
A study of synchronisation in the classical

phase-oscillator model of an electrical power grid

by

CHRISTIAAN OLIVIER

submitted in accordance with the requirements

for the degree of

MASTER OF SCIENCE

in the subject

PHYSICS

at the

UNIVERSITY OF SOUTH AFRICA

SUPERVISOR: Professor A. E. Botha

February 2026



Declaration

Name: Christiaan Olivier

Student Number: 59417471

Degree: Master of Science (Physics)

I declare that the dissertation “The use of classical phase-oscillator models in electrical

power systems” is my own work and that all the sources that I have used or quoted

have been indicated and acknowledged by means of complete references, and that any

use of Artificial Intelligence (AI) has been fully disclosed.

I further declare that I submitted the dissertation to the appropriate originality detec-

tion system which is endorsed by Unisa and that it falls within the accepted require-

ments for originality.

I further declare that I have not previously submitted this work, or part of it, for exam-

ination at Unisa for another qualification or at any other higher education institution.

I further declare that where Artificial Intelligence (AI) tools have been used in the

preparation of this thesis/dissertation, their use has been limited to ethical permissible

support, has been fully disclosed, and does not replace my own original research, my

independent critical thinking and analysis, or authorship responsibilities.

I understand that failure to disclose AI use, plagiarism and/or lack of academic integrity

may constitute academic misconduct under Unisa’s policies.

SIGNATURE DATE

ii

8th of June 2026



Dedication

To my mother.

iii



Acknowledgments

I wish to express my deepest gratitude to Prof. A. E. Botha for his guidance along this

journey. Were it not for his patience and invaluable feedback, I would still have known

very little about academic writing. I would also like to extend my sincere thanks to

the Department of Physics for paying my M.Sc. registration fees, as well as the various

administrators at Unisa, particularly those of the HPC facility, who ably assisted me

whenever I had queries.

Finally, I am grateful to my friends and family for their moral support in this time,

especially my mother, who passed away during the writing of this dissertation.

iv



Abstract

In this work, we study synchronisation in power grids using a classical phase oscillator

model that can be thought of as a variant of the famous Kuramoto model for coupled

phase oscillators. In the recent literature, the connection between a Kuramoto-like

model and power grids has been made by Filatrella, Nielsen and Pedersen. Here,

we will show that this connection goes much further back, to the so-called Classical

Model of power grids that was introduced in 1951 by the work of Boast and Rector.

We also observe that in 2018, Arinushkin and Anishchenko developed a Kuramoto-

like model for power grids in which, for the first time, there appear non-negligible

phase-lag parameters as a result of the Kron reduced approximation. Although a single

phase-lag (or frustration) parameter had been introduced much earlier in the so-called

Kuramoto-Sakaguchi model (from 1986), Arinushkin and Anishchenko were the first to

introduce multiple phase-lag parameters into a Kuromoto-like model for power grids.

Unfortunately, our attempts to replicate their results soon revealed that they used a

too-large, fixed time step for the numerical time integration of their equations, and that

this led them to make several erroneous conclusions about the grid which they modelled.

Therefore, in Chapter 3, we give a detailed critique of the 2018 paper by Arinushkin

and Anishchenko. Then, in a follow-up work by Arinushkin and Vadivasova, from

2021, we observe that use was made of nonlinear damping to control the synchronicity

of the Kron reduced grid. In this case, we were able to reproduce all the results

of Arinushkin and Vadivasova. We were able to develop a more efficient proportional

control scheme, based on the global order parameter. Our proposed control scheme and

its results were presented at the 2023 International Conference on Electrical, Computer,

and Energy Technologies (ICECET). The resulting conference proceeding is included

here, in slightly revised form, as Chapter 4. Finally, in Chapter 5, we provide a brief

summary of our main findings and some suggestions for future work.

Key terms: Electrical power grids, Kuramoto model, Frustration, Control meth-

ods, Damping, Classical Model, Kron reduction
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Chapter 1

Introduction

In recent decades, there has been a shift towards incorporating alternative power sources

into existing power grids. Such sources include those derived from photovoltaic cells

and wind, as opposed to those based on traditional fossil fuel and nuclear fission re-

actions. This shift has resulted in an increased reliance on a large number of small

power stations, rather than on a small number of large power stations. The problem of

achieving synchronicity in grids composed of a larger number of heterogeneous sources

is obviously more challenging than it was in traditional grids. Another problem created

by the incorporation of renewable energy sources is the inherent intermittent nature of

some of the power sources, like wind turbines. Intermittent renewable energies cannot

be inserted easily into full scale engineers’ models. Since it is infeasible to test the

effects of adding different power sources directly to real power grids, one is forced to

rely on specialised mathematical models, like those based on the Kuramoto model, to

investigate the viability of such extended networks.

Due to its current technological relevance, power grid modelling has now become

a highly competitive field with a vast surrounding literature. To provide a clearer

overview of all the various aspects involved, the following literature review has been

grouped into the relevant section headings of this chapter.

One of the key requirements to avoid the collapse of power grids, is their ability to

operate stably in a synchronous mode. Specifically, the generators in a power network

need to be phase-synchronised. This refers to the case where the rotational phase

velocities of the generators in the network are all the generators in the network are

equal. [1]
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In this work, we study the synchronisation of power grids as networks of phase

oscillators. In particular, we will consider variants of the Kuramoto model [2]. Since

1975, when Kuramoto developed his now-famous model, the model itself, and numerous

variants of it, have been used in a wide variety of fields. Thus, we begin our literature

review by discussing some basics about network theory (Sec. 1.1.1), and the Kuramoto

model and some of its variants (Sec. 1.1.2). In Sec. 1.1.3, we explain what it means

for a power grid to be synchronised, and the different types of synchronisation that

can exist. In Sec. 1.1.4, we discuss the effect of frustration on synchronicity within a

power grid. Then, in Sec. 1.1.5, we establish an important link between the so-called

Classical Model for power grids and the more recent Kuramoto model with inertia and

added frustration elements. In Sec. 1.1.6, we discuss some control methods that have

been used to establish synchronicity in power grids, including the intelligent (smart)

grids that are discussed in Sec. 1.1.7. Next, in Sec. 1.1.8, we consider some of the

literature surrounding cascading failures that can occur in certain situations. As an

interesting example of non-intuitive network behaviour, in Sec. 1.1.9, we give a brief

account of Braess’ paradox, before discussing the important question of multistability,

in Sec. 1.1.10. Since certain variants of the Kuramoto model have become paradigms

for studying the unusual synchronous behaviour, called a Chimera state, Sec 1.1.11 gives

a necessary, yet brief, overview of how these states may be related to power grids. For

completeness, in Sec. 1.1.12 we discuss briefly the role of stochastic modelling, which

goes beyond the scope of the present work. Finally, Section 1.1 ends with a discussion

about the availability of real-world data on power networks, as well as examples of

software packages that are useful for generating synthetic data.

The main problem statement of this exploratory thesis is provided in Section 1.2.

1.1 Literature Review

1.1.1 Complex Network Theory

Complex networks are ubiquitous in nature and appear in a wide variety of contexts;

such as, neural networks [3], food webs [4], metabolic networks [5], networks of movie

actors linked by mutual appearances [6], and of course, power grids.

In network theory, a network is simply a collection of nodes and connections. Every

connection connects a pair of nodes. Within the context of electrical power grids, the
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nodes and connections that make up the network can be characterised as follows.

• Node diversity: Power grids consist of consumer nodes and generator nodes. The

amount of power that a node produces or consumes corresponds to its detun-

ing from the reference axis, which typically has a frequency of 50 Hz or 60 Hz,

depending on the geographic region.

• Topology: This refers to how the nodes in a network are connected to each other.

Sometimes, a network is centralised, as in the case where more traditional power

sources such as coal and nuclear are used. In other cases, such as when renewable

power sources are integrated into existing networks, the topology becomes more

decentralised.

• Connection diversity: Refers to the strength of the coupling between consumer

and generator nodes. Power grids generally have a high connection diversity, since

the transmission lines connecting generators to consumers can typically range

from 400 kV to 220 V.

1.1.2 Kuramoto Model

In 1975, Kuramoto [2] developed a mathematical model for describing the synchronisa-

tion of a population of coupled non-linear oscillators. This model has since been applied

to numerous fields [7, 8], including:

• Josephson junctions: In 1996, Wiesenfeld et al. [9] discussed how one can ap-

ply the Kuramoto model to an array of Josephson junctions. They described

two transitions, one to partial synchronisation, and the other to complete phase

locking of the array.

• Rhythmic applause: In 2000, Néda et al. [10] wrote a paper on the synchronisation

of applause. They studied the phenomenon of an audience transitioning from

incoherent, asynchronous clapping to clapping in sync. It was found that this

phenomenon could be modeled using the Kuramoto model.

• Laser arrays: In 2003, Vladimirov et al. [11] studied the behaviour of an array

of oscillators at some critical coupling strength, above which the system becomes

unstable. They discussed how the system could be simplified by reducing it to a

phase model, which yields the Kuramoto model.

4



• Neural networks: In 2007, Cumin and Unsworth [12] described how the Kuramoto

model can be adapted to model neural networks. They suggested incorporating

time-varying natural frequencies and time-varying coupling strengths in the model

to accommodate the adaptive nature of neurons in the brain. Later that year,

Maistrenko et al. [13] published a similar discovery regarding the application of

the Kuramoto-model to neural networks. In 2021, Berner et al. [14] identified a

link between the Kuramoto model as it is applied to neural networks and power

grids. Specifically, they proved that phase oscillilator models with inertia are a

class of adaptive networks.

The Kuramoto model reads as follows:

θ̇i = ωi +
K

N

N∑
j=1

sin(θj − θi)

There are N oscillators, each categorised by its phase, θi, and its natural frequency,

ωi. The coupling strength between oscillators is denoted by K. We consider a network

to be synchronised if, for every pair of oscillators i and j in the network, θi − θj

is constant. The oscillators are coupled in such a way that they synchronise if their

natural frequencies are close to each other and/or the coupling strength is large enough.

Higher order interactions

There have been cases where the effects of higher order interactions were investigated.

These include the effects of second- [15, 16] and even third-order [17] interactions. For

example, in 2016, Grzybowski et al. [15] studied the effects of second order interactions

in the Kuramoto model with inertia, specifically as it pertains to power grids. Addi-

tionally, in a 2022 study by Bick et al. [17], they investigated the Kuramoto model in

the case of third order interactions.
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These typically involve something like the following equation [17]:

θ̇i = ωi +
K1

N

N∑
j=1

sin(θj − θi)

+
K2

N2

N∑
j=1

N∑
l=1

sin(2θj − θl − θi)

+
K3

N3

N∑
j=1

N∑
l=1

N∑
m=1

sin(θj − θl + θm − θi)

Kuramoto model with inertia and its application to power grids

In 1997, Tanaka et al. [18, 19] proposed a modified version of the Kuramoto model

which accounts for inertia. The papers do not explicitly mention power grids. Rather,

they mention the Kuramoto model being applied to Josephson Junctions and biological

systems, such as the synchronous firing of Asian fireflies, circadian rhythms, and heart

beat generation. In 2008, Filatrella et al. [20] applied a similar model to power grids.

They modelled the individual power generators and consumers as oscillators. The model

introduced by Filatrella in Eq. (16) in his paper reads as follows:

mθ̈i + βiθ̇ = ωi +K
N∑
j=1

aij sin(θj − θi) (1.1)

The phase θi and the natural frequency ωi are relative to a reference frame rotating

at 50Hz or 60Hz, depending on the utility frequency of the power grid. m is the

coefficient for the inertial term and βi is the damping coefficient for the ith oscillator.

In the context of power grids, m is related to the mass of the rotors in the generators.

The adjacency matrix aij determines whether two nodes are connected. If the nodes i

and j are connected, then aij = 1, if not connected, aij = 0.

1.1.3 Synchronisation

In this work, we use the term “synchronisation” to refer to what is typically called

“phase synchronisation”. There are however various types of synchronisation. [21] These

include frequency synchronisation, phase synchronisation, and full synchronisation.
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A network of oscillators is said to be frequency synchronised if the time-averaged

frequencies of the oscillators in the network are related by some multiple. Phase syn-

chronisation is a special case of frequency synchronisation where, as mentioned before,

the phase differences between the oscillators in the network are constant. Full synchro-

nisation is a special case of phase synchronisation where the phases of all the oscillators

in a network coincide. When applied to power networks, the synchronisation of the

voltage phases and frequencies of every generator in a grid ensures that the AC signals

do not exhibit destructive interference instead of constructive interference. From the

perspective of the consumer, this would manifest itself as fluctuations in the amount of

power supplied by the grid.

In the context of the Kuramoto model, the term “synchronisation” typically refers

to phase synchronisation. We thus use the term in this sense for the remainder of this

work. There are many factors that can influence the propensity of a power grid to

synchronise, including:

• Intermittency of power sources: Renewable power sources such as wind and pho-

tovoltaic cells exhibit fluctuations in their power production due to changing

weather conditions. [22] This can impede synchronisation in a power network.

The effects of these fluctuations were investigated in a 2016 study by Anvari et

al. [22] They proposed using time-delay feedback control as a solution.

• Network topology: This includes decentralised topologies, which are typical when

renewable sources are integrated into a power grid. In a 2012 paper by Rohden et

al. [23], they discussed the advantages and disadvantages of a decentralised grid.

It was found that, although decentralised grids are more vulnerable to dynam-

ical perturbations, they are more resistant to topological failures. In 2014, the

same authors [24] discussed the benefits of decentralising a power grid with lower

transmission line capacities. They found that centralised networks require higher

coupling strengths to achieve spontaneous synchronisation than decentralised net-

works.

• Frustration: In the context of Kuramoto-like models, frustration refers to a phase-

lag added to the sinusoidal coupling term. Frustration tends to prevent a network

from synchronising. [25] In 2023, Botha et al. [25] investigated the effects of frus-

tration on a network of 500 oscillators by adding frustration to the coupling term

through a single parameter. They found that adding frustration brought about

strong hysteresis and multistability in a power grid. That being said, under cer-

tain circumstances, frustration may actually help induce synchronisation [26].
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A common measure of the degree to which a network is synchronised is the order

parameter [27]. It is typically defined by the following equation:

r =
1

N

∣∣∣ N∑
k=1

eiθk
∣∣∣ (1.2)

The order parameter, r, is equal to 0 when the network is completely desynchronised,

and r = 1 when the network is fully synchronised.

1.1.4 Frustration

In 1986, Sakaguchi et al. [28] developed what would later be known as the Kuramoto-

Sakaguchi model. They added a phase shift, δ, in the sinusoidal coupling term of the

original Kuramoto model, leading to the equation

θ̇i = ωi +
K

N

N∑
j=1

sin(θj − θi + δ), where |δ| ≤ π

2
. (1.3)

The added parameter, δ, is called the phase-lag or frustration. The term frustration

dates back to a 1983 study by Teitel and Jayaprakash [29] on phase transitions in

frustrated two-dimensional XY models. In the context of the Kuramoto model, it can

be thought of as a phase-lag in the coupling between oscillators. In 2015, Nishikawa

and Motter [30] discussed the effects of frustration on power grids. They noted that it

is related to the admittance of the transmission lines. However, they described these

effects as negligible since the impedances of the transmission lines in a real power grid

would be almost purely inductive. In 2023, Botha et al. [25] investigated the propensity

of a power grid to synchronise at different levels of frustration and coupling strength.

They argued that, despite being typically small in power grids, frustration should not

be neglected, since even very small levels of frustration have been shown to affect the

behaviour of a neuronal network [3, 31]. It was found that adding frustration to a dilute

power grid generally impedes its synchronisation, as one might expect.

Some of the few publications that have addressed the effects of frustration on

power networks were written by Arinushkin et al. [32–34] In 2018, Arinushkin and An-

ishchenko [32] incorporated frustration in their analysis of a power grid by introducing

an admittance matrix. This allows one to specify the admittance for each transmis-
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sion line in a grid and, consequently, the frustration in the coupling term for each link

in the network. They obtained their data from the MATPOWER software package

(https://github.com/MATPOWER/matpower). They then applied what is known as

Kron reduction, which yielded a smaller matrix describing a simplified system. See

Chapter 3 for a critique of this paper.

Although the presence of frustration typically makes a network less likely to syn-

chronise, strategically adding frustration as a form of feedback control can aid in the

synchronisation of a network. For example, in a proceeding we wrote in 2023, [26] we

investigated the effects of adding frustration to networks of oscillators. The proceeding

was based on an article by Arinushkin and Vadivasova [33] where they applied damping

as a control method to induce synchronisation in a network. In our case, we applied

proportional control such that the frustration was varied according to the order param-

eter of the network. The more asynchronous the network was, the more frustration was

added. We found that in certain cases frustration can make an otherwise bi-stable net-

work synchronous or asynchronous. Bi-stability refers to the case where a network may

or may not synchronise, depending on the initial conditions. In other words, frustration

can make a network less sensitive to initial conditions.

1.1.5 Classical Model

The basic generator–load model underlying the Kuramoto approach was already studied

in detail by Francesco Tricomi [35] in 1933. The model is equivalent to a Josephson

junction and to a pendulum. Although the original paper was written in Italian, it

can be appreciated that the fundamental results of the running phase that amounts to

a linear term plus some periodic function, with a period uniquely determined by the

speed of the linear term, is rigorously derived in Eq. (31) through time normalization

(29).

Although Filatrella et al. [20] were the first to make an explicit link between the Ku-

ramoto model with inertia [18, 19] and power grids, this connection, in fact, goes much

further back. In 1951, Boast and Rector [36] applied the system of swing equations,

9



M1
d2δ1
dt2

= Pi1 − E2
1Y11 cos θ11 − E1E2Y12 cos(θ12 − δ1 + δ2)− . . .

− E1EnY1n cos(θ1n − δ1 + δn)

M2
d2δ2
dt2

= Pi2 − E2
2Y22 cos θ22 − E2E1Y21 cos(θ21 − δ2 + δ1)− . . .

− E2EnY2n cos(θ2n − δ2 + δn) (1.4)

Mn
d2δn
dt2

= Pin − E2
nYnn cos θnn − EnE1Y12 cos(θn1 − δn + δ1)− . . .

− EnEn−1Yn(n−1) cos(θn(n−1) − δn + δn+1)

to a “multimachine system”.

They derived this system of equations from a system proposed by Kimbark [37] in

1948. The system of equations (1.4) is a generalisation of Eq. (1.1) and Eq. (1.3) .

Furthermore, it is more general, since it includes non-uniform inertial terms, coupling

strengths, and phase-lags (frustration). In the literature on power grids, the model

developed by Boast and Rector has become known as the Classical Model. Thus, in

a mathematical sense, the Kuramoto model can be viewed as a special case of this

Classical Model model.

1.1.6 Control schemes

Power grids, in general, routinely rely on different forms of external control to prevent

instabilities from developing into catastrophic failures. The forms of external interven-

tion can range from manual switching to those based on data gathered by sensors in

so-called smart grids. However, one can apply some sort of internal control method to

a network to allow it to synchronise. In the case of power networks, one must consider

how these control methods may be practically implemented. Various methods have

been proposed for facilitating synchronisation in a network of oscillators, such as:

• Proportional control via damping: In 2021, Arinushkin and Vadivasova [33] dis-

cussed the application of proportional control via damping to the Kuramoto with

inertia. The amount of damping applied was varied depending on the order pa-

rameter (r in Eq. (1.2)). Although this can be a very effective means of aiding

in synchronisation, it does have the drawback of introducing dissipation in the

network.
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• Proportional control via a phase-lag (frustration): In a 2023 proceeding [26], we

studied proportional control via phase-lag. We applied this control method the

same system that was studied in the paper by Arinushkin and Vadivasova [33].

We also varied the phase-lag depending on the order parameter. This type of

control can be practically realised by adding capacitance to a line.

• Time-delayed feedback control: In 2016 Anvari et al. [22] proposed using time-

delayed feedback as a method of control for fluctuations due to intermittent power

sources in a grid. Practically, this involves adding some sort of energy storage

system, like a battery, to the network.

1.1.7 Intelligent (smart) grids

The integration of various technologies into modern power grids has led to the emergence

of the smart grid. Many of the defining characteristics of smart grids were discussed in

a 2012 survey by Fang et al. [38] They described these new and improved digital grids

as using two-way flows of electricity and information to form an adaptive, self-healing,

distributed network of generators and consumers. In a 2017 study by Morello et al. [39],

they described the use of advanced sensing systems and smart sensors to monitor the

state of a power network. Based on this information, one could then apply some type

of external control to the network. In other words, smart grids can react in real time

to changes in power consumption and generation. In more conventional grids, manual

monitoring is generally used.

One of the defining features of smart grids is the integration of renewable power

sources. [40], which leads to them having a a decentralised topology. In 2014, Pagani

and Aiello [41] studied the evolution of complex network topologies in smart grids. They

described how the decentralised nature of smart grids could facilitate a decentralised

energy market.

Security and vulnerability to attack

There are also drawbacks associated with smart grids. Due to their digital nature,

they are more vulnerable to cyber attacks than conventional power grids. In 2011,

Mohsenian-Rad and Leon-Garcia [42] categorised cyber attacks as attacks targeting

generators, consumers, and distribution & control. The latter type of attacks disrupt
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the systems that monitor and control the power grid. An example can be seen in

a 2012 paper by Rahman and Mohsenian-Rad [43], in which they investigated the

vulnerability of smart grids to false data injection attacks. In another paper on false

data injection attacks by Liu et al. [44], they discuss how these attacks involve the

injection of erroneous data into smart grid monitoring systems. They described how

attackers can introduce arbitrary errors in the state variables of a power grid, leading

to faulty state estimations.

In addition to cyber attacks, there are also other types of attacks to consider, such

as, for example, electricity theft [45]. In 2019, Li et al. [46] discussed how one can

mitigate the losses caused by electricity theft. They suggested the use of some type of

deep learning model with which electricity theft could automatically be detected. This

type of theft can take the form of fraud, unpaid bills, billing irregularities, or simply

physically stealing the electricity with illegal connections [45].

1.1.8 Network Cascades

A cascading failure (also known as a network cascade) is a phenomenon in which a

relatively small event triggers a chain reaction that leads to the failure of a large part

of a network [47]. These cascades can have significant consequences in the real world.

Therefore, developing models to identify the portions of a network that are vulnerable

to these triggers has been an area of interest [48–51].

The vulnerability of some part of a grid is related to its topology. In 2019, Schäfer

and Yalcin [52] discussed the topological features that typically lead to network cas-

cades. They found that centralised networks are more likely to trigger these types of

failures than decentralised ones. This was also confirmed in a 2017 article by Yang

et al. [53], in which they discussed how small but topologically central portions of a

network are more vulnerable to large network cascades.

In 2016, Witthaut et al. [54] classified links as critical or stable based on their

redundant capacity. This is a measure of how much power the network can reroute

through nearby links if a link fails. Links that have a low redundant capacity are

referred to as critical. These links make ideal targets for attacks since their failure

typically triggers a cascading failure in a network.
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1.1.9 Braess’ Paradox

The phenomenon now known as Braess’ paradox was originally observed by D. Braess

in his 1968 paper on traffic planning ( [55], originally in German, but translated to

English in 2005 [56]). As noted by Witthaut and Timme [57] in a 2012 paper, Braess

found that closing a road in a traffic network can alleviate traffic congestion rather

than exacerbating it. In their paper, Witthaut and Timme [57] observed that Braess’

paradox also applies to power networks. They found that, although adding links to a

network usually enhances the stability of a network, the addition of a specific link may

actually have a destabilising effect.

1.1.10 Multistability

Sometimes, a network can have multiple steady states, in which case there is a risk

of a sudden transition between states occurring [58]. In the context of power grids,

these transitions can correspond to blackouts. This phenomenon is referred to as mul-

tistability. The existence of these states have historically been difficult to determine

analytically. Thus, they have generally been identified numerically. In 2017, Manik et

al. [59] investigated multistability in networks using the Kuramoto model and swing

equation dynamics. They presented an algorithm to compute all the phase-synchronised

states of a network, both stable and unstable. In 2019, Balestra et al. [58] presented an

analytical method for finding the multistability in lossy power grids and oscillator net-

works. At the time, analytic results for multistability were limited to idealised networks

with negligible Ohmic losses, or networks with radial topologies without loops.

1.1.11 Chimera States

In 2002, Kuramoto and Battogtokh [60] investigated the “coexistence of coherence and

incoherence in non-locally coupled phase oscillators”. This refers to the phenomenon

where some of the oscillators in a homogeneous network are synchronised, whilst the

rest of the oscillators behave chaotically. In 2004, Abrams and Strogatz [61] described

the same phenomenon and referred to it as a chimera-state. These states occur when

the network is neither globally (all-to-all) nor locally coupled. It requires some sort

of non-local coupling, i.e. networks where the coupling strength decays with distance

between oscillators. [62]. Furthermore, it should be noted that the oscillators need to
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be identical and frustration needs to be present for a chimera state to occur.

In 2015, Olmi et al. [63] observed intermittent chimera states in otherwise synchro-

nised networks of oscillators modelled using the Kuramoto model with inertia. Later

that year, Olmi [64] studied these networks for different values of inertia. She found

that intermittent chimera states occur only at large inertia, whilst small inertia yielded

quasi-periodic chimeras. In 2024, Deng and Ódor [65] explained how the European high-

voltage power grid network can exhibit behaviour that they refer to as “chimera-like

states”, and which occur in heterogeneous networks. In these heterogeneous networks,

the chimera-like states occur without the usual phase-lag parameters [65].

1.1.12 Stochastic Models

In recent years, renewable power sources have been integrated into power grids. The

variability in power output from these sources exacerbates the already stochastic stochas-

tic nature of power grids due to the variability in user demand, disrupting the operation

of a grid. In 2018, Tumash et al. [66] discussed the effects of intermittent power sources

on a grid. The grid was modelled using a Kuramoto model with inertia. They simulated

intermittent power sources by adding Gaussian white noise to the network. Depending

on the intensity of the noise added, this induced a frequency-locked state, chimera state,

or even aided in the synchronisation of a network. In fact, transient events in the order

of seconds can lead to failures in large parts of a grid. [67] The magnitude of these

disturbances can depend on response times, repair times, and, in the case of renewable

power sources, even weather. For example, in 2018, Haehne et al. [68] showed that even

atmospheric turbulence can cause disruptions in a network.

1.1.13 Data Availability

Data related to power grids can be categorised as real-world data or synthetic data.

Real-World Data

Real-world data related to power grids are relatively scarce. Many articles use data that

are not publicly available. Examples of open-source datasets on power grids include

the following:
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• Main continental European transmission network: In 2013, Hutcheon and Janusz [69]

presented an updated model for a power flow model of the main continental Eu-

ropean transmission network. (http://www.powerworld.com/bialek)

• US power grid: There exists an open source dataset for the US power grid

(http://www.konect.cc/networks/opsahl-powergrid/).

• Nordic power grid: In 2021, Kumar et al. [70] presented an open-source model of

the Nordic transmission grid.

• European high-voltage power grid: There exists a dataset, known as SciGrid, on

the European high-voltage power grid.

(https://www.power.scigrid.de/pages/downloads.html)

Synthetic Data

There have been cases where realistic networks were generated based on synthetic data.

In 2016, Wang et al. [71] presented an algorithm for generating synthetic power system

data with what they call “small-world electric” topologies. In the same year, Elyas and

Wang [72] conducted a statistical analysis of transmission line capacities. The synthetic

data in these cases were derived from real-world data.

A number of software packages have been written to simulate power networks. These

include:

• PowerDynamics.jl: In 2022, Plietzsch et al. [73] presented an experimentally vali-

dated free, open-source software package written in Julia for the dynamical anal-

ysis of power grids. (https://github.com/JuliaEnergy/PowerDynamics.jl)

• Powerfactory: A program that allows the user to conduct real-time simulations

of power systems, including distributed power systems.

(https://www.digsilent.de/en/powerfactory.html)

• Powerworld: A wide range of products used by transmission planners, power

marketers, system operators. (https://www.powerworld.com)

• Matpower: A software package of free, open-source MATLAB-language functions

for simulating and optimising steady-state power system problems.

(https://github.com/MATPOWER/matpower)
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• Simulink: A program developed by Mathworks to simulate power systems.

(https://www.mathworks.com/products/simulink.html)

We also investigated test systems as possible sources of data on power grids, includ-

ing line impedances and power generated. A test system is a reference system to which

other power system benchmarks are compared. Its purpose is to test reliability evalua-

tion techniques. It is not a typical system. Rather, it is a hybrid of the different power

systems one may encounter. One of the most commonly used test systems is the IEEE

Reliability Test System - 1996, also known as RTS-96 [74]. It is an updated version

of an older test system, RTS-79 [75]. RTS-96 includes extensive information such as

line lengths, line voltages, weekly peak load, bus types, etc. In a 2019 review article

by Peyghami et al. [76], they mention several test systems, each with its own niche

applications. Unfortunately, these systems did not provide the data we were looking

for.

1.2 Problem Statement

The purpose of this work is to explore how classical phase-oscillator models, including

variants of the Kuramoto model, have been used in recent times to study the syn-

chronicity in power grids. In particular, we will make use of the Kuramoto model

with inertia and added frustration element to investigate under what circumstances

simplified models of power grids may, or may not, synchronise.

During the course of our literature review, we have already identified the similarities

between Kuramoto-like models which are currently being used to model power grids,

and the system of swing equations (Eq. (1.4)), already proposed by Boast and Rec-

tor [36] in 1951. As we have shown, this Classical Model is essentially the same as the

Kuramoto model with inertia [18, 19]. Although the latter model dates back to the late

1990’s, it was not directly linked to studies of power grids until much later (2008) [20].

Interestingly, when Kuramoto developed his model in the 1970’s, he was apparently

unaware of the more general Classical Model [36] that already existed for power grids.

In retrospect, and perhaps in a mathematical sense only, the Kuramoto model can be

viewed as a special case of the Classical model.

In what follows, we show that some of the results given in the 2018 paper by Ar-

inushkin and Anishchenko [32], for a reduced system of three generators, are in fact

incorrect. Here, we have chosen to concentrate on this work because it is one of the
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few works in which the phase-lag (frustration) parameters are non-negligible due to the

reduction scheme that was used to simplify the model. Details about this scheme and

other mathematical aspects that are relevant to this dissertation are provided in Chap-

ter 2. In Chapter 3, we specifically show that Arinushkin and Anishchenko [32] made

use of a too-large, fixed time-step in their numerical time integration method. This

introduced noise in the plots, which led them to make several erroneous conclusions

about the simplified grid which they studied. We recreated their simulations using a

proper numerical time-integration method. This method ensures proper convergence

of the numerical solution and highlights the importance of always cross-checking the

accuracy of any obtained numerical solutions.

In Chapter 4, we evaluate various methods of control on a network of ten generators,

based on the 2021 paper by Arinushkin and Vadivasova [33]. We test the efficacy of

varying damping and varying phase-lag as control methods to establish and maintain

synchronisation in a relatively small grid (N = 10). Most of the material in Chapter 4

has been published in Ref. [26], i.e., the proceedings of the 2023 International Conference

on Electrical, Computer and Energy Technologies (ICECET), at which the work was

presented.

Chapter 5 concludes the dissertation by summarising and discussing the main find-

ings, as well as suggesting possible avenues for future research in this highly-competitive

field.
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Chapter 2

Methods

2.1 Introduction

In this chapter, we provide a more detailed description of the mathematical models and

methods that form the basis for the simulations that are performed in the subsequent

chapters. We begin with a short overview following the description of phase reduc-

tion theory given by Nakao [77]. Phase reduction refers to a scheme used to reduce

the description of multi-dimensional limit cycle behaviour down to a single dynamical

variable, which we refer to as its phase. One can apply phase reduction to a power

generator to reduce it to a phase oscillator where the phase refers to the phase of the

AC voltage being output by the generator. It follows that one can reduce a power

network to a network of phase oscillators. This allows one to model power grids using

variants of the famous Kuramoto model [2]. Next, we introduce the basic terminology

from network theory that is required to describe power grids. We then discuss Kron

reduction theory. Kron reduction allows us to simplify a complex network by reducing

the number of nodes. [78] This leads to the optimised model that was used by Ari-

nushkin et al. [32, 33], which we examine in more detail in Chapter 3. The chapter

ends with a discussion on the computational methods one can use to speed up these

simulations.
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2.2 Phase reduction theory

The state of a system can be represented as an M-dimensional state space

X = (X1, .., XM)

where X is a real vector [77]. The dynamics of the system can then be described by

d

dt
X(t) = F(X)

where t is the time and

F(X) = (F1(X), ..., FM(X))

is a vector field that depends on X. Note that, for our purposes, we are only considering

autonomous systems. Thus, F does not explicitly depend on t. We say that X0(t) is

a point in a periodic orbit if there exists some T , such that X0(t + T ) = X0(t), where

T denotes the period of the orbit. The natural frequency of the system would then be

defined as ω = 2π/T .

If the periodic orbit is in a neighbourhood where there are no other periodic orbits,

we refer to it as a limit cycle [79]. It follows that limit cycles must be either attractive or

repulsive, but for our purposes we will only consider the case where they are attractive.

In Fig. 2.1, we see an example of an attractive limit cycle. The presence of a limit cycle

in a state space allows us to define the phase θ of a point X with the function Θ(X)

where

θ = Θ(X) and 0 ≤ θ < 2π.

We can define Θ by firstly defining it on the limit cycle as

Θ(X0(t)) = ωt (mod 2π).

We can extend the domain of Θ to the rest of the basin of attraction by defining

Θ(X(t)) to be equal to Θ(X0(t)) whenever X(t) converges to X0(t) as t → ∞.

19



Figure 2.1: An example of a limit cycle. The limit cycle (the red circle) lies in

a basin of attraction such that the trajectories (blue) in that basin converge to-

wards it. (Wikipedia contributors, November 27 2025. Limit cycle. Wikipedia.

https://en.wikipedia.org/wiki/Limit cycle)

Phase reduction can be used to reduce various complex systems found in nature. For

example, in his original work, Kuramoto [2] applied phase reduction to a “temporarily

organised” chemical system by modelling it as an ensemble of macroscopic phase oscil-

lators. Phase reduction has also been applied to neuroscience. In 2007, Maistrenko et

al. [13] used phase reduction to obtain a simplified model of neuronal dynamics. They

then applied the Kuramoto model with synaptic plasticity to investigate the multista-

bility of systems of neurons. In their paper, rather than keeping track of the spike in

the voltage of the neuron (as is typical in neuronal models), they reduced the state the

neuron to a single phase. Coincidentally, in the same year, Ren and Zhao [80] conducted

a similar study on a system of phase oscillators representing a neurological system.

20



Another example of a system that is amenable to phase reduction is that of a

power generator. Like a neuron, a power generator is also a very complicated nonlinear

system. [81] One could apply phase reduction to such a system by defining the phase

as quite literally being equal to the phase of the output voltage of the AC signal of

the generator. In that case, the phase would depend on the power generated by the

generator itself, as well as the load (complex impedance) imposed by whatever the

generator is connected to.

2.2.1 Link to power grids

Since a power generator can be reduced to a phase oscillator, it follows that a network

of power generators (in other words, a power grid) can be reduced to a network of phase

oscillators. Such networks can be studied through the lens of network theory.

For those not familiar with the network terminology, we provide some textbook

definitions by Harris [82]:

Node: (or in graph theory, a vertex) A connection point in a network.

Edge: (or in graph theory, an edge) A connection between a pair of nodes.

Node degree: The number of edges connected to a node. (See Fig. 2.2)

Average node degree: The sum of the node degrees of all the nodes in the

network divided by the number of nodes in the network.

Path: A sequence of edges that connects nodes in a particular order.

Distance: The minimum possible number of edges in a path connecting a pair

of nodes.

Global (all-to-all) coupling: A network is globally coupled (all-to-all) if there

is an edge connecting every pair of nodes in the network. That is, each node is

connected to every other node in the network.

Cluster: A subnetwork of nodes and edges with a higher average node degree

than the average node degree of the whole network. Quantitatively, clustering

is measured by the clustering coefficient. (See the equation for the clustering

coefficient in section 1.2.3 of Harris’ book. [82])
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Small world network: A network with a high clustering coefficient and low

distances.

When applied to power grids, each node corresponds to a power generator, while

the edges between nodes correspond to power lines. We model the phase of the rotor

in the corresponding power generator. Fig. 2.2 represents a network of 10 oscillators.

Figure 2.2: A network of 10 nodes for which every node has a degree of 6.

In reality, the topologies of power grids are not quite as regular as portrayed above.

Rather, there tend to be some random connections present. Thus, they can be classified

as small-world topologies. [83]

2.2.2 Basic definitions

The impedance of an electrical circuit can be defined by the equation Z = R + jX,

where the complex quantity, Z, is the impedance, R is the resistance, and X is the

reactance. X is made up, in general, of the capacitive reactance and the inductive

reactance such that X = XL −XC , where XL is the inductive reactance and XC is the

capacitive reactance. These quantities are related to the inductance and capacitance

by the formulae

XL = 2πfL and XC =
1

2πfC
.

Note that both XL and XC depend on the frequency of the applied voltage. The voltage

leads the current by the phase of the impedance, ϕ, given by
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ϕZ = arctan

(
X

R

)
.

The admittance, Y , refers to the reciprocal of the impedance, that is Y = 1/Z.

Voltage (V), current (I), and admittance (Y) are related by I = Y V . It follows that

the phase of the admittance is given by

ϕY = −ϕZ = − arctan

(
X

R

)

In other words, the phase of the admittance, ϕY , indicates how much the current

leads the applied voltage.

2.2.3 Kron Reduction

We can represent the admittance of the connections between nodes in an electrical

network with an admittance matrix Y, where the admittance between nodes j and k is

denoted by Yjk. Note that this is a symmetrical matrix of dimensions n× n where n is

the number of nodes in the network. The currents, voltages, and admittances between

the different nodes are related by the by the matrix equation

I = YV (2.1)

where I and V are n×1 column matrices representing the currents and voltages. [78]

Suppose that we have a network where the current in some of the nodes are zero. To

perform Kron reduction, we firstly rearrange the nodes such that the lowest entries of

I are zero. Next, we rewrite Eq. (2.1) as

[
IA

IX

]
=

[
K L

LT M

][
VA

VX

]

where every entry of IX is zero.

It follows that

IA = KVA + LVX (2.2)
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and IX = LTVA +MVX . (2.3)

Subtract LTVA from both sides of Eq. (2.3) and then multiply both sides by M−1

on the left, taking into account that IX is zero. This yields

−M−1LTVA = VX .

Substitute the above expression for VX into Eq. (2.2).

IA = KVA − LM−1LTVA

= (K− LM−1LT )VA

Thus, the new reduced admittance matrix, relating VA to IA can be expressed as

Y = K− LM−1LT . (2.4)

This procedure is known as Kron reduction. If we were to apply Kron reduction,

one node at a time, we could rewrite Eq. (2.4) as

Yjk(new) = Yjk(old) −
YjnYnk

Ynn

. (2.5)

Here is an example of Kron reduction being applied to an admittance matrix.

Example

Note that in this example, the diagonals are printed in red for the sake of legibility.

Consider the following admittance 4× 4 admittance matrix:
−i9.8 0.0 i4.0 i5.0

0.0 −i8.3 i2.5 i5.0

i4.0 i2.5 −i14.5 i8.0

i5.0 i5.0 i8.0 −i18.0


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Applying Eq. (2.5) to every every entry of the above matrix will remove the fourth

node, yielding the following matrix:−i8.4111 i1.3889 i6.2222

i1.3889 −i6.9111 i4.7222

i6.2222 i4.7222 −i10.9444


If we were to reapply this procedure so that we remove the third node, we are left

with [
−i4.8736 i4.0736

i4.0736 −i4.8736

]
.

In the above example, we reduced a four-node network to a two-node network. In

their 2018 [32] and 2021 [33] papers on power grids, Arinushkin et al. applied Kron

reduction to admittance matrices using MATPOWER [84] to reduce the number of

equations in the systems that had to be solved. We cover their work in the following

two chapters.

2.2.4 On Kron Reduction and Frustration

We denote the phase of the admittance between nodes j and k with αjk such that

Yjk = |Yjk|eiαjk .

The frustration between nodes j and k is given by

γjk = αjk −
π

2

where γjk corresponds to the frustration elements. [30] If we incorporate this frus-

tration term into the Kuramoto model with inertia (Eq. (1.1)) in the same way as we

introduced frustration in Eq. (1.3), we have

mj θ̈j +Dj θ̇j = ωj −
N∑
k=1

Kjk sin(θj − θk − γjk). (2.6)
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In Eq. 2.6, we rearranged the signs to match the equations in the papers discussed

in Chapters 3 and 4 [32, 33]. Note that we use a non-uniform coupling strength Kjk

between the jth and the kth oscillators.

Frustration is related to the phase of the admittances between the generators and/or

consumers in a network. In 2015, Nishikawa [30] argued that since the imaginary parts

of the admittances are “mostly positive and much larger than the real parts” (which

corresponds to a phase-lag of γij ≈ 0), frustration can be ignored.

However, we argue that given even a small real part for the admittance, the phase-

lags in a network may become significant once Kron reduction has been applied. For

example, consider the following admittance matrix where there is a non-zero real part

in the admittance between the first and the third oscillator.

 −i8.4111 i1.3889 0.1 + i6.2222

i1.3889 −i6.9111 i4.7222

0.1 + i6.2222 i4.7222 −i10.9444


We then apply Kron reduction.[

0.1137− i4.8745 0.0431 + i4.07359

0.0431 + i4.07359 −i4.8736

]

In this particular case, eliminating the third node changed the phase of the ad-

mittance between the first and second node from α12 = π
2
to α12 = 1.56022. This

corresponds to the frustration changing from γ12 = 0 to γ12 = −0.0105763.

If one were to eliminate several nodes with non-zero real parts in their admittances,

it could lead to the reduced matrix having quite large real parts, leading to non-trivial

levels of frustration in the network.

The justification for applying Kron Reduction is that it saves time by reducing the

number of nodes in a network, since the simulation time scales quadratically with the

number of nodes. The non-trivial frustration elements that appear in the model as a

result of the Kron reduction do not significantly increase the simulation time.
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2.2.5 Computational Methods

Integrating over large systems usually requires a lot of time and computational power.

In order to make such simulations faster and less computationally expensive, one

typically employs some sort of optimisation method. For example, one could use

some kind of precompiled library for frequently run functions in a Python script.

One such example can be seen in a 2023 paper by Botha et al. [25], where they

used the Dormand-Prince routine dopri5 made available through the Python module

scipy.integrate. Scipy (scipy.org) is a library built on top of Python’s core numerical

library Numpy (numpy.org), which is used for array-manipulation and linear algebra.

Alternatively, one could use the open-source just-in-time (JIT) Python compiler

NUMBA (numba.pydata.org), as we did in our work. NUMBA translates a subset of

Python and NumPy code into machine code. This allows one to achieve a similar level

of performance to that of lower level languages like C or Fortran, without the need

to switch to another language. In addition to its use in research, NUMBA has been

shown to have applications for small hardware devices. For example, in 2024, Clemente-

López et al. [85] found that NUMBA could be used to speed up the code execution of

encryption schemes running on IoT devices.
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Chapter 3

Critique of the 2018 paper by

Arinushkin and Anishchenko

The first step to modelling power grids is developing codes that solve the governing

equations accurately and in a reasonable amount of time. This becomes especially

challenging upon adding frustration to a model. Few publications have addressed the

effects of frustration in power networks [25, 32, 33]. In this chapter, we critique one

such paper by Arinushkin and Anishchenko [32]. They derived what is referred to as

an effective model (EN) by reducing a larger network through Kron reduction. As

Nishikawa and Motter [30] describe in a 2015 paper, an effective network consists only

of generator nodes, whilst the loads are modelled as constant impedences. In the paper

by Arinushkin and Anishchenko, the network consists of only three generators.

In order to test our codes, we tried to replicate their plots. We used RK45 from

the scipy.integrate Python sub-package as our numerical integration method. However,

we could not reproduce their results. We identify the problems with their work. In

particular, we point out that the numerical noise in their plots is due to their use of

too large a time-step. They used the following Kuramoto-like equation to model the

system:

2Hi

ωR

δ̈i +
Di

ωR

δ̇i = AEN
i −

ng∑
j=1,j ̸=i

KEN
ij sin(δi − δj − γEN

ij ) (3.1)

The parameter values were defined as follows (see Fig. 3.1 for reference):
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AEN
i is related to the power generated by the ith oscillator.

Hi is the inertia of the ith oscillator.

Di is the damping term for the ith oscillator.

ωR is the reference frequency of the system (in rad/s).

KEN
ij is the coupling strength between the ith and the jth oscillator.

γij is the frustration in the coupling between the ith and the jth oscillator.

δi is the oscillator’s phase relative to the synchronous axis.

To clarify, AEN
i is not directly proportional to the power generated by the ith gen-

erator, Pg,i. Rather, it is related to Pg,i by the equation AEN
i = Pg,i − |Ei|2GEN

ii , where

Ei is the voltage of the ith generator in the reduced network, and GEN
ii is the real part

of the admittance Y EN
ii [30]. The term −|Ei|2GEN

ii accounts for the omitted term in the

summation, where i = j.

Figure 3.1: ωRt is the phase of the synchronously rotating axis (red) relative to the

reference axis (black). θ is the phase of the oscillator (blue) relative to the reference

axis (black). δ is the oscillator’s (blue) phase relative to the synchronous axis. (red)

In Ref. [32], the inertia, coupling strengths, levels of frustration, and power generated

differed for each oscillator. We constructed a similar system with slightly different

parameter values to test whether we could replicate their findings. The parameter values

for the system were A1 = −0.2276, A2 = 2.2349995, A3 = 0.5635, H1 = 23.64, H2 = 6.4,

H3 = 3.01, Di = 50, ωR = 314.1593, K12 = 1.7089, K13 = 1.3361, K23 = 1.184,
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γ12 = −0.1875, γ13 = −0.1694, and γ23 = −0.1964. In addition, we use Xi to denote the

initial phase of the ith oscillator. In their case, they let X2 = 2.0944 and X3 = 4.1889.

X1 is varied for the figures.

They rewrote Eq. (3.1) as the system of equations:

ẋi = yi

ẏi =
(
Ai −

ng∑
j=1,j ̸=i

Kij sin(xi − xj − γ)− Di

ωR

yi

) ωR

2H

Here they replaced δi and δ̇i with xi and yi respectively, and omitted the EN super-

scripts.

3.1 Evolution of phase velocities and the impor-

tance of an appropriate time step size

In their paper [32], Arinushkin and Anishchenko used a time step size of 0.2. Using

a time step of 0.2 in our system, where X1 = 0, as seen in Fig. 3.2 (a), yields a plot

in which the system synchronises. Using an adaptive time step that reduces the time

step size until some error tolerance is met, as seen in Fig. 3.2 (e), yields a plot in

which the system remains asynchronous. This demonstrates the importance of using

an appropriate time step size when plotting the evolution of the system. Furthermore,

this calls into question the validity of their results.
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Figure 3.2: Plots of phase velocities over time for different time step sizes and initial

conditions. The bottom two figures refer to the cases where an adaptive time step is

used with an absolute and relative error tolerance of 1.0× 10−13. (a) X1 = 0 , h = 0.2.

(b) X1 = 3.0 , h = 0.2. (c) X1 = 0 , h = 0.1. (d) X1 = 3.0, h = 0.1. (e) X1 = 0.

Adaptive time step. (f) X1 = 3.0. Adaptive time step.

3.2 Basins of stability

In the following figures, we plot the regions for which the system synchronises. When-

ever the time to synchronise exceeds the transient time of 200 time units, we consider

the system to be asynchronous.

3.2.1 Effects of initial conditions on synchronisation

According to Ref. [32], the system is sensitive to changes in the initial conditions, i.e.

the initial phases of the oscillators. In Fig. 3.3, we plot the regions for which the system
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synchronises over ranges of the phases of the first and second oscillators. The parameter

values are the same as for Fig. 3.2, except that A2 = 1.1668. This makes the parameter

values for Fig. 3.3 identical to that of one of the systems that they tested (Fig. 4 in the

original paper).
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Figure 3.3: Maps of the synchronous (blue) and asynchronous (white) regions for the

system over the phases X1 and X2. X3 is set to 0. We vary the damping Di and the

timestep h for each plot. (a) Di = 50. Adaptive timestep. (b) Di = 10. Adaptive time

step. (c) Di = 50. h = 0.2. (d) Di = 10. h = 0.2.

The parameter values for the system in Fig. 3.4 are A1 = −0.2276, A2 = 1.7238,

A3 = 0.5635, H1 = 23.64, H2 = 6.4, H3 = 3.01, Di = 50, ωR = 314.1593, K12 = 1.7274,

K13 = 1.333, K23 = 1.1982, γ12 = −0.1912, γ13 = −0.1726, and γ23 = −0.1959. These

match the parameter values of another system that they tested (Fig. 5 in the original

paper).
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Figure 3.4: Maps of the synchronous (blue) and asynchronous (white) regions for the

system over the phases X1 and X2. X3 is set to 0. We vary the damping Di and the

timestep h for each plot. (a) Di = 50. Adaptive timestep. (b) Di = 10. Adaptive time

step. (c) Di = 50. h = 0.2. (d) Di = 10. h = 0.2.

These plots confirm that whether or not a system synchronises depends partially on

its initial conditions. We found that, whenever the system does synchronise, the time

to synchronise is roughly inversely proportional to the damping constant, ranging from

20 timesteps when the damping constant is set to 50, to 120 timesteps for a damping

constant of 10. Note that it is unnecessary to vary X3. This is evident when we observe

that
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ẏi =
(
Ai −

ng∑
j=1,j ̸=i

Kij sin(xi − xj − γ)− Di

ωR

yi

) ωR

2H

=
(
Ai −

ng∑
j=1,j ̸=i

Kij sin(xi + α− xj − α− γ)− Di

ωR

yi

) ωR

2H

=
(
Ai −

ng∑
j=1,j ̸=i

Kij sin((xi + α)− (xj + α)− γ)− Di

ωR

yi

) ωR

2H

This proves that if we were to increase every phase xi in the system by the same

amount α, ẏi would remain unchanged. Similarly, ẋi would be unaffected since we

did not alter the phase velocities yi. Thus, the evolution of the whole system remains

unaffected if we offset all the initial phases by the same amount.

Consider a system with initial phases (x1, x2, x3). Suppose x3 is increased by α.

The initial phases would then be (x1, x2, x3 + α). We can decrease all three phases by

α without any change in the behaviour of the system. Thus

(x1, x2, x3 + α) = (x1 − α, x2 − α, x3 + α− α) = (x1 − α, x2 − α, x3)

Therefore, varying X3 is unnecessary in Fig. 3.3 and Fig. 3.4.

3.2.2 Differentiating between quasi-periodicity and chaos

We also differentiated between the chaotic and quasi-periodic states of the system by

analysing its Lyapunov exponents. To calculate the Lyapunov exponents, we use the

standard WSSV algorithm [86]. For this purpose, we again used RK4 with the adaptive

time stepping. By combining this data with plots generated for the periodicity of

synchronous states we can construct a plot where the synchronous, quasi-periodic, and

chaotic regions of the system are visible.
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Figure 3.5: Maps of the synchronous (sync), quasi-periodic (QP), and chaotic (chaos)

regions for the system over the phases X1 and X2. X3 is set to 0. (a) The parameters

correspond to the system for Fig. 3.3. (b) The parameters correspond to the system

for Fig. 3.4.

3.2.3 Discussion

In their paper, Arinushkin and Anishchenko [32] attempted to test whether the initial

phases of the oscillators determined whether or not their three-generator network syn-

chronises. Their plots indicated that the initial conditions do in fact play a role in the

synchronicity of the the network. However, in our attempt to replicate their results, we

found problems in their work. For example, the plots of Fig. 4 in their paper, which

corresponds to the system described in Fig. 3.3, indicate that the synchronicity of the

system with the damping set to Di = 50 is sensitive to initial conditions. Our plots in

Fig. 3.3 (a) and Fig. 3.3 (b) show this not to be the case. Furthermore, the time-step

of h = 0.2 that they used was too large, as can be seen when we compare the noisy plot

for the fixed time-step of h = 0.2 in Fig. 3.3 (b), with the plot for a dynamic time step

in Fig. 3.3 (d).

We repeated similar tests in Fig. 3.4, corresponding to Fig. 5 in their paper. These

plots indicate the same flaws as mentioned above. This highlights the importance of

choosing an appropriate time-step size when simulating continuous dynamical systems.
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Chapter 4

Evaluation of proportional and

nonlinear damping control schemes

in an optimised power grid

4.1 Introduction

One of the key requirements to avoid cascading failures, i.e. blackouts, in power trans-

mission grids, is their ability to operate stably in a synchronous mode [1, 52, 87]. In

recent times, however, growing demands made on existing power grids, such as, increas-

ing loads and pressure to incorporate more environmentally-friendly energy sources, like

wind and solar [22], have threatened to collapse entire grids. In South Africa, for exam-

ple, in order to avoid a complete collapse, very high levels of so-called “load shedding”

have had to be implemented, at a huge cost to the economy [88]. In this context,

the study of electrical power grids, with the view of developing better future grids (as

discussed in [89], for example), is a national priority, if not a priority for mankind in

general.

In an attempt to improve the stability of synchrony in smart grids, several studies

have attempted to incorporate different forms of control. Following the detailed ap-

proach, Singh and Pak [90] have proposed a decentralised method for nonlinear control

of oscillatory dynamics in power systems. Their method ensures that there is both

transient stability and small-signal stability in the network by using an optimal con-

trol law, derived within the general framework of nonlinear control by using normal
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forms. Taher et al. [91] have also suggested the use of time-delayed feedback control,

to improve stability. Recently, Arinushkin and Vadivasova [33] have demonstrated that

nonlinear damping can prevent the asynchronous behaviour of oscillators and increase

the stability of the grid with respect to intermittent fluctuations. They made use of

an optimised model in which the consumer dynamics have been eliminated from con-

sideration, thereby reducing the total number of equations required to describe the

power grid [30]. In this model, the nonlinear coupling results in a dependency between

the power of the rotors, and the natural frequency with which they tend to rotate; in

much the same way as the frequency of a simple pendulum becomes dependent on its

amplitude, for large angle (nonlinear) oscillations. The nonlinearity in the damping

coefficient was introduced in such a way that the energy damping in each oscillator

depended on its rotation frequency. Such a control scheme; however, had a strong

dissipative effect on the connected power rotors, which could lead to overheating and

failure [33].

In what follows, we apply a proportional control scheme that was successfully used

by Sieber et al. [92] to stabilise chimera states in a system governed by, essentially, the

Kuramoto-Sakaguchi model without any inertial terms. We will show that this form of

reactive power control [93] is also able to stabilise a power grid and that it may offer

some advantages in comparison to the nonlinear damping control method described

in [33].

4.2 Model and Methods

We consider the model presented in [33], for which the dynamical equations for δj (the

phase of each rotor relative to the reference phase, ωRt), are given by

2Hj

ωR

δ̈j +
Dj

ωR

δ̇j = Aj −
ng∑

ℓ=1,ℓ̸=j

Kjℓ sin(δj − δℓ − γjℓ) (4.1)

where Hj and Dj represent the inertia and damping of the jth oscillator, respectively.

In this model, Aj is the rotor power output and the matrices Kjℓ and γjℓ set the

strength and phase shift of the coupling between rotors j and ℓ, respectively. The actual

instantaneous frequency of each rotor is given by the formula fj = 0.5(δ̇j + ωR)/π. We

make use of the numerical values for the Aj, Kjℓ and γjℓ, given in Tables 3-5 of [33],

for ng = 10. In [33] the inertia coefficients Hj = H were assumed to be equal, allowing

H to be used as one of two control parameters; the other being the power generated by

the 5th oscillator, Pg,5. Here, for the purpose of comparison, we do the same.
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Instead of exercising control on the system through the addition of nonlinear damp-

ing to all ten rotors, i.e. via Dj = D0j + k|δ̇j|, as given by Eq. (9) of [33], we apply

a proportional control scheme similar to that used in [92] to try to stabilise the syn-

chronous state of the system. In our case, we apply the control law,

D5 = D0 − η [r(t)− r0] , (4.2)

only to the 5th rotor. Here, D0 = D0j = 50 is the constant component of the damping

coefficient (assumed, as in [33], to be the same for all the rotors),

r(t) = n−1
g |

∑ng

k=1 e
iδk(t)| is the global order parameter (r(t) = r0 = 1 for full syn-

chronisation), and η is the damping control gain parameter [92].

Additionally, we investigate the effect of controlling the phase-lags relative to the

5th rotor, according to the proportional control law,

γ5ℓ = γ0 5ℓ − ξ(r(t)− r0). (4.3)

Here, the symbols γ0 5,ℓ = γ0 ℓ,5 refer to the original values specified in the Table 5 of [33]

and ξ is the phase-lag control gain parameter. In [92] a similar control scheme was

used to stabilise chimera states in the Kuramoto-Sakaguchi model without the inertial

terms, i.e. the terms proportional to Hj in Eq. (4.1). For a chimera state to exist,

all the oscillators in the system must be identical. For that reason, the unperturbed

phase-lags considered in [92] were all equal and the same form of control law, as given

by Eqs.(4.2) or (4.3) (cf. Eq. (6) of [92]), was applied to all the oscillators.

To investigate the effects of Eqs. (4.2) and (4.3) on the different possible synchroni-

sation regimes of the system (4.1), we followed the same methodology described in [33].

For each pair of control parameters (H,Pg,5) we evolved the system for 200 time units,

starting from the same 15 randomly chosen initial conditions in the range δ ∈ [−π, π]

and δ̇ ∈ [−100, 100]. For convenience we parameterised the values of Aj linearly, ac-

cording to the values given in Table 3 of [33], as Aj = 0.009827Pg,j − 0.65251. At the

end of the time integration, we recorded the three possible regimes: 1. – if the system

synchronised for all 15 initial conditions, i.e. ˙⟨δj⟩t = constant, ∀j = 1, 2, . . . , ng. 2. – if

the system was bi-stable in that it only synchronised for some of the initial conditions.

3. – if the system did not synchronise for any of the initial conditions.

As a tolerance for detecting the frequency synchronisation regime 1, we used σ <

10−13, where σ is the standard deviation of the set of time averaged frequencies:

{ ˙⟨δj⟩t | j = 1, 2, . . . , ng}. To compute the time averages, ˙⟨δj⟩t, we sampled the last

100 time units of the system’s trajectory, at fixed intervals of 0.2 time units.
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Because the system of Eqs. (4.1) was found to be stiff in some cases, we used the

lsodamethod provided by Python’s ode interface from the sub-package scipy.integrate

to obtain the systems time evolution [94]. This method switches automatically between

the implicit Adams method (for non-stiff problems) and a method based on backward

differentiation formulas for stiff problems. We set the relative and absolute integration

error tolerances in lsoda to 10−12.

4.3 Results

We first apply the proportional control scheme via the damping constant of the 5th

rotor, as given by Eq. (4.2). Fig. 4.1 shows
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Figure 4.1: Regime maps of the network of nonlinear oscillators discussed in [33], show-

ing the effect of increasing η in the proportional control effected by Eq. (4.2), on syn-

chronicity within the grid at (a) η = 0 (no control), (b) η = 1, (c) η = 5 and (d) η = 8.

Here the control parameters are the inertia parameter H and the output power of the

5th rotor Pg,5, with: 1 - area of the synchronous mode (blue); 2 - area of bi-stability

(yellow); 3 - area of asynchronous behaviour of one or more oscillators (orange).
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the effect of increasing the control gain parameter, η, on the synchronisation regimes

occurring withing the 2-dimensional control parameter space. Fig. 4.1 (a) corresponds

to the case of no control, and is qualitatively the same as Fig. 1 of [33]. A comparison of

Figs. 4.1 (a)-(d) shows that the region of synchronisation (1–blue) expands significantly

with increasing η. The region corresponding to the asynchronous mode (3-orange)

shrinks rapidly with increasing η, as can be seen in Fig. 4.1 (b), and in fact completely

disappears for η ⪆ 1 (not shown). For η = 5, as seen in Fig. 4.1 (c) the remaining

bi-stable region (2-yellow) has shrunk further and become more fragmented, being

interspersed with many small areas of synchronous behaviour. This trend continues

as η increases further to η = 8, as see in Fig. 4.1 (d), until the whole region become

completely synchronous for η ⪆ 10 (not shown). The results of Fig. 4.1 may be easily

compared to those of [33] and such a comparison shows that the proportional control

scheme given by Eq. (4.2) is equally effective as applying nonlinear damping control to

all the rotors.

The main advantage of Eq. (4.2) is that it only acts on one of the rotors, which

means that it introduces far less dissipation into the system than the nonlinear damping

scheme of [33].

In Fig. 4.2 we again investigate the effect of applying proportional control via

Eq. (4.2), but this time we look in detail at the time dependence of the phases δj,

as the system evolves from one specific initial condition, chosen from the random set

of 15 that was used previously. (See, Sec. 4.2.) The modulo of the phases, shifted to

lie between −π and π, is represented by the range of colours indicated along the colour

bars in Fig. 4.2 (the same for all figures). If the oscillators were fully synchronised,

we would see the same repeating phase for each oscillator, forming a repeating series

of different colours aligned horizontally, with time increasing in the vertical direction.

Phase synchronous behaviour (which implies frequency synchronisation, i.e. ˙⟨δj⟩t =

constant) shows up in these figures as fixed shifts between the sequences of colours rep-

resenting phases of each rotor, labelled 1 to 10 on the horizontal axes. In Fig. 4.2 (a)

we see the case of no control, corresponding to the (yellow) point (H,Pg,5) = (5, 400)

in Fig. 4.1 (a). In this specific case the system does not synchronise and the higher

frequency is maintained by the 5th rotor, in comparison to all the other rotors, for

which Pg,j = 200 (j ̸= 5). We see also that the slower group of rotors do behave coher-

ently, in that they reach a state in which their time averaged frequencies are practically

the same, giving the appearance of phase synchronisation. When control is applied at

the level of η = 1, as show in Fig. 4.2 (b), the higher frequency of the 5th rotor is

rapidly pulled down towards that of the others, and the system as a whole becomes

synchronised, within 1-2 seconds. Although one cannot conclude it by merely looking
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Figure 4.2: The time evolution of the instantaneous phases δj(t) for j = 1, 2, . . . , ng.

The colour scale indicates the mod of each phase, between −π and π. In (a), no

control is exercised (η = 0) and consequently the 5th rotor, for which Pg,5 = 400 does

not synchronise with the others, for which Pg,j = 200, j ̸= 5. In (b), the damping

control gain parameter for the 5th oscillator is set to η = 1 at t = 0, causing the

system to synchronise after a short transient time (approximately 1 to 2 seconds). In

(c), no control is exercised for the first 5 seconds of the simulation; thereafter η =

2 is implemented, but the system does not synchronise, even after a long time. In

(d), η = 3 control is implemented after the first five seconds (as in c), but this time

the larger control gain does bring about synchronisation after a short transient time

(approximately 2 to 3 seconds). These behaviours are discussed in more detail in the

main text. Other parameters are: ng = 10, H = Hj = 5 for j = 1, 2, . . . , ng, D0 = 50,

and ωR = 2π × 50.
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at Fig. 4.2 (b), an analysis of the data for this figure shows that the system is in fact

also phase synchronised.

We have also tested the effect of applying the control after the system has evolved

for different times. For such cases the control is not as effective as when it is applied

right from the outset, at t = 0. In Fig. 4.2 (c) we see, for example, a case when no

control was exercised over the first 5 seconds. Thereafter, the control gain parameter

was set to η = 2, which is twice the value used in (b), using the same initial condition.

Despite the larger value of η, the delay in the application of the control causes the

system not to become synchronised. This behaviour may be attributed to the onset

of coherence among the other oscillators (j ̸= 5), which tends to push up the value of

r(t) for the system, closer to r0 = 1, thereby effectively reducing the amplitude of the

proportional control. To confirm this hypothesis, we performed the same experiment as

in (c), with systematically increasing values of η. By the time η reached approximately

3, the delayed application of the control was indeed successful in synchronising the

network, as shown in Fig. 4.2 (d).

We can see the difference between Fig. 4.2 (c) and (d) in more detail by examining

the time dependence of the order parameter and the time averages of the rotors, as is

shown in Fig. 4.3. In Fig. 4.2 (a) we see that, shortly before the control is switched

on, the order parameter is oscillatory, and oscillating about a mean value of about

0.9, with amplitude ≈ 0.1. Since the control is proportional to (r(t)− 1), the effective

proportional control being applied at t = 5 is only about 10% of η.

This is much smaller than in the case when the control is applied at t = 0, before

the order parameter settles down into oscillatory behaviour. Hence, in Fig. 4.3 (a) we

see that, after the control has been switched on at t = 5, the system with the larger

control (η = 3, given by the blue solid line) becomes synchronised with r(t) = 0.9843,

while the r(t) for the η = 2 system (shown by the red dashed line), continues to oscillate

about ⟨r(t)⟩t = 0.8551. In Fig. 4.3 (b), the time averaged frequencies are shown for

the same two cases over the interval t ∈ [24, 32]. For the asynchronous regime (red

squares), the final average frequency of the 5th oscillator is (52.281± 0.016)Hz, which

is considerably lower than its natural frequency f ∗
5 = 53.7728Hz (calculated according

to Eq. (11) of [33]). We can compare this result to the asynchronous regime, shown

in Fig. 3 (b) of [33], for which the average frequency of the 5th rotor was found to be

(53.61± 0.84)Hz. Thus, even though the proportional control does not synchronise the

grid in the η = 2 case, it reduces the average frequency of the 5th rotor, significantly,

and much more than in the case of nonlinear damping control applied to all the rotors.
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Figure 4.3: (a) Time series of the order parameter and (b) the average of the actual

frequencies of the rotors for the two cases discussed previously in connection with

Figs. 4.2 (c) and (d). For the case corresponding to (c) the time series is indicated by a

red dashed line, while for the case corresponding to (d) it is shown by a blue solid line.

Similarly, the averaged frequencies are shown by red squares in the case corresponding

to (c) and by blue triangles in the (d) case. In (b), the time averages were computed

over the interval t ∈ [24, 32], using 512 samples at intervals of 1/64. The error bars in

(b) show 20 times the standard deviation of the 512 samples taken for each rotor.

For the η = 3 case, where the system does synchronise, the final average frequency of

the rotors is 50.224122Hz (shown by the blue triangles), with a standard deviation of

1.1× 10−13Hz. This frequency is slightly closer to the reference frequency of 50Hz, i.e.

compared to the case of the nonlinear damping (50.2828Hz) – see, Fig. 3 (a) of [33].

Another possible way of exercising control on this system is by applying the non-

linear damping control scheme of [33] only to the 5th oscillator. As this situation was

not given much consideration in [33], we tested it here. Surprisingly, as Fig. 4.4 shows,

nonlinear damping applied only to the 5th rotor, appears to be more effective than

the original nonlinear damping scheme proposed in [33]. We see, in Fig. 4.4, how the

synchronous regime is greatly expanded by the addition of relatively small nonlinear
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(d) k = 5.0 (only for 5th rotor)

Figure 4.4: Regime maps of the network of nonlinear oscillators discussed in [33], show-

ing the effect of increasing k when the nonlinear control scheme is applied only to the

5th rotor. (a) k = 0.5, (b) k = 1.0, (c) k = 2.5, (d) k = 5.0. The meaning of the colour

scale is the same as in Fig. 4.1.

damping. If we compare the values of k used in Fig. 4 of [33] (k = 1, 3, 5 and 6), we see

that a similar level of control is achieved by controlling only the 5th rotor.

Once the system has synchronised we can compare, for each rotor, the ratio of the

average power lost due to the damping, to the rotor power output Aj. Table 4.1 shows

that the added nonlinear damping in the 5th rotor consumes about 12% of its power,

while the linear damping in the 5th rotor consumes 9.41% and 34% in each of the other

rotors.
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Table 4.1: The time average of the relative power dissipated by the 1st and 5th rotors

for the case when the nonlinear damping is being applied to the fifth rotor, only.

j = 1 j = 5〈
D0j

AjωR

|δ̇j|
〉

t

34.0% 9.41%

〈
D0j + k|δ̇j|

AjωR

|δ̇j|
〉

t

N.A. 12.0%

We can compare the values seen in Table 4.1 with those shown in Table 4.2, for the

case where the nonlinear damping is applied to all the rotors in the grid. For the latter

case, the added nonlinear damping in the 5th rotor consumes about 10% of its power,

while the nonlinear damping to any of the other rotors consumes about 36.1% of their

output power.

Table 4.2: The time average of the relative power dissipated by the 1st and 5th rotors

for the case when the nonlinear damping is being applied to all the rotors.

j = 1 j = 5〈
D0j

AjωR

|δ̇j|
〉

t

29.1% 8.0%

〈
D0j + k|δ̇j|

AjωR

|δ̇j|
〉

t

36.1% 10.0%

We can now compare the total power lost due to damping in each case. For the case

when the nonlinear damping is applied to only the 5th rotor (Table 4.1), we have:

0.12A5 + 0.34
∑
j ̸=5

Aj = 4.57

For the case where nonlinear damping is applied to all the rotors (Table 4.2), we have:

0.10A5 + 0.36
∑
j ̸=5

Aj = 4.71

Thus, applying the nonlinear damping to only the 5th rotor results in ≈ 0.3% reduction

in the total dissipation. While this is not a significant reduction, it shows that the

application of nonlinear damping to only the 5th rotor (an intervention that is obviously

easier to implement), is not likely to increase the total dissipation in the network.

Lastly, we consider whether we may usefully apply proportional control to the phase-

lags of the coupling between the 5th oscillator and the other oscillators in the network.
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In principle, such a form of control would have the advantage of introducing less dissipa-

tion into the network, since the phase-lags are proportional to the complex part of the

impedances (reactances) of the transmission lines joining the power rotors/consumers.

The phase-lags could therefore be manipulated by adding a variable amount of ca-

pacitance to the line. Here, we will not consider the technical challenges associated

with implementing a control scheme involving variable capacitance. Instead, we will

merely try to establish, according to our optimised model, whether it may be worth

considering.
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Figure 4.5: Regime maps of the network for the case where we vary the phase-lag of

the coupling for the 5th oscillator as shown in Eq. (3). (a) ξ = 0.6, (b) ξ = 1.2, (c)

ξ = 1.8, (d) ξ = 2.4. The control parameters are the inertia parameter H and the

output power of the 5th rotor Pg,5, with: 1 - area of the synchronous mode (blue);

2 - area of bi-stability (yellow); 3 - area of asynchronous behaviour of one or more

oscillators (orange).
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Figs 4.5 (a)-(d) show the regions of synchronisation as we increase ξ in Eq. (4.3).

Increasing form ξ = 0.6 to ξ = 2.4, as shown in Figs. 4.5 (a) and (b), expands the

region of synchronisation (1-blue). However, the expansion of the synchronous region

is accompanied by a spreading of asynchronous region (3-orange) into the bi-stable

region (2-yellow). This trend continues as ξ is further increased in Figs. 4.5 (c) and

(d) to ξ = 1.8 and ξ = 2.4, respectively. In Fig. 4.5 (d), the asynchronous region also

starts to spread into the (previously) synchronous region, as can be seen at the top

left of the control parameter area. This indicates that for high levels of control the

network may start to lose synchronicity, even for very low inertia, if the output power

of the controlled rotor exceeds Pg,5 ⪆ 590. A further increase in ξ > 2.4 (not shown)

exacerbates this situation, thereby limiting the useful range of the phase-lag control

scheme of Eq. (4.3).

4.4 Discussion

Through numerical simulations of various control schemes, applied to an optimised

model of power grids [33], we have evaluated their propensity to enhance synchronous

behaviour throughout the network.

We first investigated the application of proportional control via the time dependent

order parameter, r(t), and Eq. (4.2), through which only the damping coefficient of the

excess power rotor (5th rotor) was controlled. In this case we found that the propor-

tional control of the damping of the 5th rotor resulted in a significant improvement in

the synchronisation of the entire network. This method was shown to introduce less

power dissipation for similar levels of achieved synchronisation and could also be ap-

plied to restore synchronisation in a network that has reached a steady state in which

one of the rotors rotates faster that the rest.

Building on the idea of nonlinear damping control, as applied to all entities of the

network in [33], we found that more effective control could be exerted by applying the

same nonlinear damping scheme only to the rotor producing the excess power. This,

more judicious, application of the nonlinear damping control had the effect of reducing

the overall amount of added dissipation needed to establish and maintain synchronicity

in the grid. In particular, our comparison of Fig. 4.4 to Fig. 4 of [33] showed that, in

order to achieve a similar level of synchronisation in the network, as for the case when

the nonlinear damping was applied to all the rotors, the 5th rotor could be controlled
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with k values that were similar to those used in [33]. We also observed that applying

the nonlinear damping to only the 5th rotor, rather than to all the rotors, introduced

less dissipation in the network.

We also evaluated the feasibility of applying control via the phase-lags between the

5th oscillator and the rest of the oscillators in the network, according to Eq. (4.3). An

increase in the phase-lag gain parameter, up to about ξ ⪅ 2.4, resulted in significantly

larger ranges of inertia and output power over which the network would synchronise.

Increasing levels of the phase-lag control also expanded the asynchronous region of the

control parameters area, and reduced the area of bi-stability. Beyond ξ = 2.4 the

effectiveness of this type of control is limited, since it starts to introduce asynchronous

behaviour at the higher end of the desired control power range, i.e. Pg,5 ⪆ 590. It

may be possible to extend the phase-lag control to all the interconnected rotors, i.e. in

an attempt to further expand the useful operating range of the network. However, to

implement such a control scheme, the capacitance of all the transmission lines in the

network would have to be varied simultaneously and in real time, according to the order

parameter feedback function. While this may be possible in, for example, electronic

networks of Josephson junctions [95], it would probably be much more difficult to

implement in power grids, due to their much higher power requirements [93].
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Chapter 5

Conclusion

As a result of surveying the literature we have discovered that Kuramoto-type models

of power grids are much older than was previously thought. Moreover, when Kuramoto

presented his (now famous) model in 1975 (Ref. [2]), he was apparently unaware that

somewhat more general equations had been used for power grids, much earlier (i.e. the

work by Boast and Rector [36].) In the recent literature related to power grids, the

model by Boast and Rector has become known as the Classical Model [96]. Although

a formal link between the Kuramoto model and power grids was made in 2008 by

Filaterlla et al. [20], the latter work did not establish the earlier connection that existed.

In our present work, we have pointed out, for the first time, the similarities between

the Kuramoto-type models and those based on the Classical Model for power grids.

In 2015, Nishikawa and Motter [30] discussed the effects of frustration in power grids.

They noted that it is related to the admittance of the transmission lines. However, they

described these effects as being negligible, since the admittances of the transmission

lines in a real power grid are almost purely inductive. In the Kuromoto-type models of

power grids, the purely inductive nature of the admittances means that there should be

essentially no phase lags (frustrations) in the sinusoidal coupling terms. For this reason,

there are relatively few publications on the effects of frustration on power networks. In

our present work, we could identify only four such works: [25, 32–34]. In the work by

Arinushkin and Anishchenko [32], the authors studied a Kron reduced model consisting

of three oscillators, where every link has a different coupling strength and a significant

level of frustration. They tested the tendency for this system to synchronise under

various initial conditions, i.e. different initial phases of the oscillators. In order to test

our own codes, we started by trying to replicate the results of Ref. [32], and found that
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our simulations yielded different results. The results of Ref. [32] were much noisier than

our own and indicated that the system would not synchronise in the cases where our

simulations showed that it would. This discrepancy was eventually partially resolved,

when we discovered, purely by chance, that we could replicate the noise in the results

of Ref. [32] by using a too-large fixed time step. Our systematic tests, using different

fixed time step sizes, in comparison to an adaptive time step method, confirmed that

some of the results presented in Ref. [32] were not clearly properly converged. That

being said, although using a larger time step added noise to the plots, we still could

not replicate the results found in Ref. [32]. The problem was the large value for the

damping parameter that they had used. In order to observe cases where the systems

would not synchronise at all, we applied lower damping to the systems. We finally

concluded, for the systems discussed in Ref. [32], that there is no oscillatory behaviour,

even when a small enough time-step is used to ensure convergence.

In 2023, Botha et al. [25] investigated the propensity of a power grid to synchronise

at different levels of frustration and coupling strength. They argued that, despite being

typically small in power grids (as noted by Nishikawa and Motter), frustration should

not be neglected, since even very small levels of frustration had been shown to affect

the behaviour of a network [3, 31]. They found that adding frustration to a network

generally impedes synchronisation.

In our follow-up work we investigated how frustration and damping could be used as

control methods to induce synchronisation in a power network [26]. Our work was based

on the model proposed by Arinushkin and Vadivasova [33], in which nonlinear damping

was used as a control method for a network of ten oscillators. In this model, nine of the

oscillators had the same natural frequency, and there was one “fast” oscillator, with

a higher natural frequency than the others. The nonlinear damping was applied to

all ten oscillators, and the level of damping was varied, based on the time dependent

order parameter of the system. When the network was completely synchronised (order

parameter 1), no additional damping was applied. When the network was completely

asynchronous (order parameter close to zero), the maximum amount of damping was

applied. In our work, however, we applied the damping only to the “fast” oscillator.

We found that when the damping was applied to only the fastest oscillator (rather than

to all the oscillators in the network), we could achieve synchronisation using similar

damping coefficients. We also tested frustration as a possible control method. We

added frustration to the links between the fast oscillator and the rest of the oscillators

in the network. We varied the amount of added frustration according to the time-

dependent order parameter of the system, as we did with the damping. We found
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that adding frustration to the network in this way made the network less sensitive to

initial conditions. In other words, the network was less likely to be bi-stable. Rather,

it would typically synchronise regardless of the initial conditions, or it would remain

asynchronous regardless of initial conditions. Finally, we noted that using damping as a

control method involves varying the resistances of the lines in a power network, whereas

control via phase-lag (frustration) only involve varying the capacitances of the lines in a

network. The latter has the advantage of not introducing additional dissipative effects

into the grid.

In 2022, Arinushkin and Vadivasova [34] wrote a third paper on the effects of re-

active power on a network. Although we would have liked to reproduce the results of

their third paper, it contained insufficient details to allow it to be checked. As in their

previous works, the system they considered had been obtained via Kron reduction, and

not all the parameters for either the original or the reduced system were published.

Thus, we could not perform the Kron reduction ourselves in order to obtain the nec-

essary parameters. Furthermore, our attempts to contact the authors for additional

information were unsuccessful – they simply did not respond – which emphasises the

need for better data sharing in such publications.

5.1 Future outlook

Recent developments in machine learning have made it possible to make predictions

based on large data sets. This technology could potentially be used in power grids.

For example, in 2012, Rudin et al. [97] described some machine learning models that

can predict the failure ranking and Mean Time Before Failure (MTBF) of distribution

feeders and their components in the New York City power grid. One could then ap-

ply this knowledge to assist in the prioritisation maintenance and repair work. This

allows one to develop proactive maintenance programs using historical data that would

have otherwise been underutilised. Another type of machine learning is reservoir com-

puting, which is often trained on time-series data and used to control, for example,

chaos in dynamical systems. Recent advances in this field have led to the development

of multifunctionality in reservoir computing, i.e. the reservoir can be configured to

capture multiple tasks such as when one may have coexisting chaotic attractors [98].

We envisage that a similar approach could be developed to control the synchronicity

in power grids. To assess the feasibility of such an approach one could use the same

Kuramoto-like models that have been considered in the present work.
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One of the challenges encountered in modelling power grids, using Kuramoto-like

models, is the difficulty of applying standard numerical continuation methods for their

analysis. As we have seen, the models of power grids inherently involve phases, where

the phases refer to the actual phases of the voltages and currents of the AC signals

in the network. These phases increase with time, and are not in any way bounded.

Mathematically, the unbounded phases make it more difficult to apply standard nu-

merical continuation. However, in 2023, Eclerová et al. [99] proposed a solution to this

problem by embedding a system of equations governing the behaviour of the phases in

a stable generalised system, such that the variables in the generalised system remain

bounded. In principle, the same method could be applied to the Kuramoto-like models

that we have discussed, provided the systems are not too large. This would allow one

to rigorously analyse and detect the bifurcations that occur in these types of power grid

models, something which has not yet been done.
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[8] Acebrón, J.A., Bonilla, L.L., Pérez Vicente, C.J., Ritort, F., Spigler, R.: The

Kuramoto model: A simple paradigm for synchronization phenomena. Reviews of

53



Modern Physics 77(1), 137–185 (2005). DOI 10.1103/revmodphys.77.137. URL

http://dx.doi.org/10.1103/revmodphys.77.137

[9] Wiesenfeld, K., Colet, P., Strogatz, S.H.: Synchronization transitions in a disor-

dered Josephson series array. Physical Review Letters 76(3), 404–407 (1996). DOI

10.1103/physrevlett.76.404. URL http://dx.doi.org/10.1103/physrevlett.76.404
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