e
− αk

1−α = 0

from which we infer that

Ā2v2m+1 + B̄2v2m−1 + C̄2v2m = −B̄2v1m−1 − Ā2v1m+1 − C̄2v1m + 2βv1me
− αk

1−α . (5.36)

For n = 2, we have that

Ā3v3m+1 + B̄3v3m−1 + C̄3v3m + Ā3v2m+1 + B̄3v2m−1 + C̄3v2m − 2β
2∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α = 0

(5.37)

from which we infer that

Ā3v3m+1 + B̄3v3m−1 + C̄3v3m = −Ā3v2m+1 − B̄3v2m−1 − C̄3v2m + 2β
2∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α .

(5.38)
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Similarly, we obtain for n ≥ 3 the following result

Ān+1vn+1
m+1 + B̄n+1vn+1

m−1 + C̄n+1vn+1
m =

− Ān+1vnm+1 − B̄n+1vnm−1 − C̄n+1vnm + 2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α . (5.39)

At each time step, we have a system of linear equations involving M − 1 variables and M +1

equations. These equations are valid for m = 1, 2, 3 . . . ,M−1, while the boundary conditions

provide an extra two equations needed. The system can be expressed in matrix notation as

shown below

B1 C1 A1 0 · · · 0 0

0 B2 C2 A2 · · · 0 0

0 0 B3 C3 A3 · · · 0

0 0 0 B4 C4 A4 0
...

...
...

...
. . . . . . . . .

0 0 0 0 0 0 Bn+1




vn+1
0

vn+1
1

vn+1
2
...

vn+1
M

 =



B1 C1 A1 0 · · · 0 0

0 B2 C2 A2 · · · 0 0

0 0 B3 C3 A3 · · · 0

0 0 0 B4 C4 A4 0
...

...
...

...
. . . . . . . . .

0 0 0 0 0 0 Bn+1




vn0
vn1
vn2
...

vnM



+



v00

2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α

2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α

2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α

...

2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α


(5.40)

The matrix structure described above consists of M −1 rows and M +1 columns, aligned

with the M − 1 interior points and the M + 1 unknowns. Note that the variables v−1
N+1

and vM+1
N+1 fall outside the computational domain. To address this challenge, we derive two

additional equations from the boundary conditions, allowing us to reformulate the system as

one involving square matrices where boundary constraints are fully integrated. We must em-

phasize that in order for us to incorporating the boundary conditions, we note the vanishing

term: vM+1
N+1 = 0, which allows us to start the boundary application at m = 0. Furthermore,

substituting the boundary condition of (5.27) into the main fraction differential equation

that can be seen at the start of the same equations in (5.27) at m = 0 yields the following
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modified boundary condition:

∂α(vn+1
0 )

∂tα
= θ(τn+1)[r(1−Xf ) + (r − σ2

2
)Xf ]− φ(τn+1)

σ2

2

∂2v

∂y2
+

ϕ(τn+1)

Xf (τ)

dXf (τ)

dτ

∂v

∂y
= 0.

(5.41)

We deduce the discretization of (5.41) as follows:

β

n∑
j=1

(−Xn−j+1 +Xn−j)e−
αjk
1−α = θ(τn+1)[r − σ2

2
Xn

f ]−

φ(τn+1)
σ2

4
(
vn+1
−1 − 2vn+1

0 + vn+1
1

∆y2
+

vn−1 − 2vn0 + vn1
∆y2

)− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ
= 0 (5.42)

It follows from the boundary conditions in (5.27) that

1

4
(
vn+1
1 − vn+1

−1

∆y
+

vn1 − vn−1

∆y
) = −1

2
(Xn+1

f (τ) +Xn
f (τ));

vn+1
−1 + vn−1 = vn+1

1 + vn1 + 2(Xn+1
f (τ) +Xn

f (τ));

vn0 = 1−Xn
f (τ) (5.43)

Now, inserting the boundary conditions (5.43) into (5.42) and then we obtain after easy

simplification that

β
n∑

j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ

− φ(τn+1)
σ2

4
(
vn+1
−1 − 2vn+1

0 + vn+1
1 + vn−1 − 2vn0 + vn1
∆y2

) = 0

which implies that

β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ
−

φ(τn+1)
σ2

4
(
2Xn+1∆y + 2vn+1

1 − 2(1−Xn+1) + 2Xn∆y + 2vn1 − 2(1−Xn)

∆y2
) = 0

from which we infer that

β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ
−

φ(τn+1)
σ2

2
(
(Xn+1 +Xn)∆y + vn+1

1 + vn1 − (1−Xn+1)− (1−Xn)

∆y2
) = 0
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which enables us to deduce that

2∆y2

φ(τn+1)σ2
(β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ
) =

(Xn+1 +Xn)(1 + ∆y) + vn+1
1 + vn1 − 2

After reducing the above expression, we deduce that

vn+1
1 =

2∆y2

φ(τn+1)σ2

[
β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]−

ϕ(τn+1)
Xn+1

f −Xn
f

∆τ

]
− (Xn+1 +Xn)(1 + ∆y)− vn1 + 2. (5.44)

Combining all the above equations from (5.33) to (5.44) we deduce that

Wn+1vn+1 +Rn+1 = Wnvn + Ln + Σn+1 (5.45)

where

Wn = Wn+1



C1 A1 0 · · · 0 0 0

0 B2 C2 A2 · · · 0 0

0 0 B3 C3 A3 · · · 0

0 0 0 B4 C4 A4 0
...

...
...

...
. . . . . . . . .

0 0 0 0 0 Bn+1 Cn+1


;

vn =


vn1
vn2
...

vnM−1

 , vn+1 =


vn+1
1

vn+1
2
...

vn+1
M−1

 ;

Ln =


Bnvn0
0
...

0

BnvnM

 , Rn+1 =


Bn+1vn+1

0

0
...

0

Bn+1vn+1
M

 ;
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Σn+1 =



2β
n∑

j=1

(
vn−j+1
m − vn−j

m

)
e−

αjk
1−α

2β
n∑

j=1

(
vn−j+1
m − vn−j

m

)
e−

αjk
1−α

2β
n∑

j=1

(
vn−j+1
m − vn−j

m

)
e−

αjk
1−α

...

2β
n∑

j=1

(
vn−j+1
m − vn−j

m

)
e−

αjk
1−α



.

Hence, (5.45) becomes

vn+1 = W−1
n+1 (Wnvn + Ln + Σn+1 −Rn+1) . (5.46)

The Crank-Nicolson discretization of APO leads to the non-linear equation (5.46) regard-

ing price and the free boundary condition at every time step.

Now, to determine the value of Xn
f , we apply the schemes (5.32) and (5.44) at m = 1 and

evaluate the time level nth of the free boundary. Therefore,

vn+1
2

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn2

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn+1
0

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn0

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn+1
1

[
θ(τn+1)r + φ(τn+1)

σ2

∆y2

]
+ vn1

[
θ(τn+1)r + φ(τn+1)

σ2

∆y2

]
−

2β
n∑

j=1

(vn+1
1 − vn1 )e

−αjk
1−α = 0. (5.47)

By incorporating vn0 from equation (5.35) and vn1 from equation (5.44) into equation (5.47),
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we derive the following result:

vn+1
2

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn2

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

(1−Xn+1
f )

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+

(1−Xn
f )
[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

2∆y∆τ

]
+(

2∆y2

φ(τn+1)σ2

[
β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ

]
−

(Xn+1 +Xn)(1 + ∆y) + 2

)[
θ(τn+1)r + φ(τn+1)

σ2

∆y2
]
−

2β
n∑

j=1

(vn−j+1
1 − vn−j

1 )e−
αjk
1−α = 0 (5.48)

In a similar fashion, now we can simplify further the above equation to obtain

vn+1
2

[
Xn

f (
−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
) + ϕ(τn+1)

Xn+1
f −Xn

f

2∆y∆τ

]
+

vn2

[
Xn

f (
−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
) + ϕ(τn+1)

Xn+1
f −Xn

f

2∆y∆τ

]
+

(1−Xn+1
f )

[
Xn

f (
θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
)− ϕ(τn+1)

Xn+1
f −Xn

f

2∆y∆τ

]
+

(1−Xn
f )
[
Xn

f (
θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
)− ϕ(τn+1)

Xn+1
f −Xn

f

2∆y∆τ

]
+

Xn
f

(
2∆y2

φ(τn+1)σ2

[
β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)[r − σ2

2
Xn

f ]− ϕ(τn+1)
Xn+1

f −Xn
f

∆τ

]
−

(Xn+1 +Xn)(1 + ∆y) + 2

)[
θ(τn+1)r + φ(τn+1)

σ2

∆y2
]
−

2Xn
f β

n∑
j=1

(vn−j+1
1 − vn−j

1 )e−
αjk
1−α = 0. (5.49)

We observe that equation (5.49) represents a quadratic equation with complex coefficients

and a constant term. At this point, the coefficients and a constant can be systematically

collected for further analysis.
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After factoring (Xn+1
f ) from equation (5.49), the resulting coefficient, designated as bb, pre-

sented.

Let us begin by collecting the coefficients of Xn+1
f using

Xn+1
f

(
(vn+1

2 + vn2 )
ϕ(τn+1)

2∆y∆τ
− (2−Xn

f )
ϕ(τn+1)

2∆y∆τ
−
[
Xn

f (
θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
)+

+
ϕ(τn+1)Xn

f

2∆y∆τ

]
−Xn

f

( 2∆y2

φ(τn+1)σ2

ϕ(τn+1)

∆τ
+ (1 + ∆y)

)[
θ(τn+1)r + φ(τn+1)

σ2

∆y2
])

.

Hence

bbn+1 = (vn+1
2 + vn2 − 2)

ϕ(τn+1)

2∆y∆τ
−Xn

f

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
]
−

Xn
f

( 2∆y2

φ(τn+1)σ2

ϕ(τn+1)

∆τ
+ (1 + ∆y)

)[
θ(τn+1)r + φ(τn+1)

σ2

∆y2
]

(5.50)

After taking the term (Xn+1
f )2 as a common factoring in equation (5.49), then the resulting

coefficient denoted by aa, can presented as:

aan+1 =
ϕ(τn+1)

2∆y∆τ
. (5.51)

Finally, the constant term of the quadratic equation is aggregated, resulting in the subsequent

expression denoted by cc

ccn+1 = (vn+1
2 + vn2 )X

n
f

[−θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
− ϕ(τn+1)

2∆y∆τ

]
+

(2−Xn
f )X

n
f

[θ(τn+1)(r − σ2

2
)

2∆y
− φ(τn+1)

σ2

2∆y2
+

ϕ(τn+1)

2∆y∆τ

]
+

Xn
f

(
2∆y2

φ(τn+1)σ2

[
β

n∑
j=1

(Xn−j+1 −Xn−j)e−
αjk
1−α + θ(τn+1)(r − σ2

2
Xn

f ) + ϕ(τn+1)
Xn

f

∆τ

]
−

Xn(1 + ∆y) + 2

)[
θ(τn+1)r + φ(τn+1)

σ2

∆y2
]
− 2Xn

f β
n∑

j=1

(vn−j+1
1 − vn−j

1 )e−
αjk
1−α . (5.52)

Note that equation (5.49) has now been simplified and its simplified version can be reformu-

lated as follows:

aan+1(Xn+1
f )2 + bbn+1Xn+1

f + ccn+1 = 0. (5.53)

In order for us to resolve the issue of the quadratic equation presented above, two potential

roots are obtained. However, one of the roots specifically,
−bbn+1+

√
(bbn+1)2−4aan+1ccn+1

2aan+1 consis-

tently falls outside the acceptable range defined by the free boundary Xn+1
f , as it is greater



112

than 1. Consequently, this root is deemed nonviable, as it does not satisfy the necessary

constraints and is therefore excluded from consideration.

The remaining root, given by
−bbn+1−

√
(bbn+1)2−4aan+1ccn+1

2aan+1 , falls within the acceptable range

and satisfies all the required conditions of the problem. Thus, it is chosen as the only valid so-

lution in this analysis. This approach ensures that only meaningful solutions are considered,

consistent with the free boundary conditions of Xn+1
f , representing the desired outcome.

5.3.4 Algorithm

In the following section, we will demonstrate the implementation of the algorithm as outlined

in section 5.3 using Python code. The algorithm incorporates all the equations discussed in

section 5.3 and focuses on solving the fractional-order PDE for option pricing using a finite-

difference front-fixing scheme. The primary goal is to calculate the option price, denoted

v[m,n], at each point on the temporal and spatial grid

i. Initialize Parameters:

� Set risk-free interest rate r, the fractional order α, volatility σ as well as strike

price E.

� Define spatial and temporal grid sizes (M,N), step sizes (h, k) and bounds (y∞, T ).

ii. Grid Setup:

� Define the spatial grid y and temporal grid τ .

� Initialize matrices v,X and other auxiliary variables.

iii. Auxilary Functions:

� Implement auxilary functions to calculate:

– Partial sums for FDs.

– τ 1−α and φ(τn+1).

– Quadratic roots for X based on coefficients aa, bbandcc.

iv. Boundary Conditions:

� Set initial conditions:

v[m, 0] = v0, v[0, :] = 1−X[n].

v. Crank-Nicolson Time-Stepping:

� Iterate over time steps nand space steps m:
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– Update auxiliary variables τ and φ(τn+1).

– Compute coefficients Ān+1, B̄n+1andC̄n+1 for the Crank-Nicolson scheme.

� For m = 1:

– Compute partial sums and quadratic roots to update X[n+ 1].

– Use X[n+ 1] to calculate v[m,n+ 1].

� For m > 1:

– Use the Crank-Nicolson formula to compute v[m,n+ 1].

vi. Post-Processing:

� Plot the 3D surface of v[m,n] as a function of mandn.

� Smooth and plot:

– y[m] vs v[m,N − 1].

– τ [n] vs X[n] (excluding the final time step).

vii. Error Computation:

� To compute the maximum error:

– Run the algorithm twice, once with M = 80, N = 320 (fine grid) and once

with M = 20, N = 20 (coarse grid).

– Interpolate the fine grid solution onto the coarse grid and calculate the abso-

lute difference.

– Report the maximum error.

– Convergence rate

5.4 Consistency and Stability

This section is devoted to the analysis of the consistency and stability of the Crank-Nicolson

method of Caputo FDs for the APOs (5.33). In light of the above, we first deal with the

following consistency.

5.4.1 Consistency

To deal with the issue of consistency of the scheme considered in this chapter, we need the

following concept.
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DEFINITION 5.4.1. Let F(vnm, X
n
f ) be the difference operator that approximates L(v,Xf ).

The local truncation error T n
m(v̄, X̄f ) is given by the leading terms of the Taylor expansion of

F(vnm, X
n
f ) = 0, where u satisfies L(v,Xf ) = 0.

We remark form from the above Definition 5.4.1 that

T n
m(v̄, X̄f ) = F(vnm, X

m
f ), and

lim
(∆τ,∆y)→(0,0)

T n
m(v̄, X̄f ) = 0. (5.54)

Let’s start by choosing an arbitrary location (y, τ) ∈ [0, 4E]× [0, T ] the mesh point (ym, τn)

to examine the consistency of Caputo fractional PDE as defined in (5.27) and its numerical

scheme as considered in relation (5.33) by employing the Crank-Nicolson FDM. For this

purpose, we consider v̄nm = v(τn, ym) to be the exact solution for the Caputo fractional PDE

and X̄n
f = Xn

f to be the free boundary, respectively. Namely, it means that

L(v,Xn
f ) =

∂αv

∂τα
− θ(τ)[rv − (r − σ2

2
)
∂v

∂y
] + φ(τ)

σ2

2

∂2v

∂y2
− ϕ(τ)

X ′
f (τ)

Xf (τ)

∂v

∂y
= 0

and

F(vm+1
n , Xn+1

f ) = 2β
n∑

j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α =

θ(τn+1)[(rvn+1
m + rvnm)− (r − σ2

2
)(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
)]

−φ(τn+1)
σ2

2
(
vn+1
m−1 − 2vn+1

m + vn+1
m+1

∆y2
+

vnm−1 − 2vnm + vnm+1

∆y2
)

+
ϕ(τn+1)

Xn
f

Xn+1
f −Xn

f

(∆τ)
(
vn+1
m+1 − vn+1

m−1

2∆y
+

vnm+1 − vnm−1

2∆y
).

Having derived this result which leads us to the statement of the following consistency result.

THEOREM 5.4.1. The Crank-Nicolson finite-difference scheme of the Caputo FDs scheme

method defined in equations (5.27) is consistent with the fixed domain model (5.33) of order

O(1) +O((∆y)2).

Proof. We implement Taylor’s expansion similar to the techniques used in [75], taking into

account the continuous partial derivatives of orders two and four in space and time, respec-

tively to show the consistency of (5.27).

First, we examine the consistency of FDs in equation (5.27). In our earlier analysis, as out-

lined in equation (5.29), we developed a scheme for the Caputo FDs corresponding to certain

parts of equation (5.27), establishing an order of accuracy of
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∂αv

∂τα
= β

n∑
j=1

(vn−j+1
m − vn−j

m )e−
αjk
1−α +O(1) where β =

1

kα
(1− e−

αk
1−α ) (5.55)

with truncation denoted by

e1 = O(1) (5.56)

Secondly, let us find the consistency of each of the last three right-hand side of our main

equations considered in relation (5.27) separately, using Taylor’s expansion of order two and

four in time and space, respectively.

For now, let us consider the first term on the right-hand side; we proceed to estimate its

truncation error (5.27) by using

ϕ(τn+1)σ2∂
2v

∂y2
= ϕ(τn+1)σ2(

vnm−1 − 2vnm + vnm+1

∆y2
)

=
ϕ(τn+1)

∆y2
σ2(vnm −∆y

vy
1!

+ (∆y)2
vyy
2!

− (∆y)3
vyyy
3!

+ (∆y)4
vyyyy
4!

+ (∆y)5−

2vnm + vnm +∆y
vy
1!

+ (∆y)2
vyy
2!

+ (∆y)3
vyyy
3!

+ (∆y)4
vyyyy
4!

+ (∆y)5)

=ϕ(τn+1)σ2(
∂2v

∂2y
+ (∆y)2

1

12

∂4v

∂4y
+O(∆y)3). (5.57)

Therefore the error term of (5.57) becomes

e2 = ϕ(τn+1)σ2[(∆y)2
1

12

∂4v

∂4y
+O(∆y)3]. (5.58)

Consider the first term on the right-hand side; we proceed to estimate its truncation error.

Again, we consider the first term on the right-hand side; we proceed to estimate its truncation

error (5.27)

θ(τn+1)(
σ2

2
− r)

∂v

∂y
= θ(τn+1)

1

2
(
σ2

2
− r)(

vm+1
n+1 − vm−1

n+1

2∆y
+

vm+1
n − vm−1

n

2∆y
)

=θ(τn+1)
1

2
(
σ2

2
− r)(

∂v

∂y
+ (∆y)2

1

6

∂3v

∂3y
+O(∆y)4). (5.59)

Therefore the error term of (5.59) becomes

e3 = (∆y)2
1

6

∂3v

∂3y
+O(∆y)4. (5.60)
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Next, we consider the third term on the right-hand side; we proceed to estimate its truncation

error (5.27) by relying on the expression below:

φ(τn+1)
1

Xf (τ)

dXf (τ)

dτ

∂v

∂y
= φ(τn+1)

1

2
(
Xn+1

f (τ)−Xn
f (τ)

∆τXf (τ)
(
vm+1
n+1 − vm−1

n+1

2∆y
+

vm+1
n − vm−1

n

2∆y
) =

φ(τn+1)

Xf (τ)
(
dXf (τ)

dτ
+ (∆τ)2

d2Xf (τ)

dτ 2
+O((∆τ)2))(

∂v

∂y
+ (∆y)2

1

6

∂3v

∂3y
+O(∆y)4) =

φ(τn+1)

Xf (τ)

dXf (τ)

dτ

∂v

∂y
+

φ(τn+1)

Xf (τ)

dXf (τ)

dτ
((∆y)2

1

6

∂3v

∂3y
+O(∆y)4)+

1

Xf (τ)
((∆τ)2

d2Xf (τ)

dτ 2
+O((∆τ)2))(

∂v

∂y
+ (∆y)2

1

6

∂3v

∂3y
+O(∆y)4). (5.61)

Therefore the error term of (5.61) becomes

e4 =
φ(τn+1)

Xf (τ)

dXf (τ)

dτ
((∆y)2

1

6

∂3v

∂3y
+O(∆y)4)

+
φ(τn+1)1

Xf (τ)
((∆τ)2

d2Xf (τ)

dτ 2
+O((∆τ)2))(

∂v

∂y
+ (∆y)2

1

6

∂3v

∂3y
+O(∆y)4) (5.62)

Lastly, we can find the truncation error of the last term of the right-hand side of (5.27)

rv =
1

2
(rvmn+1 + rvmn ) (5.63)

Hence, the local truncation error of (5.27) using (5.56) to (5.63) is provided by the following

expression:

T m+1
n (v̄, X̄f ) = e1 + e2 + e3 + e4 = O(1) +O(∆τ) +O((∆y)2). (5.64)

We now proceed to determine the local truncation error of the boundary conditions of equa-

tions (5.27), (5.42) and (5.41). For us to get the boundary conditions, we use the following

normal derivatives:
L1(v,Xf ) = v(τ, 0)− 1 +Xf (τ) = 0

L2(v,Xf ) =
∂v
∂y
(τ, 0) +Xf (τ) = 0,

L3(v,Xf ) = −c
0D

α
t (1−Xf (τ)) + θ(τn+1)[r(1−Xf ) + (r − σ2

2
)Xf ]− φ(τn+1)σ

2

2
∂2v
∂y2

+φ(τn+1)
Xf (τ)

dXf (τ)

dτ
∂v
∂y

= 0

(5.65)

from which we deduce the numerical boundary scheme:
F1(v

0
n+1, X

n+1
f ) = v0n+1 − 1 +Xn+1

f

F2(v
0
n+1, X

n+1
f ) =

v1n+1−v−1
n+1+v1n−v−1

n

2∆y
+Xn+1

f

F3(v
0
n+1, X

n+1
f ) = −β

∑n
j=1(−Xn−j+1 +Xn−j)e−

αjk
1−α + θ(τn+1)[r − σ2

2
Xn+1

f ]−

φ(τn+1)σ
2

4
(
vn+1
−1 −2vn+1

0 +vn+1
1

∆y2
+

vn−1−2vn0+vn1
∆y2

)− Xn+1
f −Xn

f

∆τ
= 0.

. (5.66)
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By following the same steps we just used as done for relations (5.56) to (5.63) for (5.65) and

(5.66), we obtain the following local truncation error

O(1) +O(∆τ) +O((∆y)2). (5.67)

It follows now that

T 0
1 (v̄, X̄f ) = F1(V

0
n+1, X

n+1
f ) = 0,

T 0
2 (v̄, X̄f ) = (∆y)2

1

3

∂3v

∂3y
+O(∆y)4,

T 0
3 (v̄, X̄f ) = O(∆τ) +O((∆y)2).

As a result of (5.64) and (5.67), we can now assert that the Crank-Nicolson finite scheme

provided by (5.33) is a compatible model defined on a fixed domain (5.21) of order

O(1) +O((∆y)2).

This proves the desired result for the consistency.

5.4.2 Stability

In this section, we introduce the stability properties of the numerical scheme (5.33). We

begin by defining the stability used in the section for the sake of several concepts of stability

used in the literature. In order to define the concept of stability that we deal with in this

chapter we borrow some basic notions from the papers [64, 46].

DEFINITION 5.4.2. The numerical scheme (5.33) is said to be ∥vn∥∞ stable in the do-

main, if for every partition of the domain [0,∞]× [0, T ] we set ∆τ = T
N

and ∆y = Y
M
, ∃ζ > 0

which is constant:

∥vn∥∞ ≤ ζ, for 0 ≤ n ≤ N (5.68)

where ζ does not depend on ∆τ,∆y and n = 1, 2, . . . , N .

Having defined the notion of stability that we are using here, we can state another main

result of this chapter in the following lemma.

LEMMA 5.4.1. Let (vmn , X
n
f ) be the computed numerical solution and for sufficiently small

values of ∆y, we have:

(i) Xn
f is positive and decreasing for n = 0, 1, . . . , N ;

(ii) the vectors vmn have positive components for n = 0, 1, . . . , N ;
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(iii) the vectors vmn are decreasing w.r.t m for each fixed n = 0, 1, . . . , N.

Proof. The lemma can be proven following a methodology analogous to that used in R.

Company et al. [43], Riccardo et al. [75] and R.Company et al. [64] and S.Nuugulu. et al.

[163]. For a comprehensive presentation of the proof, see the corresponding discussions in

these references.

We can now define and prove another fundamental result of general stability in the the-

orem presented below.

THEOREM 5.4.2. The Crank-Nicolson finite-difference Caputo FD scheme method defined

by equations (5.33) is unconditionally stable.

Proof. For a given fixed value of n, vnm is a nonincreasing sequence w.r.t m, following the

prescribed boundary condition (5.33) and positivity of Xn
f as defined in Lemma 5.4.1, we

obtain

∥vn∥∞ = vn0 = 1−Xn
f ≤ 1, for 0 ≤ n ≤ N. (5.69)

Therefore, we conclude that the Crank-Nicolson scheme for the APO with Caputo fractional

order derivative is (∥.∥∞) unconditionally stable. Thus far, this proves the desired stability

result.

5.5 Numerical Result

In the following section, we illustrate the previous theoretical outcomes of numerical ex-

periments showing the potential advantages of the proposed method, such as retaining the

fundamental qualitative features of the theoretical solution of APO, such as stability and

consistency. In addition, in this section, a comparison with other approaches is also pre-

sented.

In the absence of an analytical solution for the fractional APO model under the Caputo-

Fabrizio derivative, a numerical reference solution is constructed using the proposed Crank-

Nicolson scheme on a highly refined computational grid. Owing to the nonlocal nature of the

fractional operator and the free-boundary structure of the APO problem, closed-form ana-

lytical solutions are generally unavailable. Consequently, the refined grid numerical solution

is adopted as the benchmark against which numerical approximations obtained on coarser

grids are evaluated. Where necessary, values from the refined-grid solution are matched or

interpolated to ensure consistency during the comparison process. The pointwise error at

each grid node is computed as the absolute difference between the coarse-grid approximation

and the corresponding benchmark solution value.



119

In numerical error analysis, it is important to distinguish among several related but

fundamentally different concepts. In general, the term error refers to the discrepancy between

a numerical approximation and the reference solution without reference to a specific norm

or measurement criterion. It therefore provides a qualitative indication of the inaccuracy

associated with the numerical approximation.

The maximum error, commonly associated with the discrete L∞-norm, is defined as

Emax = max
i,j

∣∣V ref
i,j − Vi,j

∣∣ ,
where V ref

i,j denotes the reference solution and Vi,j represents the numerical approximation at

the grid point (i, j). This metric measures the largest deviation over the entire computational

domain and is particularly effective for detecting localized instability, oscillatory behavior,

or spurious numerical artifacts near the free boundary. Consequently, the maximum error

serves as an important indicator of the boundedness, robustness and stability of the numerical

scheme.

The root mean square error (RMSE), corresponding to the discrete L2-norm, is defined

by

RMSE =

√√√√ 1

MN

M∑
i=1

N∑
j=1

(
V ref
i,j − Vi,j

)2
,

where M and N denote the numbers of spatial and temporal grid points, respectively. Unlike

the maximum error, RMSE provides a global measure of numerical accuracy over the entire

computational domain and is less sensitive to isolated outliers. Since larger deviations are

amplified through the squaring operation, RMSE effectively captures the overall distribution

of numerical error and therefore provides a reliable measure of approximation quality and

convergence performance.

The mean-based convergence rate refers to the rate at which the average numerical error,

typically measured using RMSE, decreases as the spatial and temporal discretizations are

progressively refined. This quantity characterizes the asymptotic convergence behavior of

the numerical method and provides important insight into the consistency, accuracy and

reliability of the proposed numerical scheme.

The selection of RMSE as the principal convergence metric is motivated by its favorable

numerical and statistical properties. In particular, RMSE provides a smooth and differen-

tiable measure of global error while remaining less sensitive to isolated pointwise anomalies

than the maximum error. As a result, it is well-suited for quantifying the average reduction

in error under mesh refinement. Nevertheless, the maximum error is retained as a comple-

mentary metric for monitoring local stability and detecting potential nonphysical oscillations,

especially near the early exercise boundary, where the solution may exhibit non-smooth be-

havior. Collectively, RMSE and the maximum error provide a comprehensive validation



120

framework for the proposed numerical method. RMSE characterizes global convergence be-

havior, whereas the maximum error assesses local robustness and numerical stability.

The APO problems (5.21) were solved using the parameters listed below:

r = 0.1, σ = 0.2, T = 1, α = 0.5.

To evaluate the convergence, error metrics, including maximum error and RMSE have been

calculated in relation to a reference solution derived from a highly refined grid. The conver-

gence rate is subsequently determined using the following formula:

i.

γ(h1, h2) =
ln(RMSEh1)− ln(RMSEh2)

ln(h1)− ln(h2)
, (5.70)

� RMSEh1 and RMSEh2 are the root mean square errors

� h1 and h2 are the respective grid spacings.

ii.

Convergence Rate =
log
(

Ecoarse

Efine

)
log
(

hcoarse

hfine

) (5.71)

where

� Efine: The error associated with the finer grid, calculated using a chosen error norm,

such as the maximum error or root mean square error.

� Ecoarse: The error associated with the coarser grid, computed in the same manner as

Efine.

� hfine: The grid spacing for the finer grid, typically represented as ∆y (spatial step).

� hcoarse: The grid spacing for the coarser grid, similarly represented as ∆y.

In light of this defined the convergence rate and the errors needed, we intend to now compute

the errors related to the associated problem in order to validate the scheme used. For this

purpose, we fix y∞ in the table below and compute the errors for the given values for each

N .
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Table 5.1: Free boundary location at t = T=1.

Y = y∞ N = 20 N = 40 N = 80

1 0.72636032 0.62031929 0.50841141

2 0.72637032 0.62032529 0.50836313

4 0.72637632 0.62032829 0.50836513

We focus on determining a suitable value for the truncated boundary, Y = y∞ and

subsequently analyze how the choice of Y = y∞ influences the numerical solution. A

straightforward approach involves monitoring the computing values of the free boundary,

Xn
f , at t = T . Table 5.1 provides a comparative analysis of the numerical results of the

sample for Xn
f obtained with varying grid step values, while keeping µ = 20 and setting

y∞ = 1, y∞ = 2, y∞ = 4. The findings presented in Table 5.1 reveal that, for a constant

value of µ = 20, the calculated values of Xn
f remain consistent up to the first four decimal

places in different values of the grid step. Based on these observations, we selected y∞ = 1

for subsequent calculations. This result aligns with the preliminary numerical results derived

from the implementation of explicit and implicit finite difference methods, as reported by

Riccardo [73] and Riccardo et al. [75] respectively.

In the above table the boundary solutions calculated, we now turn our attention to com-

pute the maximum absolute error in the table below.

α N = 20 N = 40 N = 80 N = 160

0.1 6.69e-03 2.36e-03 2.50e-03 0.00e+00

0.2 5.34e-03 6.77e-04 6.73e-04 0.00e+00

0.3 2.38e-03 0.00e+00 0.00e+00 0.00e+00

0.4 3.07e-03 0.00e+00 0.00e+00 0.00e+00

0.5 2.21e-03 0.00e+00 0.00e+00 0.00e+00

0.6 1.58e-03 0.00e+00 0.00e+00 0.00e+00

0.7 1.32e-03 0.00e+00 0.00e+00 0.00e+00

0.8 1.68e-03 0.00e+00 0.00e+00 0.00e+00

0.9 2.57e-03 0.00e+00 0.00e+00 0.00e+00

Table 5.2: The table presents the maximum absolute errors calculated for various fractional

orders of α, spanning from 0.1 to 0.9 in increments of 0.1

Table 5.2 illustrates the maximum absolute errors associated with various values fractional

parameters of α and different grid sizes N within a numerical method. The data reveal a

consistent reduction in error as α and N increase. Specifically, the maximum absolute errors
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approximately halve with each doubling of N . In coarser grids N = 10, N = 20 and N = 40,

the errors demonstrate greater variability relative to α; however, this sensitivity diminishes

significantly in finer grids N = 160 and N = 320, where the errors converge to negligible

levels across all values of α. This trend underscores the reliability of the method and the

effectiveness of grid refinement in attaining enhanced accuracy, while also indicating a reduced

sensitivity at higher resolutions.

α N = 20 N = 40 N = 80

0.1 6.90e-01 1.26e+00 2.44e+00

0.2 6.92e-01 1.26e+00 2.44e+00

0.3 6.96e-01 1.26e+00 2.45e+00

0.4 7.01e-01 1.27e+00 2.45e+00

0.5 7.08e-01 1.27e+00 2.46e+00

0.6 7.15e-01 1.28e+00 2.47e+00

0.7 7.22e-01 1.28e+00 2.47e+00

0.8 7.30e-01 1.29e+00 2.48e+00

0.9 7.53e-01 1.32e+00 2.53e+00

Table 5.3: The table presents the convergence rates computed based on the mean values for

various fractional orders of α, ranging from 0.1 to 0.9 in increments of 0.1.

α N = 20 N = 40 N = 80

0.1 5.03e-01 9.71e-01 1.96e+00

0.2 5.02e-01 9.70e-01 1.95e+00

0.3 5.03e-01 9.70e-01 1.96e+00

0.4 5.05e-01 9.70e-01 1.96e+00

0.5 5.08e-01 9.74e-01 1.96e+00

0.6 5.13e-01 9.78e-01 1.97e+00

0.7 5.20e-01 9.83e-01 1.97e+00

0.8 5.31e-01 9.93e-01 1.98e+00

0.9 5.53e-01 1.02e+00 2.02e+00

Table 5.4: The table presents the convergence rates calculated using the RMSE for the

example problem, with fractional orders of α varying from 0.1 to 0.9 in increments of 0.1.

Table 5.3 illustrates the convergence rates associated with various values of α and grid

sizes N in the numerical method, as determined by equation (5.70). For coarser grids N = 20,
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N = 40 and N = 80, the convergence rates are approximately 0.69, 1.26 and 2.44, respec-

tively. As α increases from 0.1 to 0.9, these rates improve to 0.753, 1.32 and 2.53. This trend

suggests that the method nearly achieves optimal second-order convergence as grid resolu-

tion of the grid improves. Similarly, Table 5.4 exhibits the convergence rates for the same

grid sizes N = 20, N = 40 and N = 80, which begin at 0.503, 0.971 and 1.96, respectively

and further increase to 0.553, 1.02 and 2.02 with the escalation of α from 0.1 to 0.9. These

results also indicate second-order convergence, consistent with the calculations derived from

equation (5.71). The uniformity of convergence rates across varying α values in both tables

underscores the robustness of the numerical method. This characteristic ensures consistent

performance regardless of the parameter α and highlights the reliability and precision of the

approach, particularly as the resolution of the grid improves.

α = 0.9 α = 0.5

Figure 5.1: The figure presents the numerical results obtained using the Crank-Nicolson

method, plotting Xn
f versus τn, with α = 0.9 on the left and α = 0.5 on the right.

The figures 5.1 present two graphs of Xn
f versus τn: the graph on the right corresponds

to α = 0.5, while the graph on the left also represents α = 0.9. These results were generated

using the Crank-Nicolson finite-difference scheme with N = 320, M = 80 and µ = 20. The

findings indicate that the effectiveness of the approach increases as the parameter values

become larger α = 0.5. This observation aligns with expectations, as α > 0.5 characterizes

scenarios in which increases in the underlying stock exhibit a persistent positive correlation.

Figures 5.2 and 5.3 illustrate the results obtained from the Crank-Nicolson finite differ-

ence scheme, presenting both the graphs 2D and 3D of vnm versus y, respectively. The graph

on the right corresponds to α = 0.5, while the graph on the left represents α = 0.9. These
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α = 0.9 α = 0.5

Figure 5.2: Maturity payoffs of an APO plotted as V versus τ for different values of α.

α = 0.9 α = 0.5

Figure 5.3: The figure shows the 3D plot of the numerical solution vnm, with α = 0.9 on the

left and α = 0.5 on the right.
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results were computed with the parameters N = 320, M = 80 and µ = 20. The analysis in-

dicates that the method demonstrates improved performance for larger α > 0.5 values.This

observation is consistent with expectations, as α > 0.5 reflects scenarios where increases in

the underlying stock exhibit a persistent positive correlation.

The Figure 5.3 represents the 3D profiles of the numerical solution vnm for different frac-

tional orders are illustrated in the above Figure, where the plot corresponds to α = 0.5. The

3D profiles of the numerical solution vnm for different fractional orders are presented in Figure

5.3, where the first surface corresponds to α = 0.9 and the second to α = 0.5. The figure

clearly illustrates the influence of the fractional parameter α on the behavior of the solution.

This is to clearly demonstrate the variation in solution profiles with respect to the fractional

order. As shown above, this is also to reveal how the fractional order parameter affects the

amplitude and smoothness of the solution surface.
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Author Research Focus and Methodology Key Findings and Strengths Limitations Identified Research Gap

Company

et al.

[43]

Front-fixing method for classical AOs; Numer-

ical analysis of front-fixing FD schemes

Validated convergence and stability for

classical free-boundary PDEs; Rigorous er-

ror analysis; computationally efficient

Limited to non-

fractional, non-jump

models

No extension to fractional/jump-diffusion

frameworks

Fazio et

al. [73]

Richardson’s extrapolation and error estima-

tor for APOs; Front-fixing finite difference

scheme with Richardson extrapolation

Improved accuracy via a posteriori error

estimation; validated convergence rates;

Explicit error control; efficient for classi-

cal BS models

Limited to integer-

order PDEs; no

fractional extensions

Lack of error estimators for fractional free-

boundary problems

Fazio et

al. [75]

Implicit finite difference method for APOs;

Front-fixing implicit FD scheme; nonlinear

solver (Newton-Raphson)

Stable convergence for free boundaries un-

der classical BS model; Robust for non-

smooth payoffs; handles early exercise con-

straints

Computationally in-

tensive for fine grids;

no stochastic volatility

No extension to fractional operators or multi-

asset models

Company

et al.

[44]

AOs under jump-diffusion models; Front-fixing

ETD (Exponential Time Difference) method

Stabilized scheme for jump-induced dis-

continuities; Handles jumps; robust for

non-smooth payoffs

High runtime for fine

grids; no fractional op-

erators

Integration of jumps with fractional calculus un-

explored

Kumar

et al.

[126]

Numerical computation of fractional BS equa-

tion; Finite difference method for fractional

PDEs

Solved fractional BS for EOs; Early work

on fractional BS; validated accuracy

Focused on EOs; no

free boundaries

No treatment of AOs or early exercise

Nuugulu

et al.

[163]

Robust numerical scheme for AOs under time-

fractional BS model; Front-fixing method

with finite differences; simultaneous bound-

ary/price solve; Consistent, stable, convergent

scheme for free boundaries in fractional PDEs

Handles non-locality of FDs; guarantees

positivity

First-order in time;

limited to time-

fractional models

Higher-order schemes, space-time fractional

models

Ali et

al.[8]

A Front Fixing Crank-Nicolson Finite-

difference for the APOs Model; front-fixing

method with finite differences; simultaneous

boundary/price solve;Consistent, stable, con-

vergent scheme for free boundaries in Caputo

fractional PDEs

Handles non-locality of Caputo Fabrizio

FDs; guarantees positivity

First order in time;

limited to time-

fractional models

Addressed gaps: Simultaneous Free Bound-

ary Computation under Fractional Calculus.

Remaining gaps: Higher-order schemes,

space-time fractional models; Future research

should integrate machine learning with stochas-

tic volatility models for precise, data-driven pa-

rameter estimation, enhancing accuracy and re-

alism.

Table 5.5: State-of-the-Art Research Gap Analysis for Fractional BS Models in AO Pricing
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A comparative summary of recent contributions in the field of fractional BS models for AO

pricing is presented in Table 5.5. The table highlights the current state-of-the-art approaches,

their methodologies and the specific research gaps that persist in this domain. Notably,

while several studies have introduced fractional-order formulations to capture memory effects

and market irregularities, most of them focus primarily on EOs and overlook the numerical

stability and convergence characteristics crucial for AOs. The proposed method in this work

addresses these gaps by providing a more robust numerical framework that ensures both

convergence and stability across varying fractional orders. This improvement reinforces the

reliability of the fractional BS model for practical financial applications.

5.6 Managerial and Policy Implications

This research introduces a transformation framework designed for financial professionals and

policymakers that addresses critical challenges in the pricing of AOs and risk management.

For portfolio managers, the integration of FC allows for precise valuation by concurrently

calculating optimal exercise boundaries and option premiums. This methodology effectively

captures long-range dependencies and non-local effects in asset price dynamics, thereby en-

hancing hedging strategies for volatile assets and complex derivatives[167, 184, 215, 103].

Furthermore, the front-fixing algorithm improves efficiency by minimizing computational

overhead while ensuring numerical stability [231, 65, 204, 45]. Financial institutions can

leverage this framework for real-time dynamic hedging of large portfolios, even among tur-

bulent markets [166, 11, 125, 118, 179, 56, 106, 183, 220] and for cost-effective evaluations

of path-dependent options, such as convertible bonds, without the need for computationally

intensive simulations.

From a regulatory point of view, the framework aligns with empirical market behav-

ior by incorporating memory effects and anomalous diffusion. This provides policymakers

with valuable tools to mitigate systemic risks in derivatives markets [194, 213, 195, 76, 150].

Its consistency and stability support standardized fair value measurements under regula-

tory frameworks, particularly for illiquid or long-dated options, where traditional models

often underestimate tail risks. In addition, its robustness improves stress testing protocols

for evaluating institutional resilience [151, 77, 170]. Regulatory pilots can also support the

development of innovative financial instruments, such as climate-linked derivatives, within

fractal-structured markets such as cryptocurrencies, fostering financial innovation while main-

taining regulatory oversight through rigorous validation.

Despite these advancements, persisting challenges require resolution, notably the compu-

tational complexity inherent to nonlocal fractional operators and the sensitivity in parameter
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calibration, particularly for fractional order α. Future research could investigate the inte-

gration of machine learning techniques for data-driven parameter estimation or combine this

framework with stochastic volatility models to improve realism. By bridging fractional cal-

culus with practical finance, this study lays the groundwork for more transparent, efficient

and resilient financial markets that will benefit industry practitioners and regulatory bodies

alike.

5.7 Limitations of the Study

The proposed numerical scheme offers significant advances in the pricing of AOs within the

tfBS framework; however, several limitations merit careful consideration.

A primary challenge arises from the computational complexity associated with the non-

local characteristics of FDs. Although the FFM reduces the necessity of iterative boundary

adjustments, the scheme’s reliance on dense matrix operations for time-fractional discretiza-

tion may adversely affect stability, particularly in high-dimensional or multi-asset contexts

[203]. Moreover, the accuracy is highly sensitive to the precise calibration of the fractional

order, which dictates the memory effects of the underlying process. Estimating this order

from market data presents challenges due to inherent noise and dynamism, potentially un-

dermining the reliability of the results [131].

Furthermore, the model presumes constant parameters such as interest rates, volatility

and dividend yields even if actual markets frequently exhibit stochastic or regime-switching

behaviors that remain unaccounted for within this framework [39]. The theoretical analysis

also assumes certain smoothness and differentiability conditions, including the differentia-

bility of the function up to order. However, these assumptions may not hold in markets

characterized by abrupt shocks or discontinuous price trajectories by limiting the method’s

applicability during periods of market turbulence. Although the numerical experiments were

carried out in line with theoretical expectations, they were performed under controlled pa-

rameters, necessitating further validation against real-market data, especially for long-dated

options or assets exhibiting heavy-tailed returns, to assess practical effectiveness.

This study predominantly employs Caputo’s FD; however, conducting a comparative

analysis using alternative fractional definitions, such as Jumarie’ or Riemann-Louville, [188]

could yield a more comprehensive theoretical foundation, as different frameworks of FC may

influence pricing accuracy. Lastly, although the method is specifically designed for APOs, ex-

tending it to encompass other option types, such as American calls or hybrid derivatives with

early exercise and path-dependent features, would require additional algorithmic refinements.
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5.8 Conclusion

Over the last decade, the field of financial modeling has made substantial advances, particu-

larly the introduction of various mathematical frameworks that aim to capture the complex

dynamics of financial markets. Among these, FC based models serve as a fundamental

tool, balancing the need to explain the intricate behaviors of stock market evolutions while

maintaining mathematical tractability. Despite the significant mathematical challenges as-

sociated with designing analytic solutions for fractional models, our work addresses this gap

by proposing a robust numerical scheme to solve tfBS equations to price APO contracts.

This study introduces a numerical approach rooted in the front-fixing algorithm, which

simplifies the inherent complexity of early exercise boundaries by transforming them into

fixed boundaries. This transformation enables simultaneous computation of optimal exercise

boundaries and the fair premiums charged for the options. The theoretical properties of

the proposed scheme consistency, stability and convergence up to order O(1,∆y2) have been

rigorously demonstrated. Moreover, the scheme guarantees the positivity and monotonicity

of the option premium solutions vmn and the free boundary Xn
f under all potential market

conditions.

To validate the theoretical assertions,a numerical experiment was conducted, simulating

a practical scenario of the APO with market parameters such as an interest rate of r = 0.10,

T = 1 and σ = 0.20. Importantly, our results align with findings reported in the existing

literature, underscoring the reliability and effectiveness of FC frameworks for modeling finan-

cial markets. From a broader perspective, this work supports the consensus that FC provides

a comprehensive framework for capturing and explaining stylized facts of market dynamics,

which often elude classical modeling approaches.

A particularly notable finding is that the proposed model delivers more accurate results

when the fractional order α > 0.5, consistent with the view that markets exhibit long

memory. Under such conditions, the underlying fractal processes display persistence and

positive correlation. Although the proposed method demonstrates robustness, efficiency and

accuracy in pricing AOs, it also opens avenues for future research. Upcoming efforts will focus

on calibrating similar fractional models to real-time market data and developing higher-order

numerical schemes to price both APOs and other financial instruments. By addressing these

challenges, we aim to further enhance the practical applicability and precision of FC based

financial models, contributing to the broader field of quantitative finance.



Chapter 6

Conclusion and Future Perspectives

6.1 Conclusion

This thesis primarily comprises two published papers in peer-reviewed international journals.

In Chapter 4, in this thesis, we first prove the existence and uniqueness of the solution to a

variable-order Caputo-Fabrizio FSDE driven by a multiplicative white noise, which describes

random phenomena with non-local effects and non-singular kernels. The EM scheme is

extended to develop the EM method and the strong convergence of the proposed method

is demonstrated. The main difference between our work and the existing literature is the

fact that our assumptions on the nonlinear external forces are those of one-sided Lipschitz

conditions on both the drift and the nonlinear intensity of the noise, as well as the proofs of

the higher integrability of the solution and the approximating sequence. Finally, to validate

the numerical approach, current results from the numerical implementation are presented to

test the efficiency of the scheme used in order to substantiate the theoretical analysis.

In Chapter 5, in this thesis, we present a novel approach to solving the APOs pricing model

by hugely relying on a front-fixing Crank-Nicolson FFM. Since the APO pricing model is a

widely used financial model for valuing an option with the right to sell an underlying asset

at a fixed price, which generally decided in advance. The method we proposed here, solves

the problem of early exercise by introducing a FFM that permits for efficient and accurate

valuation of an APO. As in the comparison to other approaches in the existing literature,

we can assert that this method is stable, accurate, consistent and efficient. The results that

we obtained here from the numerical experiments demonstrate not only the efficacy of the

proposed method but also in consistently and accurately pricing APOs with a stable scheme.

Under some appropriate conditions on the step size discretization, we also show the positivity

and monotonicity of the coefficient involved in the numerical scheme used.
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6.2 Future work

The importance of research into FSDEs, time FDE and their significance to future appli-

cations in financial derivatives warrants the continued study. Future work is presented in

distinct sections for each of the two interconnected papers.

6.2.1 Future work Strong Convergence of Euler-Type Methods for

Nonlinear FSDEs without Singular Kernel

i. High-Dimensional and Spatially Extended Systems The research can be ex-

tended to FSPDEs with spatial dependencies or multi-dimensional noise sources, such

as Lévy processes. Major challenges include addressing cross-correlated noise struc-

tures and anisotropic fractional operators in higher dimensions, which are particularly

relevant to turbulent fluid dynamics and spatially distributed biological systems.

ii. Advanced Numerical Algorithms Further work should focus on the development

of higher-order discretization schemes (e.g., Milstein methods, stochastic Runge–Kutta

techniques) and adaptive time-stepping strategies to enhance computational efficiency

in variable-order dynamics. A key research objective is to evaluate the trade-offs among

accuracy, stability and computational cost, with particular attention to behavior near

critical regimes where α(t) ≈ 1.

iii. Generalized Assumptions on Nonlinearities Relaxing traditional one-sided Lips-

chitz constraints would enable the framework to accommodate monotone, polynomially

bounded, or discontinuous coefficients. This line of research also encompasses the study

of FSDEs driven by jump-diffusion processes, such as Poisson noise, with a focus on

establishing well-posedness under weaker regularity conditions.

iv. Domain-Specific Modeling Applications The validated framework can be applied

across a range of domain-specific contexts to model anomalous transport phenomena.

In biophysics, it provides a means of capturing neuron firing dynamics where ion chan-

nel gating exhibits memory-dependent behavior. In quantitative finance, the approach

offers a robust foundation for option pricing under non-Markovian asset volatility, re-

flecting long-range dependence and market irregularities. Similarly, in materials science,

it enables the analysis of stress relaxation in viscoelastic polymers, where fractional-

order dynamics capture complex hereditary effects. Collectively, these applications

underscore the versatility of the framework and its potential to address fundamental

challenges in diverse scientific disciplines.
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v. Long-Term System Behavior Finally, research should investigate ergodicity, invari-

ant measures and asymptotic stability in non-singular kernel FSDEs. An important

aspect of this study is to characterize how variable-order fractional operators affect

steady-state distributions and convergence rates in dissipative systems.

6.2.2 Future work A Front Fixing Crank-Nicolson Finite-difference

for the APOs Model

i. Arbitrage-Free Fractional Option Pricing with Transaction Costs

This study extends the tfBS framework to incorporate transaction costs while enforcing

arbitrage-free conditions in fractional markets. The methodology integrates Leland’s

transaction cost adjustment into the fractional PDE and examines its implications for

option pricing and hedging strategies. By addressing the arbitrage limitations inher-

ent in fractional models, this work preserves the memory effects that distinguish FC

from classical approaches, offering a more robust pricing tool for illiquid or inefficient

markets.

ii. Empirical Performance of the tfBS Model in High-Volatility Regimes

This research evaluates the tfBS model’s accuracy in pricing options during extreme

market conditions (e.g., financial crises). Using historical high-volatility datasets, we

conduct comparative analyses between the tfBS model, classical BS and stochastic

volatility models (e.g., Heston). The results are expected to demonstrate the tfBS

model’s superior ability to capture tail risks and market anomalies, providing empirical

validation for its use in turbulent markets.

iii. Numerical Solutions for Multi-Asset Fractional BS Models

We develop efficient numerical methods for pricing multi-asset options (e.g., basket

options) under the Fractal Market Hypothesis. The methodology adapts FDM to solve

high-dimensional fractional PDEs, addressing computational challenges in multi-asset

derivatives. This extension enhances the tfBS framework’s applicability to correlated

asset dynamics, with implications for portfolio optimization and risk management.

iv. Deep Learning for Fast Pricing of Fractional PDEs in Finance

This work investigates PINNs to solve high-dimensional fractional PDEs efficiently. By

training PINNs to approximate tfBS-PDE solutions, we reduce computational costs

compared to traditional numerical methods. The proposed data-driven approach en-

ables real-time pricing of complex derivatives, offering scalability for high-frequency

and algorithmic trading applications.
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v. Time-Varying Fractional Derivatives in Asset Pricing

We introduce a dynamic tfBS model where the fractional order α evolves as a stochastic

or time-dependent process, α(t). The methodology integrates state-dependent FC and

calibrates α(t) using market data. This framework captures shifting market inefficien-

cies and regime changes more flexibly than constant-α models, improving adaptability

to economic fluctuations.

vi. Fractional Models for Cryptocurrency Option Pricing

This research adapts the tfBS model to price cryptocurrency options (e.g., Bitcoin),

which exhibit strong fractal properties. After calibrating the tfBS model to crypto

volatility surfaces, we compare its performance against jump-diffusion and stochastic

volatility models. The study addresses the limitations of traditional models in crypto

markets, particularly their inability to account for extreme volatility and long-memory

effects.

vii. Fractional Stochastic Volatility Models

This work unifies the tfBS framework with rough volatility models (e.g., fractional

Heston) to improve volatility dynamics modeling. The methodology combines fBM for

asset prices with fractional volatility processes, deriving closed-form approximations

or robust numerical solutions. By bridging fractal asset paths and rough volatility,

this integration enhances pricing and hedging accuracy for exotic and path-dependent

derivatives.

6.3 Recommendations

The importance of research into FSDEs, time FDEs and their significance to recommenda-

tion applications warrants the continued study. Recommendations are presented in distinct

sections for each of the two interconnected chapters.

6.3.1 Recommendations Strong Convergence of Euler-Type Meth-

ods for Nonlinear FSDEs without Singular Kernel

The recommendations arising from this study highlight several critical directions for ad-

vancing research in FSDEs. First, significant attention should be given to computational

infrastructure optimization. Implementing Graphics Processing Unit accelerated paralleliza-

tion techniques, such as Compute Unified Device Architecture, will be essential for efficiently

performing large-scale Monte Carlo simulations of high-dimensional FSDEs. In parallel, the

development of open-source, modular software libraries in Python or Julia, equipped with
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the EM scheme and its extensions, would enhance accessibility and foster broader adoption

within the scientific community.

On the theoretical front, further progress requires the establishment of weak convergence

rates for the EM scheme, thereby enabling reliable applications in financial and statistical

contexts such as derivative pricing. Additionally, rigorous analysis of pathwise solution reg-

ularity, particularly the Hölder continuity of solutions under variable-order Caputo-Fabrizio

operators, will contribute to a deeper mathematical understanding of the models.

Equally important are interdisciplinary validation studies, which should involve close col-

laboration with domain specialists. Such efforts would enable benchmarking of model pre-

dictions against experimental data, for example in polymer rheology and electrophysiological

recordings. Furthermore, comparative studies evaluating the performance of the EM scheme

against emerging machine learning-based solvers, such as neural SDEs, are vital for assessing

accuracy and scalability in high-dimensional applications.

Finally, advancing FSDE modeling will benefit from algorithm–hardware co-design. In

particular, hardware-aware optimizations, including Field-Programmable Gate Array based

acceleration and the potential use of quantum computing architectures, should be explored

to address the memory-intensive requirements of non-singular kernel operations. Collectively,

these recommendations emphasize the importance of integrating computational innovation,

theoretical rigor, interdisciplinary validation and hardware-aware design in order to establish

a robust foundation for future research and applications.

6.3.2 Recommendations A Front Fixing Crank-Nicolson Finite-

difference for the APOs Model

Accurately modeling financial markets under conditions characterized by extreme volatility

and fractal dynamics remains a significant challenge in modern quantitative finance. This

complex problem requires a multidimensional research approach that combines advanced

mathematical theories, computational innovations and rigorous empirical validation. The

application of FC in market analysis offers profound insights into phenomena such as long-

memory effects, non-Gaussian return distributions and extreme tail risks features that con-

ventional financial models tend to underestimate or overlook.

This study highlights the substantial potential of tfBS models to improve option pricing

accuracy and enhance risk management frameworks. Nonetheless, several practical obstacles

must be addressed to realize their full utility. These include issues related to arbitrage

opportunities, high computational demands and challenges in model calibration. To facilitate

the broader adoption and continued refinement of fractional models, the following strategic

recommendations are proposed.

For financial institutions and regulatory bodies, it is imperative to undertake compre-



135

hensive empirical validations of tfBS models, leveraging high-frequency market data, espe-

cially during periods of financial stress and crises. Such validation efforts will help establish

the predictive reliability and practical robustness of these models. Furthermore, regulatory

frameworks should be updated to include standardized protocols for trading FDs, encom-

passing mechanisms for arbitrage mitigation, transaction cost modeling and adjustments for

market frictions.

Within the quantitative research community, fostering interdisciplinary collaboration

among financial mathematicians, computational finance experts, data scientists and machine

learning specialists is crucial. Such collaboration will accelerate the development of efficient

numerical methods capable of solving high-dimensional fractional PDEs. Moreover, research

should focus on hybrid modeling strategies that integrate the tfBS framework with stochastic

volatility models, jump diffusion processes and rough volatility dynamics, thereby capturing

a richer spectrum of market behaviors.

Regarding financial data infrastructure, enhanced accessibility to high-quality market

data is essential. This includes detailed intraday volatility surfaces, limit order book dynamics

and high-frequency price series. Additionally, the establishment of centralized repositories

for fractal market metrics such as standardized calculations of the Hurst exponent, memory

effect quantifications and scaling property analyses will provide valuable resources for both

researchers and practitioners.

Policy makers and funding agencies are encouraged to promote strategic partnerships

between academia, the financial industry and technology providers. Such collaborations are

vital to accelerate the translation of FC research from theoretical frameworks into practical

applications. Priority should be given to funding initiatives focused on fractional modeling

applications in emerging markets, cryptocurrency valuation and systemic risk assessment,

areas where traditional models frequently fall short.

While acknowledging current limitations related to computational complexity and cal-

ibration precision, fractional models represent a paradigm shift in financial mathematics.

This research underscores the urgent need to incorporate FC principles into mainstream

quantitative finance methodologies. Enhanced cooperation between theoretical researchers

and industry practitioners will ensure that modeling frameworks evolve in parallel with the

increasingly complex and dynamic nature of global financial markets. The development of

robust and scalable fractional pricing models will be pivotal to maintaining the relevance,

accuracy and effectiveness of financial risk management in the decades ahead.
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