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Abstract: Improved lower bounds for the Euclidean travelling
salesman problem, based on the assignment relaxation, have previously
been presented. We present computational experience which indicates
that the (continuous) 2-matching relaxation provides a better lower
bound. This lower bound is also better than the assignment lower

bound in the case of non-Euclidean travelling salesman problems.
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1. Introduction

The symmetric travelling salesman problem (STSP) is the problem
of finding a minimum cost tour in a complete graph G where each edge e
in the edge set E has an associated cost Co Jonker et al [3]
observed that they could solve an asymmetric assignment problem and
have a tighter lower bound on the optimal STSP solution than is
produced by the straight assignment relaxation. In [8] Stewart
proposed an extension of this approach for the Euclidean STSP that, in
most instances, results in an even tighter lower bound.

A 2-matching in G is a subset of E such that exactly two edges in
the subset meet any node. The 2-matching problem (MP2) is the
problem of finding a minimum cost 2-matching in G. The continuous
2-matching problem (RMP2), obtained from MP2 by relaxing integrality
restrictions on variables, was used with great success in solving
STSP's by Crowder and Padberg [2] and Padberg and Rinaldi [6].

This paper reports computational experience which indicates that
v(RMP2), the optimal objective function value of RMP2, provides a
better lower bound for v(STSP), the optimal objective function value
of STSP, in the case of Euclidean STSP's than the assignment-based
methods used in [3] and [8]. The lower bound is also better than the

assignment lower bound in the case of non-Euclidean STSP's.
2. Solving RMP2

The problem MP2 can be formulated as the following integer linear

programming problem:
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minimize c.X

2

subject to Ax
0 <¢=x, <=1 and x, integral for all e € E,

where A denotes the incidence matrix of the graph, 2 is a vector with
all elements equal to 2 and ¢ and x are vectors which respectively
contains the values Co and Xg for all e € E.  Since the matrix A has
exactly two non-zero entries in each column, the problem RMP2 obtained
from MP2 by relaxing the integrality restrictions is a generalized
network problem which can be solved very efficiently using the primal
simplex method (see Chapter 5 in Kennington and Helgason [4]).

It is known [4,page 107] that any basis matrix for A can be

1 g2 ... P

arranged as a block diagonal matrix with blocks B
Each block Bi is the incidence matrix of a one-tree in G. By

partially triangularizing B! and applying Proposition 5.1 in [4] it
can be shown that |det(Bi)| = 2 and hence that each element in the
inverse of Bl is an integer divided by 2. Therefore in any basic

feasible solution (and any optimal solution obtained by the primal

simplex method) x

o €{0, 0.5, 1} for all e e E. If xg = 0.5 then x,

must be a basic variable and the edge e must be in the cycle of a
one-tree corresponding to a block in the basis matrix. The set
{e € E | x, = 0.5} forms a number of disjoint subtours while the set

{e € E | x, = 1} either forns a tour or a number of disjoint paths

1l

and/or subtours.

If the optimal solution is not a tour a branch and bound
algorithm can be used to eliminate subtours by branching (sce [1]).
Since the length of a subtour is at least three such an algorithm

should perform better than an algorithm based on the assignment
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relaxation where a large number of subtours of length two have to be

eliminated.

3. Computational experience

Stewart [8] tested his approach on a set of thirty Euclidean
problems consisting of ten 50 node, ten 75 node and ten 100 node
problems generated randomly on a 1000 x 1000 square. Results were
also reported for five 100 node problems from Krolak et al [5] for
which v(STSP) is known.

We generated five independent sets of the same type of Euclidean
problems as well as four sets of non-Euclidean problems with edge
costs generated randomly on the interval 1 to 1000 (each of the nine
sets contained ten problems). The results for these ninety problems
are summarized in Table 1 in which the first column identifies the
problem type and size (for example E/50 for 50 node Euclidean problems
and N/50 for 50 node non-Euclidean problems).  The second column
contains the average optimal objective function value v(AP) for the
assignment problem AP while the fourth column contains the average
value and range of the ratio v(RMP2)/v(AP). The last column displays
the average ratio between improved lower bound and v(AP) as reported
in [8]. The average runtimes required to solve AP and RMP2 are
reported in the third and fifth columns (in seconds on a standard IBM
PC without a numerical co-processor).

In [3] as well as [8] an assignment problem has to be solved to
compute the lower bound. It is clear from Table 1 that the matching
lower bound takes less time to compute than the assignment lower bound

and is generally stronger than the Stewart's assignment-based lower
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bound.

Table 1

Comparison of lower bounds on random problems

Problem  Average Average Average/range Average  Stewart's
type/size v(AP)  AP-time v(RMPZ)/v(AB) RMP2-time ratio

E/50 4534.2 9.8 1.20/0.16 7.7 1.18
E/75 5299.7 33.8 1.18/0.12 18.2 1.15
E/100 6172.1 62.6 1.19/0.17 34.0 1.12
E/125 6902.3 109.5 1.17/0.09 59.0 -
E/150 7597.0 177.2 1.17/0.07 83.6 -
N/50 1633.8 26.3 1.22/0.36 14.3 -
N/T75 1600.6 78.6 1.28/0.18 40.7 -
N/100 1684.2 140.8 1.22/0.19 7.7 -
N/150 1718.2 350.1 1.22/0.15 224.2 -

Stewart (8] observed that the margin of superiority of his
improved lower bound over the assignment lower bound tends to drop off
as the problem size increases. (Our computational results indicate
that for Euclidean problems the relative strength of the matching
lower bound is not affected very much by problem size. Also the
range of the ratio v(RMP2)/v(AP) seems to decrease with increasing
problem size.

For non-Euclidean problems the relative strength of the matching
lower bound is even greater. Furthermore it does not seem to be
affected by problem size. It is interesting to note that for these
problems solving the assignment and matching problems take much longer
than for Euclidean problems of the same size.

We also obtained computational experience with the five Krolak
problems used in [8] as well as the ten 60 node problems for which

optimal solutions were reported in [7]. The results for the Krolak
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problems are reported in Table 2 which contains the values of the
ratios v(AP)/v(STSP) and v(RMP2)/v(STSP), as well as the ratio between
Stewart's lower bound and v(STSP), expressed as percentages. For the
ten 60 node problems the average of the ratio v(RMP2)/v(STSP) was 92.8
percent (which agrees with the previous observation that the relative
strength of the matching lower bound is not affected very much by

problem size).

Table 2
Comparison of lower bounds on problems with known v(STSP)

Problem  v(STSP)  v(AP)/v(STSP)  v(RMP2)/v(STSP)  Stewart's

number (percentage) (percentage) ratio (%)
24 21282 80.3 91.1 93.1
25 22141 75.8 91.9 87.9
26 20749 80.7 95.0 90.2
27 21294 .7 93.7 88.5
28 22068 75.6 93.4 83.7
Average 78.0 93.0 88.6

Stewart [8] conjectured that the weakening of his lower bound for
the Krolak problems is due to the different geometry of these
problems.  The matching lower bound does not seem to be similarly
affected (the average of the ratio v(RMP2)/v(AP) is 1.19 for the

Krolak problems).

4. Conclusion

Our computational experience with a sample of 105 symmetric
travelling salesman problems shows that the continuous 2-matching
probleém yields lower bounds stronger than the improved lower bounds

obtained by Stewart [8] from the assignment problem.  Since the time
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required to solve the 2-matching problem is also smaller than the time
required to solve the assignment problem, the matching bound is

preferable to the assignment bound.
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