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Abstract:

The use of graph grammars in modeling three dimensional structures is
discussed. Two extensions of graph grammars are proposed. Structure
graph grammars generate three dimensional structure graphs. The repre-
sentation of chemical molecules by structure graph grammars is intro-
duced and discussed briefly.
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1) Introduction

The use of context in the modeling of three dimensional structures is
an interesting field. The aim of this paper is to give an informal discus-
sion of current research on the use of formal grammars in the repre-
sentation of three dimensional structures. In the particular we will be
looking at the representation of chemical structures.

In [1] a formal method for the representation of molecules through
Random Context Structure Grammars (RCSG) was proposed. The lan-
guage generated by an RCSG is a set of digital structures representing
molecules. However this representation has certain limitations in that
symbols are only placed to the left, right, top, bottom, front and back
at the edges of a current structure.

A similar problem was observed in the case of string grammars, where
symbols could only be added to the left and right. This limitation was
overcome when Pfaltz and Rosenfeld [2] introduced graph grammars.
These grammars have been well studied [3,4,6,7,8] over the years and
an algebra for these grammars was defined, an overview of this algebra
is given in [5].
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It appears that a grammar similar to graph grammars or based upon the
theory of graph grammars could overcome the above mentioned limita-
tion of RCSG’s.

For the representation of molecules in chemistry it is important that we
represent the angle at which bonds occur. These angles are important in
the sense that they represent the position of the atoms which form the
molecule. Molecules and three dimensional structures like cubes ect. are
examples of structures which could be represented by a set of vertices
and arcs (a graph).

In section 2 we give an informal discussion of graph grammars. Section
3 deals briefly with RCSG’s and an example is given. In section 4 and
5 the properties of both graph grammars and RCSG’s are used to
define two grammars which generate structure graphs. A brief com-
parison of the two grammars is given in section 6.

2) Graph grammars,

To enable the reader to understand the extension of RCSG’s to three
dimensional structure graphs, we will give an informal definition of
graph grammars in this section.

As seen in the previous section graph grammars were defined by Pfaltz
and Rosenfeld. Informally a graph can be seen as a collection of nodes
which are connected to each other by a series of arcs. The value of
each node (or vertex) can be obtained by a node labeling function.
Graphs are usually defined over a node and an arc alphabet separately.
A function to label the nodes is also given.
A graph over two alphabets N (nodes) and A (arcs) is defined by a
triple G = (M,V,E) where

M is the collection of nodes,

V:M—— >N is the labeling function and

E is the set of arcs.
Informally a graph grammar can be seen as a grammar which generates
as language the set of graphs defined by the alphabets A and N. Given
an arc alphabet A and a node alphabet M a graph grammar can be
defined as a quadruple G = { N,T,S,R} where
N is the set of non terminal symbols,
T is the set of terminal symbols,
S is the first symbol and
R is the set of rules.
The rules in R have the form (F,T,[,0) where
F is the symbol (FeN) to be replaced,
T is the sub graph with which F is to be replaced,
I is the input node and
O is the output node. ,
A rule in R can be executed if F occurs in the structure under con-
sideration. When F is replaced by T all the arcs into F are attached to
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I and all the arcs from F are replaced by arcs leading from O. All cir-
cular arcs on F are replaced by arcs from I to O.

The following example of the grammar generates all trees.

G=(N,T,S,R)
where

,ALA) S
From S the following figures will be generated.
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3) Random context structure grammars(RCSG),
In the following section RCSG’s and an application thereof will be dis-
cussed.

3.1) RCSG’s

The language generated by an RCSG is a set of three-dimensional digi-
tal structures. An RCSG can only generate connected structures.

An RCSG is a 4-tuple G=(Vn,Vi,P,S) where P and S have the usual
meaning in formal languages. The rules P have the form :

A > (U, TyU2T2/U3,T3/U4Ta/Us; Ts/Us Te/U7; T7)

where A&Vp ,O(G(Vn UV[) Ui , Ti _Vn, 1 < i< 7

l=x|=2 ,UNi =4, 1 < i <7



The lines and planes through the point where a symbol A is located in
a digital structure, determine the context which must be considered
before a rule is applied.

The seven different contexts associated with a symbol A are illustrated
in the figure below. The horizontal line context HL is the set of all
symbols appearing on the line through A parallel to the x-axis. The ver-
tical line context VL , depth line context DL, horizontal plane context
HP, vertical plane context VP and depth plane context DP are defined
in a similar way. The global context consists of all the symbols in the
structure.

The context associated with a symbol A in a 3-dimensional structure

Rules can cause substitution in six different directions :
A-=>«to the east, Aexto the west, A7« to the south,
Adx to the north, At® upwards and Al« downwards.

A rule

A->x (U TyU2T2/U3;T3/UsT4/Us;T5/Us; T6/U7,T7).

of G can be interpreted as follows :

If A appears in a three-dimensional structure of symbols of VaUVi, A
may be substituted by x eastwards if

a) all the symbols of U;j and none of Ti appear in the relevant context
forall 1< i < 7.

b) |x| = 2. The background symbol appears directly east of A.

¢) |x| 1. A is simply replaced by if (a) holds.

3.2 The modeling of chemical structures using RCSG’s .

In a molecule atoms are bonded by chemical bonds. Each atom appears
in the molecule in a certain context. These contexts are defined by the
other atoms in the molecule as well as the bonds between the atom
and the other atoms in the molecule. As the context in which the atom
appears is three dimensional a formal method for representing atoms
must make provision for three dimensional contexts.

We will give an example of the simplest hydrocarbon namely methane
with chemical formula CH4 [10,11]. In the methane molecule four
equivalent bonds are directed towards the vertices of a tetrahedron by
the carbon atom.
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To represent the bonds between the carbon and the hydrogen atoms it
is necessary to know that each have a length of 1.09 A and that the
angle between bonds are 109°28’. Each bond will be represented by a
special terminal symbol Bj' which denotes length (i) and the angle (j) of
the bond. As we have four bonds with the same length but different
bonding angles we will denote bonds by B1, B2, B3, and B4. The set of
terminal symbols are H, C, B1, B2, B3, and Bi.
The figure below gives the rules to form a methane molecule. The
grammar generates only one methane molecule.
1. S2>K

Vi1
2. K K (/MI{}:{V2 V3, Va})
3. K=K V2 ({ViE{}I{}1{V3,Va})
4. K« K (KVih{M{Veh {MIRE{Va))

V3

5. K« Va K (/{Vi};{}{ V2, V3};{}/)
6. K« C (/{V1};{C}{ V2, V3, Va};{}/l})
K
7. Vi+ Vi ({CH{{ V2, V3, Vahi{}
8. V2-V2 K ({CH{WHV3, Vay;{}i1{Vi}:{})

V3
9. V3K ({Ch{}/{ Vs, Vali{}I{V1}{})
10. V4K Vs ({ChH{{V2,Va{}IK{V1{}D)
11. Vi+B1 (//{CH{YI{}; {V1, Bz, B3, B4})
12. V2> B2 ({Ch{M/{ };{B3,Ba}///{B1};{})
13. V3¢ B3 (/{Ch{}/{B2};{Bs}///{B1};{})
14. Va<Bs ({C}:{M/{B2, Ba}:{}///{B1};{})
15. K=H (//////{B1, B2, B3, Ba};{})

However it seems as if the representation of the molecules were forced
to suit the grammar. The need for a more elegant (especially for
visualization) way of representing these molecules arises. We felt that in
extending graph grammars to three dimensions we could possibly over-
come this limitation. In the next section we propose two possible exten-
sions of graph grammars we are currently researching. In both these
extensions the principle of random context still plays a major role.
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4) Extension of graph grammars.

In this section we will extend graph grammars to three dimensions. We
will define two extensions and give an informal discussion of each.

The first extensions is Structure Graph Grammars type 1 (SGG-1).

The second extension is Structure Graph Grammars type 2 (SGG-2).

4.1 Notation

It is however necessary that we give a few notes on the notation used.
N will in all cases refer to the set of non terminal symbols.

T will refer to the set of terminal symbols.

An arc will be described by it’s two vertices and specifically in the form
(node-node). A-B will thus describe the arc from A to B.

Preliminaries :

4.1.1 Structure graphs

For us to extend graph grammars to three dimensions, it is important
that we extend graphs to a "new" definition in three dimensions. We
will call these graphs structure graphs (as they describe structures by
means of graphs). These graphs are similar to ordinary graphs in that
they consist of arcs and nodes. However they differ in the sense that
they expand into space i.e. they are not only two dimensional.

4.1.2 The angle between arcs.

As we will be using the angles at which arcs occur in the definition of
our extensions, it is necessary to show how these angles are to be cal-
culated. If A-B and C-D are arcs in a structure the angle between them
will be given by placing A and C at the same point in space, and
measuring the angle between the projections of A-B and C-D on the
surface described by them. (We thus see the arcs as being vectors).

The need for such a standard can be seen when we consider the dif-
ferent angles which would be generated by placing A and C or A and
D or B and C or B and D on the same point and then measuring the
angles.

4.1.3 Substitution of nodes.

When a node in a current structure graph is to be replaced due to the
execution of a rule, the node is to be replaced by the leftmost node in
the structure directly. Given the rule (A, B-C,..) A will be substituted
by B directly and the arc in the direction according to the rules which
will be discussed below.

4.2 SGG-1.

The language generated by a SGG-1 is a set of structure graphs. SGG-
I’s can only generate a connected tree-like structure graph. A structure
graph S is connected if there exists a path from any node in S to any
other node in S consisting only of arcs and nodes in S.

A SGG-1 is a 4-tuple G=(N,T,S,R) where

N is the finite set of non-terminal symbols,

T is the finite set of terminal symbols,

S is the start symbol and
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R is the set of rules.
These rules consist of a 3-tuple R=(F,Ts,C) where

F is a single node in a structure graph and FEN,

T is either a single node or a single arc consisting of a node-arc-node.
C is the context for the rule and has two parts a global permitting (U)
and forbidding (T) context as well as an angle context set (Ca).
C=(Ca/U;T). '

U, T € NUT.

Elements of Ca have the form (arc,angle) where the angle is the angle
between the existing arc and the arc to be placed in the structure.

A rule in R can be interpreted as follows:

If the symbol F appears in a structure graph it can be replaced by Ts if
the context C holds. If it is a single arc the arc is placed in such a
manner that the angle specified by C holds. A context C is satisfied if
a) All the symbols of U and none of T appear in the structure and

b) All the arcs specified in C are present in the current structure and
c) The new arc in Ts can be placed in such a manner that the context
specified in C will hold.

In the case where a node will be replaced by a single node only the
global context will be used.

To show the improvement of this grammar on that of RCSG’s the ex-
ample of methane for this grammar will now be given.

G=(NT,S,R)
N={s}

T = {C, Hi, Hz, H3, Hi}
S={s}

R = {

1) (s, s-Hy, (/{}{H1})),

2) (s , s-Hz, ({(s-H1,109.5)}/)),

3) (s , s-H3, ({(s-H1,109.5),(s-H2,109.5)}/)),

4) (s , s-Ha, ({(s-H1,109.5),(s-H2,109.5),(s-H3,109.9)}/)) ,

5) (s, C, (/{Hi, H2, H3, Ha};{})) }.

The following figures show the generation of a molecule by applying
these rules in order from 1 to 5. From the start graph
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This method is similar to the first extension excepting that no contexts
are bound to the rules. However for this method it is necessary that
the angles between arcs are specified globally. To be able to specify
such a grammar a set consisting of al the arcs that are to be present
and have a meaning in the structure we wish to describe must be
specified.

A grammar of this kind can be specified as follows:

G ={T,N, S R, A)

where T,N and S are similar to the above ,

R is the set of rules. The rules are of the form (F,Ts)

where

FeN and the nodes in Ts&NUT.

A is the set of arc specifications in the form (A1,A2,ang)

where A1 and A2 are arcs and ang is the angle with which they must
occur in the generated structure. When a symbol is to be substituted in
a structure the following steps are to be followed.

i) All the arcs adjacent to the node are to be removed.

ii) the node is substituted.

iii) the graph is reconnected by all arcs that after the substitution would
still be specified in A.

This means that all the arcs that were in the structure before the sub-
stitution could appear again and that new arcs could be generated. This
generation of new arcs gives rise to the ability of this type of grammar
to generate circular graphs in addition to tree type structures as was the
case in the previous section.

When a single node is to be replaced it can be done with out the con-
sideration of the arcs which are present. The reconnection after such a
substitution could give rise to an unconnected structure graph.

The example of a methane molecule will now be given for this type of
grammar.
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G=(NTS R A
N ={s}

T = {C, Hi, Hp, H3, Ha}
S = {s}

A = {(s-Hj,s-H;,109.5),
(C-H;,C-Hi,109.5)}
Forl <ij < 4andi # j,
R = {
(s, s-Hi),
forl <1 < 4
{c¢, 0O}
The figure in the first example and the figure now generated will be
the same.

S E
I i
S = l
S
=
HQ
T] H1
s = S =
L H\
H? 8 H2 8 H4

To illustrate the substitution the arcs were not reconnected immediately
after the generation done by rule (4). After the reconnection the graph
will look as follows

H

‘1
S
3l °oHy

If in the above two mentioned extensions we were to make arcs in-
finitely small and only use right angles, digital structures as in the case
of RCSG’s can be generated.

6) A comparison between SGG-1 and SGG-2,

The comparison given below is only a subset of the differences between
the two extensions. In the first case the context are only applicable
when a single rule is considered. This gives this type of grammar a
greater generative freedom.

In the second case the global position of arcs relative to each other are
specified. This means that control is placed over the whole of the
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generated structure and not only when a single rule is applied. Al-
though the control over the generation is more strict, the grammar is
defined in such a manner that true graphs can be generated and not
only trees as in the first case.

7) Conclusion

Research in the above application is still in an initial phase. We are
currently implementing a system which would use the above two gram-
mars to generate representations of molecules.

Currently systems are being implemented to generate chemical com-
pounds[9]. These systems are characterized by very large databases. If a
generative representation such as the above could be used the size of
such bases could be reduced.
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