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Abstract : Improved lower bounds for the Eucl idean travel l ing 

salesman prob l em , based on the ass ignment relaxat i on , have prev i ou s ly 

been present ed . We present computat ional exper i ence whi ch ind i cates 

t hat the ( cont inuous )  2- mat ch ing relaxat ion prov ides  a better l o"·er 

bound . Th i s  l ower bound i s  also better than the as s ignment l ower 

bound in  the case of non- Eucl idean travel l i ng sal esman probl ems . 
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1 .  Introduct ion 

The symmetric  t ravel l ing salesman probl em ( STSP )  i s  the prob l em 

of f ind ing a min imum cost tour in a complete  graph G where each edge e 

1n the edge set E has an assoc iated cost ce . Jonker et al [3] 

observed that they could  solve an asymmetr i c  as s ignment prob lem and 

have a t ighter lower bound on the opt imal STSP solut ion than i s  

produced by the straight as s ignment relaxat ion . I n  [8] St ewart 

proposed an extens ion of th i s  approach for the Eucl idean STSP that , 1 n  

most instances , results  i n  an even t ighter l o"·er bound . 

A 2- mat ching in  G i s  a subset of E such that exact ly two edges 1n 

the subset meet any node . The 2- matching p robl em (MP2 )  i s  the 

problem of f ind ing a minimum cost 2- match ing i n  G .  The cont inuous 

2- matching prob l em (RMP2 ) , obtained from MP2 by re l ax ing int egral ity  

restr ict ions on  variables , was used w ith great succes s  in  solv ing 

STSP ' s  by Cro�der and Padberg [2] and Padberg and R inald i  [6] . 

Th is paper reports computat ional exper i ence wh i ch ind i cates  that 

v ( IUIP2 ) ,  the opt imal obj ect ive funct ion value  of R.\IP2 ,  prov ides a 

b etter lower bound for v (STSP ) , the opt imal obj ect ive funct i on value  

of  STSP , in  the  case of  Euc l idean STSP ' s  than the ass ignment- based 

methods used in  [3] and [8] . The lower bound i s  also better  than the  

ass ignment lower bound in the case of non- Euc l idean STSP ' s .  

2 .  Solving IlMP2 

The probl em MP2 can be formulated as the fol low ing i nt eger l inear 

programming prob lem : 
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m i n im ize  c . x  

s ubj ect to  Ax = 2 

0 <=  xe <= 1 and xe integral for al l  e E E , 

where A denotes  the inc idence matr ix of the graph , 2 i s  a vector w i th 

al l e l ement s equal to  2 and c and x are vectors wh i ch respect ively 

contain s  the values ce and xe for al l e E E . S ince the matr ix A has 

exact ly  two non- zero entr ies in  each column , the probl em RMP2 obtained 

from MP2 hy relaxing the i ntegral ity restr ict ions is a general ized 

network probl em wh i ch can be solved very eff i c i ent ly u s ing the primal 

s impl ex method ( s ee Chapter 5 in Kenn ington and He lgason [4] ) . 

I t  i s  known [4 , page 1 07] that any bas i s  matrix for A can be  

d b l  k d . 1 . . h blocks B 1 , n2 , . . . , BP . arrange as a oc · 1 agona matrix w i t  

Each b lock B 1 i s  t h e  i n c idence matrix o f  a one- tree i n  G .  By 

part ial ly  t r i angular iz i ng B 1 and apply ing Propos it ion 5 . 1  in [4] i t  

can be  shown that l det (B 1 ) 1  = 2 and hence that each e l ement i n  the 

i nverse of 8 1 is an integer d iv ided by 2 .  Therefore i n  any bas i c  

feas i b l e  solut ion (and any opt imal solut ion obtained by  the primal 

s impl ex method) xe E {O , 0 . 5 ,  1 }  for al l e E E . If xe = 0 . 5  then xe 
must be  a bas i c  variable  and the edge e must be in  the cyc l e  of a 

one- t re e  correspond ing to a block 1n the bas i s  matr ix . The s et 

{ e  E E  xe = 0 . 5 } forms a number of d i sj o int subtours wh i le the set 

{ e E E xe = 1 }  c i .. t her f oms a tour or a number of d i s j o i nt paths 

and/or subtours . 

If  the opt imal solut ion i s  not a tour a branch and bound 

algor i thm can be u sed to el iminat e subtours by branch ing ( see [ 1 ] ) .  

S i nce the  l ength of a subtour i s  at least three such an algorithm 

should perform better than an algori thm based on the ass ignment 
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relaxat ion where a large number of subtours of l ength t,w have  to  b e  

e l iminat ed . 

3 .  Computat ional experience 

Stewart [8] t ested his approach on a set of th irty Euc l idean 

problems cons i st ing of ten 50 node , ten 75 node and ten 1 00 node 

probl ems generated randomly on a 1000 x 1 000 square . Resu l t s  were 

al so reported for f ive 1 00 node problems from Kro lak et a l  [5] for 

wh ich v ( STSP) is known . 

We generated f ive independent sets of the same type of Euc l idean 

probl ems as wel l  as four set s of non- Eucl idean prob lems w ith edge 

cost s generated randomly on the interval 1 to  1 000 ( each of the n in e  

sets contained t en probl ems ) . The resu lts  f o r  these n inety prob l ems  

are summar ized i n  Tabl e  1 in  wh i ch the  f irst column ident i f i e s  the  

probl em type and s ize (for  examp l e  E/50 for 50 node Euc l idean prob l ems  

and N/50  for 50 node  non- Eucl idean problems ) . The second column 

contains the average opt imal obj ect ive ·funct ion value  v (AP ) for the 

ass ignment probl em AP wh i le the fourth column contains the  average 

value and range of the rat io v (IDIP2 ) /v (AP) . The l ast column d i sp lays  

the  average rat io  between improved lower bound and v (AP)  as reported 

in  [8] . The average runt imes requ ired to  solve AP and R�1P2 are 

reported in  the th ird and f ifth columns ( in s econds on a standard IB� 

PC w ithout a numerical co- proces sor) . 

In [3] as we l l  as [8] an ass ignment prob l em has to be  so lved to  

compute the  lower bound . It i s  c lear from Tab l e  1 that the matching 

lower bound takes  less  t ime to compute thin the ass ignment lowei bound 

and is general ly  stronger than the Stewart ' s  as s ignment- based lo�er 
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bound . 

Tab l e  1 

Compar i son of lower bounds on random problems · 

Prob l em Averaue Average Average/range Average Stewart ' s  
type/s ize  v ( AP) AP- t ime v (RMP2 ) /v (AP) RMP2- t ime rat io  

E/.50  4534 . 2  9 . 8  1 .  20/0 . 1 6 7 . 7  1 . 1 8 
E/75 5299 . 7  33 . 8  1 .  18/0 . 1 2 1 8 . 2  1 . 1 5 
E/ 100  6 1 72 . 1  62 . 6  1 . 1 9/0 . 1 7 34 . 0  1 . 1 2 
E/ 1 2 5  6902 . 3  1 09 . 5  1 . 1 7/0 . 09 5 9 . 0  
E/1 50 7597 . 0  1 77 . 2  1 . 1 7/0 . 07 83 . 6  
N/50 1 633 . 8  26 . 3  1 .  22/0 . 36 14 . 3  
N/75 1 600 . 6  78 . 6  1 .  28/0 . 1 8 40 . 7  
N/ 100  1 684 . 2  140 . 8  1 .  22/0 . 19 77 . 7  
N/ 1 5 0  1 718 . 2  350 . 1  1 . 22/0 . 1 5 224 . 2  

Stewart [8] observed that �he margin  of superiority of h i s  

i mproved l ower bound over t h e  ass ignment lower bound t ends to  drop off 

as the  probl em s ize  increases . Our computat i onal results  ind i cate 

that for Eucl idean problems the relat ive strength of the match ing 

lower bound i s  not affected very much by probl em s ize . A lso the 

range of the  rat i o  v (RYP2 ) /v (AP ) seems to  decrease w i th i ncreas ing 

prob l em s ize . 

For non- Eucl idean problems the relat ive strength of the match ing 

lower bound i s  even greater . Furthermore i t  does not seem to  be 

affect ed by probl em s ize . It is interest ing to  note that for these 

prob l ems solv ing the ass ignment and match ing probl ems take much longer 

than for Euc l idean prob lems of the same s ize . 

We also  obtained computat ional exper i ence w ith  the f ive Krolak 

probl ems u sed in [8] as wel l  as the ten 60 node prob l ems for wh i ch 

opt imal solut ions were reported in  [7] . The result s for the Krolak 
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probl ems are reported in  Tab le  2 wh ich contains  the values of the 

rat ios v (AP ) /v ( STSP )  and v (RMP2 ) /v ( STSP ) , as  we l l  as the rat io between 

St ewart ' s  lower bound and v ( STSP ) , expressed as  percentages . For the 

t en 60 node prob lems the average of the rat io v (R,1P2 )  /v ( STSP)  was 02 . 8 

percent (wh ich agrees  w i th the prev ious ob servat ion that the relat ive 

strength of the match ing lower bound is  not affected very much by 

problem s ize) . 

Tabl e  2 

Compari son of lower bounds  on prob l ems w i th  known v ( STSP)  

Prob l em v (STSP ) v (AP ) /v ( STSP ) v ( Int P 2 ) / v ( ST SP )  Ste,,·art ' s 
number ( percentage) (percentage ) rat io (% )  

24 2 1 282 80 . 3  9 1 . 1  9:3 . 1  
2.5  2 2 1 4 1  75 . 8  9 1 . 9 87 . 9  
26 20749 80 . 7  95 . 0  90 . 2  
2 7  2 1 294 77 . 7  93 . 7  88 . 5  
28 22068 7,5 . 6  93 . 4  83 . 7  
Average 78 . 0  9:3 . 0  88 . 6  

St ewart [8] conj ectured that the �eaken ing of h i s  lower bound for 

the Krolak problems is due to  the d ifferent geometry of these 

problems . The match ing lower bound does not seem to be s im i larly 

affected ( the average of the rat io  v ( RMP2 ) /v (AP ) i s  1 . 1 9 for the 

Krolak problems ) .  

4 .  Conclus ion 

Our computat ional  exper ience w ith a samp l e  of 1 05 symmetr i c  

travel l ing salesman problems shO\,· s that the cont inuou s 2 - matching  

prob l em y i c lds loh·er bounds stronger than the  i mproved loh·cr bounds 

obtained by St ewart [SJ from the as s ignment prob l em . S i nce the t i me 
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requ i red t o  solve  the 2- match ing probl em i s  al so smal ler than the t ime 

requ i red to solve  the  ass ignment probl em , the match ing bound i s  

preferab l e  t o  t h e  ass ignment bound . 
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