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Summary

The double A hypernuclear systems are studied within the context of the
hyperspherical approach. Possible bound states of these systems are sought
as zeros of the corresponding three-body Jost function in the complex energy
plane. Hypercentral potentials for the system are constructed from known
potentials in order to determine bound states of the system. Calculated

binding energies for double-A hypernuclei having A = 4 — 20, are presented.

Keywords: Jost function, bound state, A-particle, A-A interaction, hyper-

nucleus, hyperspherical harmonics, complex rotation, hypercentral potential
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Chapter 1

Introduction

Until 1947, it was thought that the only building blocks of nuclei were pro-
tons and neutrons, bound together by nuclear forces. It was in this year
that the pioneering work of C.F. Powell [1], who developed the nuclear emul-
sion technique, produced evidence for the existence of mesons. The evidence
produced by Powell included what is now known as the m meson. These dis-
coveries initiated elementary particle physics as a separate branch of physics
and established the nuclear emulsion technique as a recognised method in

the search for elementary particles.

In 1952, using the nuclear emulsion technique, Marian Dansyz and Jerzy
Pniewski [2] came across a surprising case of two stars connected by a thick
track. Their analysis led them to conclude that the experimental evidence
depicted a hypernucleus, in their particular case, a nucleus consisting of a A-
hyperon and nucleons. Up to, and until 1955, many other cases of hypernuclei
were announced [3]. These new dicoveries posed new fundamental questions
concerning the existence, creation and disintegration of the A-hyperon, ques-
tions which would pave the way for exciting new developments in the area

of elementary particles and their interactions.



The first double hypernucleus was discovered in Warsaw, in 1962 [4], using
a nuclear emulsion irradadiated by a beam of kaons (K~ -mesons), and the
second at Brookhaven National Laboratory in 1966 [5]. Further searches
for double hypernuclei, including the use of spectrometers, were unsuccessful
with none being discovered for over thirty years. Finally, in 1991, in an
experiment performed with K~ -beams at the KEK Proton Synchorotron in

Tokyo [6], the next double hypernucleus was discovered.

Hypernuclei are of great importance as they provide the only means of ob-
taining information on the A-A interaction, notably the binding energy of
two A-hyperons, By, and the A-A interaction energy, ABxa. The interac-
tion energy can be obtained from the mass of double hypernuclei using the
formula [7]

ABxn (A1 Z) = Baa(xaZ) — 2BA(41'2), (1.1)

where the superscript A indicates the total number of baryons. For example,

ASHe is a bound system (ppnnAA).

The A-A interaction may also provide valuable insight into the details of
neutron stars [8], where hyperons are seen to play an important role in the
core region of these stars. The structure of the hypernucleus also provides
valuable information on the hyperon-nucleon interaction. Little is currently
known about hyperon-nucleon interactions with more theoretical and exper-
imental work being required for an accurate description of them. There are
numerous reasons which motivate hypernuclear physics research: A detailed,
consistent understanding of the quark aspect for bayron-bayron interactions
is needed; extension of the three-dimensional hypernuclear chart; impurity

effects in nuclear structure; nuclear medium effects of bayrons; the study of



strangeness in astro physics; and the production of exotic hypernuclei beyond

the normal neutron/proton drip lines.

The binding energies of double hypernuclei have been studied as far back as
1960, with the aim of gaining more information on the A-A interaction [9].
These studies were theoretical in nature and unsuccessful in accurately de-
termining the binding energies of two hyperons. Recent experimental work
performed at the KEK proton synchrotron [7], using the 1.66 GeV/c sepa-
rated K~ meson beam, unveiled important information about the ,fHe dou-
ble hypernucleus. An event of seminal importance, a mesonically decaying
double hypernucleus, was identified and termed the “Nagara” event [7]. The
results of the experimental work provided the first-ever, reliable information

on the binding energy of ,$He.

After the Nagara event, there were numerous other attempts to establish
whether ,iHe is a stable bound state against strong decay [10, 11]. The
inclusion of a set of baryon-baryon interactions, consistent with experimental
data, was used [10] to predict a stable state of \AH. The results of this work
showed that with the inclusion of a set of baryon-baryon intractions among
the octet baryons in the S = 0,—1 and —2 strangeness sectors (which is
consistent with the Nagara event as well as the experimental binding energies
of S = 0 and —1 s-shell hypernuclei) one can predict a stable bound state
of y#He. Bound state solutions for ,#H, ,AH, ,2He were also determined as

well as A-A separation energies of A =4, S = —2 hypernuclei [10].

In addition to the Nagara event, the “Demachi-Yanagi” event [12] revealed
more information about hypernuclei. The binding energy of .{Be was eval-
uated as Bax = 12.33703% MeV. However, it was not certain at the time

whether the state observed was a ground state or an excited state. Later,



systematic four-body calculations for ,$He were performed [13] which showed

that the Demachi- Yanagi event may be interptreted as the 2% state of |3 Be.

The microscopic cluster model is found to be most useful in understanding
the structure of light hypernuclei and is established as an important feature
of hypernuclear systems and has been successful in describing the shell struc-
ture of hypernuclei [14, 15, 16]. In the cluster model, antisymmetrization of
nucleons is properly taken into account with wave functions treating con-
stituent clusters as composites. The cluster model has also been successful
in describing the nuclear response to the addition of the A-hyperon which is

uninhibited by the Pauli blocking effect [12].

The Gaussian expansion method [17] has enjoyed recent success in the area
of three- and four-body structure calculations. The method employs a set
of Gaussian basis functions which form a set in coordinate space. These
basis functions enable description of both the short-range and the long-range
asymptotic behaviour of the wave function for bound systems and scattering

states [12].

Despite the success of the Gaussian expansion method and the Cluster model,
the results of these methods are acknowledged as predictions, especially the
energy spectra of double A with A = 6 — 10. The Nagara and Demachi-
Yanagi events remain the most accurate and reliable sources of experimental
evidence for the binding energies of double A-hypernuclei. As these results
serve as the only reliable source of data, they impose natural constraints on
binding energy calculations of ,$He and [YBe. Due to the lack of confirmed
experimental evidence, forthcoming experiments are expected to reveal fur-

ther aspects of hypernuclear systems [18].

What about scattering experiments using A-particles, one may ask. Un-



fortunately, due to the short lifetime of the A-particle, its scarcity and low
intensity beams that can be obtained from them, it is difficult to conduct scat-
tering experiments using A-particles. Targets which consist of A-particles are
not readily available, which makes scattering experiments difficult. Hyperon-
nucleon interactions and hyperon-hyperon scattering in free space is also very

difficult.

In recent work [19], three-body resonances of the Ann and AAn hypernuclear
systems were sought as zeros of the corresponding Jost functions. The hy-
perspherical approach with local two-body S-wave potentials describing nn,
An, and A-A interactions was used. It was found that the positions of the
resonances were sensitive to the choice of the An-potential. It was also found
that bound states appear when the potential strength was increased by ap-
proximately 50%, implying that the Jost function zeros crossed the threshold
and moved into the real negative axis. The method was successful in locat-
ing resonances, but did not include a search for bound states of hypernuclei

containing two A-hyperons, which is the subject of this work.

We aim to develop a theoretical model of a AA hypernuclear system, with a
view to determining how strong the the A-A interaction is based on compar-
ison with the experimental results obtained in the Nagara and the Demachi-
Yangi events. We also aim to determine binding energies for A = 4 — 20
hypernuclei. Our calculations reproduce the binding energy of ,fHe and
therefore we hope that the results which we obtained for the other AA hy-
pernuclei are also realistic. They can be considered as estimates for future

experiments.

We consider the AA-nucleus system in the three-body model: nuclear core

plus two A-particles. The three-body wave function is expanded in terms of



hyperspherical harmonics. The resulting system of hyperradial equations is

truncated to a single Schrédinger-like equation.

We reduce the second-order Schrodinger Equation of the system to a single
pair of first-order differential equations. Each of these first-order differential
equations is then solved numerically as a boundary-value problem to deter-
mine the Jost function. The Jost function is then used to locate the bound

states for the hypernuclear system.

This work is structured as follows: In Chapter 2 we describe the A-particle
and the hypernucleus. In Chapter 3 we develop a model which consists of
two A-particles in the nucleus. Here we derive the Hamiltonian and the
Schrodinger Equation for the system. In Chapter 4 we describe the Jost
function method for solving the Schrodinger Equation derived in Chapter 3,
methods for locating bound states for AA hypernuclear systems, the Minimal
Approximation and Complex Rotation. In Chapter 5 we present and discuss

the results of our method, and in Chapter 6 we state the conclusion.



Chapter 2

Hypernuclear Physics

The Nagara event involved the production of Z~-hyperons, measurements
of the position and angles of entry of =~ -hyperons, and analysis of the ex-
perimental results using measured lengths and angles of the tracks. The
kinematics of all possible decay modes was also investigated. The event was
interpreted as the sequential weak decay of ,SHe, the lightest triply-closed
s-shell nuclear system [7]. The most probable weighted mean value for the
binding energy was determined, By, = 7.25 £ 0.19701% MeV, and the inter-
action energy, AByy = 1.10 £ 0.2070 1} MeV, was also determined. Binding
energies for two A-hyperons, Bj,, and the A-A interaction energy, ABjy,

were also presented [7]. These are given in Table 2.1.

Four-body cluster model calculations have been extensively used to study the
structure of AA hypernuclear systems. In these structure calculations [12],
the AA hypernuclear systems ,{He, ,fLi, ,§Li, ,i1Li, ,1Be, and [{Be were
studied within the framework of an (a + = + A + A) four-body model with
x = 0,n,p,d,t, \He and a, respectively. Here, the d, t(*He) and « clusters
were assumed to be inert, having the (0s)?, (0s)3, and (0s)* shell-model

configurations, respectively, with spins s(= 1,1/2, or 0), respectively.



Cluster models have also been extended to more general cases where the
nuclear core is well represented. Recent calculations for the A = 7 —9
A species have been presented for the first time [12] and a summary of the
calculated ground state energies for AA hypernuclear species is given in Table

2.2.

Hypernucleus By [MeV] ABpp [MeV]

rrHe 71405 24405
ASHe 6.9+ 0.6 0.6 +0.6
AriHe 6.3+£07  —20£0.7
A He 77+08  —6.3+0.8
AiHe 134405 —0940.5
AiHe 64+08 79408

Table 2.1: Binding energies for two A-hyperons, Bya, and A-A interaction
energy, ABxa. The errors on Ba, do not include those of the binding energies
of single hypernuclei. Values are taken from Ref. [7].

Hypernucleus Byy [MeV]

ATLi 9.45
ASLi 11.44
AL 14.55
19Be 15.14

Table 2.2: Calculated energies of the ground states of A =7 — 10 based on
the (o + 2 + A + A) four-body model (x = 0,n,p,d,t, tHe and «). Values
are taken from Ref. [12]



2.1 The A-particle

The first A-particle was discovered in 1947 during research of cosmic ray
interactions [20]. This led to a number of further discoveries, notably the

principle of the conservation of strangeness and the strange quark.

The A-particle contains an up quark, a down quark, and a strange quark.
The A-particle is the lightest of the hyperons with a rest mass of 1115.684
MeV/c? and a mean lifetime of 2.60 x 1071%, which is consistent with weak

decay [21]. The A-particle also has the properties listed in Table 2.3.

A-particle property Quantum Number

Isospin (I) 0
Spin (Parity) 1/2F
Charge (Q) 0
Strangeness (S) -1
Charm (C) 0

Bottomness (B) 0

Table 2.3: Properties of the A-particle. Values are taken from Ref. [21].

The A-particle decays into a nucleon through a weak interaction process.
The strangeness quantum number, S, changes by one unit during the decay
process, hence S is not conserved during the process. The decay modes of

the A-hyperon are given in Table 2.4

As the A-particle is shortlived, the study of A-particles bound in the nucleus
may provide valuable information about the interaction between hyperons

(Y) and nucleons (N).

As we know, neither beams nor targets of A-particles are readily available,
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A decay mode Fraction [%]
pta (63.9+0.5)
n -+ 10 (35.8 + 0.5)
n+ 7 (1.75+ 0.15) x 10~°

p+7m +7  (84+14)x107*
p+e 4+ (832+0.14) x 107*
p+u +v, (157+£0.35)x 107

Table 2.4: A decay modes. Values are taken from Ref. [22]

which makes scattering experiments with A-particles difficult. However, in
practice A-particles may be produced by passing a beam of kaons into a
liquid hydrogen target [21]. In this process, A-particles are produced in the

reaction
K +p—4X+7t,

where p denotes the proton and 7" the m-meson with positive electric charge.
As with nn scattering, Ap scattering may be characterized by two parame-
ters, the scattering length a and the effective range ry. The scattering data

obtained favor the values a = —1.8 + 0.2 fm and ry = 3.16 + 0.52 fm [21].

Another way of examining nuclear interactions of A-particles is through hy-
pernuclei where a neutron is replaced with a A-particle. This is achieved in
scattering experiments using a beam of K~ and with nuclei as targets [21].

This kind of reaction is indicated by
K +n—4{X+7,

where A-particles produced at low momentum have a high probability of

remaining bound to the nucleus. As the A-particles are not limited by the
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Pauli principle, they can drop quickly to the 1s shell state, despite the fact
that there may already be two neutrons in that state. The A-particle may

stay in the 1s state until it decays, according to

A—p+m,

or

A —n+ 7P

The A-particle may alternatively undergo a strangeness-changing weak reac-

tion with either the proton or the neutron

Adn—n+n

A+p—n+p.

2.2 The Hypernucleus

A hypernucleus is a nucleus which contains at least one hyperon in addition

to protons and neutrons. In this work we consider A-hypernuclei.

The addition of the A-hyperon to the nucleus has the effect of stabilising the
nucleus, due to its “glue-like”role, with the nuclear core undergoing sizable
dynamic changes [12]. The addition of the the A-hyperon to the nucleus also
has the effect of shrinking the nucleus, and may make a normal unbound
nucleus bound. For example, °Li is known to be unbound, but °Li is

bound [23], with a A-separation energy of ~ 12.8 MeV.

One of the main differences between ordinary nuclear physics and hypernu-

clear physics is seen in the structure of }He, which has a nucleus consisting
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of two protons, one neutron and one A-particle. In the ground state of *H,
all particles are required to have their spins oriented in opposite directions
in order to satisfy the Pauli principle. However, for 4 He, no such rule applies
as the spins of the particles can be either antiparallel or parallel [21]. This
difference may prove to be a distinctive feature of binging energy curves for

hypernuclei.

Generalized mass formulae for normal (S = 0) and strange (S # 0) nuclei
have also been developed [23] in the experimental search for A-A separation

energies. For example, the binding energy, B, is given by
B(A, Z) = ayA — a, A% — 0, 2(Z = 1) A7 — agn(N — Zo)P A7 14
exp(—A/17)| + Gpens — 48.7S| A% — n,[0.0035m,, — 26.7]

where, n, represents the number of hyperons in the nucleus, m,, is the hyperon
mass in MeV, A is the total number of baryons (A = N + Z. +n,), Z. is
the number of protons (Z = Z. + n,q) and g represents the hyperon charge
number with proper sign (¢ = —1,0,1). The terms a,A4, —a,A"?/3, and
—a.Z(Z — 1)A~'/3 are of the same form as that used in the binding energy
for normal nuclei [21]. The pairing energy term 0 has the form 0., =

d[1 —exp (—A/30)].

If A-particles were stable like nucleons, then A-hypernuclei would not decay
and would be more stable than ordinary nuclei. As A-particles are not sta-
ble, the hypernucleus decays in a time of about 2.60 x 1071%. The decay
process can be observed by using emulsions exposed to cosmic radiation or in
experiments with accelerators using secondary kaon beams or secondary pion
beams. In the case of secondary pion beams, it is possible to measure the

A-particle binding energy in the hypernucleus that has been created. In the
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case of 4He, the binding energy of the A-particle in the ground state is 2.39
MeV. The binding energy is found to increase linearly with A for the light
nuclei (A < 16) due to the A-particle interacting with all of the nucleons,

not limited by the Pauli principle [21].

Hypernuclei can be produced in various ways, one of which is the capture of

a negative kaon, K, by the nucleus. The reaction is expressed as
K +4X 54X + 77,
where the target of 4 He may produce {He, a nucleus consisting of four bay-

rons (two protons, one neutron, and one A. Here, A indicates the number of

bayrons and 7~ the m-meson which has a negative electric charge.



Chapter 3

Model

3.1 Two A-particles in the Nucleus

The A-hypernucleus we consider consists of two A-particles and A nucleons.
We reduce this (A + 2) problem to a three-body problem by considering the

nucleus as a structureless core.

The hypernuclear system under consideration consists of two A-particles of
mass my, each with spin 1/2; and the nucleus of mass M. We consider two
A-particles with a view to exploring the A-A interaction. Also, we choose
known A-nucleus single-particle potentials [24] to describe the interaction

between the two A-particles and the nucleus as well as the A-A interaction.

The spatial configuration of two A-particles inside a nucleus is depicted in
Figure 3.1, where we have employed the hyperspherical coordinate system.

The nucleus is taken to be much heavier than each of the A-particles. If we
take, for example, “Li which has an atomic mass of 7.016003 MeV /c? [21],
we see that it exceeds that of the A-particle by a factor of about 6. Hence,

we take M > m,, and we ignore the motion of the nucleus.

14
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centre of the nucleus

Figure 3.1: Spatial configuration of two A-particles in the nucleus.

3.2 The Hyperspherical Coordinate System

Various sets of coordinate systems can be used to represent a system contain-
ing more than one particle. For example, the Cartesian coordinate system
can be used to represent a system of two vectors. Such a system will contain
six variables with each variable ranging from —oo to +oc. This is not con-
venient for our purposes as all of the variables are infinite and there are six

variables.

The hyperspherical coordinate system, however, provides a convenient way
of representing a system of several particles. A wave function dependent on
one vector can be expanded in terms of spherical harmonics. Similarily, a
wave function dependent on two vectors, the simplest type of hyperspherical
system, can be expanded in terms of hyperspherical harmonics. The primary
advantage of the hyperspherical approach is that it can be easily extended

to a system containing more than two particles, such as our system.
In Figure 3.2 the variables r; and 7, vary over the infinite intervals

0<r <oo, (3.1)
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I

psin

)

Figure 3.2: r; and r5 in the polar plane. r; and ry vary over infinite intervals.

and

0 <7y < o0. (3.2)

All points in the first quadrant of the polar plane can be specified either

in terms of polar coordinates (p, ) or in pairs (r1,72). The two forms are
related as follows

r
p=\/ri+713 1 =peosa tana:<—2><=>7‘2=,0811104- (3.3)
1

It can be seen from (3.3) that the hyperradius becomes small when the dis-
tance between the particles is small and large when the distance between the
particles is large. Hence, the hyperradius, p, represents the collective size of

the system.

3.3 Hamiltonian of the System

The Hamiltonian for a single A-particle of mass m,, moving in the force field
of the nucleus, V(r), has the form

h2

H=—
2mA

V2 +V(r). (3.4)
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The potential, V(r), is rotationally invariant, depending only on the distance
r from the centre of force, which is chosen to be the centre of the nucleus.
Hence, the potential V(r) is a central potential. As we have assumed a
central potential, the wave function can be factored into both radial and

angular parts.

The Hamiltonian (3.4) is easily extended for the case of two A-particles,
s e L
H=— (V2 +V2) + {VAA(y P |) Vi) + Va(ra)], (3.5
ma
where

Vaa(] 71 — 7% |) (3.6)

is the interaction potential between the two A-particles; —hQﬁ% /2my and
272 . . .

—h”V7 /2my are the kinetic energy operators for A-particles 1 and 2, respec-

tively; and Vi(r;) and V,(ry) are the interaction potentials for each of the

two A-particles with the nucleus.

For the sake of convenience, we recast the Hamiltonian (3.5) in terms of
hypersperical coordinates, considering each term on the right-hand side of

(3.5) individually. We begin with the operator V2 in (3.5).

The operator 6%, can be written in spherical coordinates as
—, 1 0/,0\
VZ:——< 2—) v 3.7
T 2ar\ ar r? (3.7)
Subsituting (3.7) into the term (612?1 + 6%2), we obtain
S 19 (4,0 18,0\ & 2
Vi + V2 :——(2—) ——(2_>_£_ﬂ’ 3.8
( mt 7’2) r? Ory i ory + r3 0ry "2 Ory r?or3 (3:8)
where the angular momentum operators 6_721 and @2 satisfy the normalized

eigenfunction equations of spherical harmonics

E_?‘l - }/elml = 61(61 + 1)}/61””‘1’ (39)
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and

EZFQ = }/eQmQ = 62(62 + 1)}/@27712' (310)

The total angular momentum of the system is conserved and is a constant

of the motion. Noting also that

13(23)_32 2.9 (3.11)

2or\" or) "o ror
and substituting (3.11) into (3.8), we obtain

0? 82>

V2 w2 ) = (2 1+ 2 190 ii>_£_ﬂ
(vﬁ +VF2) - (aT% + 87“% +2( + 5 - (312)

7”187‘1 7“287‘2

The first term on the right hand side of (3.12) is a two-dimensional Laplacian

which can be written in terms of polar coordinates as

(82+82)_18<8>+182 (3.13)
or? " ors)  pop p@p p? 0a?’ '
and the second term on the right hand side of (3.12) can also be written in

terms of polar coordinates as
1 0 1 0 dp 0 Oa 0 0p8) <8a8>
) = () () () + (=) 3.4
<7"167"1+7"267"2> (87“1 8p)+(@r1 804)+<3T28p + 67"260( ( )
The individual terms on the right hand side of (3.14) can be written as,
ap 0 1 3719
o = o (\/T% + T%) = 5(7“% + r%) 8—m(rf) = cos q, (3.15)

3} 0 1
<~ 2 | arctan (E) = —% = ——sina, (3.16)
ory 0 1 r{ 413 p

o 0\ 1/ 2>%—1a .
arg_am(”ﬁ%)_Q(””? o, D) ey (317)

and

Oa 0 [arctan (E)l SR, :lcosoz. (3.18)

Ory  Org r r?+r3  p
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Substituting (3.15) to (3.18) into (3.14), we obtain

10 10 1 g 1. 0 Ly, 0 1 0
( + ) = —(cosa———sma—)+—<s1na—+—cosa—)

T 0ry | T 0rs ry dp p Oa) dp  p  da
10 1 ‘ 0 n 10 n 1 ‘ 0
= —— — s tana— + -+ s cota-—
pdp  p? dp  pdp  p? ol
2.9 + 1( t tan )
= —— —(cota —tano)—.
pop  p? da

Since,
cota — tana = 2 cot 2a,

hence, the second term on the right hand side of (3.12) becomes

1 0 1 0 4 0 4 0
2= + —— ) = == + = cot 2a—. 1
(7“1 87"1 + 9 67"2) + cobea (3 9)

The first term on the right hand side of (3.13) can be written as

10(,0) _ 100y, 000
pOp\"p p\9pdp dp dp
1o, >

pdp  Op*

Substituting (3.13), (3.19) and (3.20) into (3.12), we obtain

(3.20)

18+82+182+48
pOp  O0p* p?*0a®  pdp
72

(&

(V2 +V2) + % cot 2a-2-

Oo
2

7

prcos?a p?sina

LTS WA R}
op*  pdp  p?

da? Oa
72 2 )

cos?a  sin®«

2 50 1.,
= o om 820
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where,
. o2 ) 2 2
K2:<———4 t (200) — n 2 > 3.22
da? cot (2) o * cos? « + sin? o ( )

The operator K 2. and the associated eigenfunctions, are covered in the theory
of hyperspherical harmonics [25]. The operator K2 absorbs all the angular

variables. The solutions of the eigenvalue problem
K2¢in)(w) = L(L + 4)¢i)(w), (3.23)

are the so-called hyperspherical harmonics which depend on the set of hy-

perangles
w={Q, 0%, a}.
The subscript [L] in (3.23) is the multi-index
(L] = {L,l1, Ly, mq, ms}, (3.24)
which includes the grand orbital quantum number,
L=l 4+0,+2n, n=0,1,2.... (3.25)
The function ¢jz)(w) introduced in (3.23) is of the form
B () = K™ (), (3.26)
where, the factor
K5mme () = N2 (cos o)™ (sin &)£2P€2+%’€1+%(COS 20) Yo, my Yogmy, (3.27)
contains the hyperangular components [19].

The factor x4 is the three-body spin state vector, with [s] = ((s152)51253)s0.
Subscripts 1, 2 and 3 represent the spins of the two A-particles and the nu-

cleus, respectively. The term s represents the three-body spin and P2+2:01+3
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is the spin permutation operator (also written in the form P7), which acts

in the spin space.

The factor Ni*? has the form

Nitte = : 3.28
L $F(n+€1+%)lj(n+ﬁg+%) (3.28)
Substituting (3.21) into (3.5), we obtain
R 9 50 1.,
H = —— ————K2> V, L — T V] V
oTon (3/)2 o= SR V(R = T )+ Vi) + Valr)
= H,+ Van(| 71 =72 |) + Vi(ry) + Va(ry),
where
h® [ 0 1.
H,= ——(a— + 50 _ —KQ). (3.29)
2ma\Op*  pOp  p?
Hence, the Hamiltonian for the system is
H=H,+Vap+Vi+ V5, (3.30)
where H, is of the form (3.29).
3.3.1 Volume Element
The volume element in the hyperspherical coordinate system is
diry dity = 7373 sin 0y, sin O, dry dry dbz, dOy, dpy, dpy,. (3.31)
In polar coordinates, we have
dridry = pdpda, (3.32)

and substituting (3.3) and (3.32) into (3.31), we obtain

drydi, = (p?cos® a)(p?® sin? o) sin 0, sin 0y, p dp do dfr, dbr, dor, dpy:
1 2 1 2 1 2
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= (p°dp)(sin® a cos® ap*da)(sin O, dOx, dpy, ) ( sin Oz, dOr, dor,)
= (p’dp)(sin® acos® ap® do) dQx dQ
1 2
= pdpdw,

where

1
dw = 1 sin® 2a dov dS)y, )y, (3.33)

and
dQFl = sin ‘9F1 dgﬁ dQOFw

which is defined as the spherical angle. Integrating (3.33) over the interval
0 < o < /2, we obtain the volume element in the hyperspherical coordinate

system,

/Edw = /
0 0
%1 .9 T 2 T 2
= / —sin” a da / sin 07 dbr, deor, / sin 0, d0z, der,
o 4 0 0 0 0
o (21 .,
= 167r/ —sin“ ada
o 4
1 rZ 1 /Z
= 167r2<§/02 da—5/02cos4ada>

- ()
6 16

= 7. (3.34)

(ME]

i sin? o dov dS, d)z,
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3.4 Schrodinger Equation of the System

The central-force problem proposed in our system enables the reduction of

the six-dimensional Schrodinger Equation of the form

Hip(m,72) = EY(, 7). (3.35)

In order to derive the Schrodinger Equation for the system, we use an ap-
proach similar to the two-body partial wave decomposition [25], where a

two-body wave function of the form
V(1. 72) = — Z ur)(p (3.36)

is employed and the hyperradial and angular components are included in the
terms wu[) and ¢pz)(w), respectively. The coefficient 1/ p3 is introduced in
order to eliminate the first-order derivative in the hyperradial Schrodinger

Equation. The hyperangle, w, is related to the pair (7, 7).

Substituting (3.30) and (3.36) into (3.35), we obtain for the first term

(o2 50 1 L
l— (— + —— — —K2> + Vaa(| 71 = 7 |) + Vi(r) +V2(7‘2)]

2mp \0p*  pdp p?

( Zu P)P1)(w ) ( >_ uz)(p) ) (3.37)
: (L]
Evaluating the first two terms in parenthesis on the left-hand side of (3.37),

we obtain, for the first term

1
el

%(%% () (o >> a%[%(m %U[L](p)cbm(w)ﬂ
T

= %l(%u[L}(P)Cb[L](w)) <pig> + %%(Zuw(/})@u(wﬂ
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2p2 \ 'z P2 \ 1]
35 5
- B (S - 2 Suion)
4p> \ 1] 2p2 \ '
5 1
-2 (Suon@) + 5 (Suton). @)
P2\ L P2\ L

and, for the second term

%<ZU[L] ) —%<ZU[L] w). (3.39)

(L] (L]

Substituting (3.38) and (3.39) into (3.29), we obtain,

L _ M 50 1.
How(rl?ﬁ) - _%<a—p2 + ,03_,0 — p— ) ( ZU[L] )
h2
T 2my [(4;» %“W ) (%“[L] )
1 11 .,
5 Z“[L](P)ﬁf)[u(w)) - ﬁ—sK <ZU[L}(/0)¢[L](W)>]
P2\ L] p2 ]
h2 35 1 "
= _QmA 2 UL [4 %U[L} (P)¢[L] (w) + p—%um (p)qS[L](w) _
25
9 g UL (p)¢[L} (w) - — U[L]L(L + 4)(p)¢m (w)]
p* P
h* 1 15
- _QmA [ELT‘ [p_%u[L](p)¢[L} (w) + 2[)% U[L](P)d)[m (w) —



25

pigu[L]L<L+4><p>¢m<w>]
= g (o) - () 6.0
Ay Lp? p2

Substituting (3.40) into (3.37), we obtain the following eigenvalue equation

h? 1 L(L+4)+ 12
o) = eS| 5ufm<p>¢m<w>—(“—Q“)wp)]eﬁm(w)
Ay L P

= lVAA(’??l—@ )+ Vi(r) + Va( 7"21 ZU p)or)(w

= E Zu ¢[L] (3.41)

Next, we multiply (3.41) on the left-hand side by

2mA 5
Bz P> ¢[L]( w),
(“«” represents the complex conjugate) and then integrate with respect to w

over all the angular variables, giving

22@ : 2mAp2 / Z [ —ufy)(p)o1(w) - (L(LJF—ZM)WL](/))]¢fm(w)¢[y](w) dw

p2

2map? 1 S
L 2map _/ [VAA(| 7 — 7 |) + Vi(ry) + Va(rs 1 > () (W) (W) dw
(L]

2maps [ 1
=k W;L/;P [_g/Z“[L}(P)ﬁbfm(w)ﬁb[y}(w) dw

(L]

o) - (w)]mp) #3207 =73 D+ Vi) + Vi)

QmAE
h2

X ¢ (W) P (w) dw} uy(p) = uir)(p)-
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Hence, we obtain the following system of hyperradial equations

[32 T L(L+4)+14]

ap p2 Z V [L’ U[L/ (p) (342)

(L]

where V|p)1 is a potential matrix of the form

2m -
Vigi = == /¢[L] VAA m =7 |) 4+ Vi(r) + ‘/2(7“2)}¢[L’} (W) dw.

Introducing the parameter A and substituting this into (3.42), where

3
A=L+ 3, (3.43)

and noting that

L(L+4)+1745 = <L+g><L+g>
= AN+ 1),

we obtain the desired result, the set of hyperradial Schrodinger Equations

for the system

7 R A(A+1)]

dp> 7 = > Vi (p)uy(k, p), (3.44)

(L]
where k, the hypermomentum, is given by

2mAE

W=

where use has been made of the orthonormality relation of hyperspherical

harmonics

/ O (W) (W) dw = drjdiy,

and the relation [21]



Chapter 4

Method of Solution

4.1 The Jost Function

We consider the general form of the radial Schrodinger Equation [21]

0? I(1+1
2 + k? — (T) —V(r)|w(k,r) =0, (4.1)

where k> = 2mE/h?, 1 is the angular momentum quantum number, wu;(k, )

is the radial wave function, and r is the radius.

The boundary conditions for the physical solutions of (4.1) are imposed at
both ends of the interval r € [0, 00). Regularity of the wave function at the

origin requires that

a condition which exists for all solutions. However, the conditions for r — oo
are different for bound, scattering and resonant states. If the potential V' (r)
vanishes at large distances faster than 1/r?, then (4.1) takes the form of the

“free” radial Schrodinger Equation [26],

02 . lI+1)
w—f‘k —T ul(k;,r):O. (43)

27
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This equation has two linearly independent solutions, namely, the Riccati-

Hankel functions hl(_)(kr) and hl(+)(kr) [27], which behave as
hl(i)(kr) — Fi exp|xi(kr — Im/2)]. (4.4)

The general asymptotic form of the wavefunction can be constructed from a

linear combination of these Riccati-Hankel functions,
wi(k,r) — Cihy ) (kr) + Coh( ™ (kr), (4.5)

where appropriate choice of the combination coefficients C; and C5 determine
the type of physical solutions. These coefficients are functions of the total
energy of the system and the angular momentum. The radial wavefunction

w(k,r) can be written in terms of the asymptotics of (4.4) as
wi(k,r) — by (k) £ (k) + b (k) £7 (B), (4.6)

where Cy = f{7(k) and Cy = £ (k). The energy-dependent amplitudes

fl(i) (k) of the incoming and outgoing waves are called the Jost functions [26].
For bound states, the wave function (4.6) must vanish at large distances
w(kn,m) —0. (4.7)

The total energy for a bound state is negative and the momentum is pure

imaginary

ky, =/ —2m|E,|/h® = ik, K > 0. (4.8)

Substituting (4.8) into (4.4), we find that one of the two asymptotic terms

of (4.4) grows exponentially, while the other vanishes exponentially

hl(i)(kr) o _exp (Fkr). (4.9)
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Therefore, only the second term in (4.6) can survive in the bound state wave

function,
whnsr) = by (kar) fi 7 (k) (4.10)
This may be achieved for certain points such that
£ (k) = 0. (4.11)

Therefore, bound states correspond to positive imaginary zeros of the Jost

function.

The Jost function is a complex function of the total energy of the quantum
state, which may be real or complex. The most useful property of the Jost
function is that it is an analytic function for all complex energies and has
simple zeros for bound states. It seems therefore logical to approach a solu-
tion to our model by using a method to determine the Jost function as we

could then determine the bound states.

4.2 Three-body Jost Matrix

The Jost function for the single-channel case were covered in the previous
section. As our hypernuclear system is a three-body problem, we recast the

formalism of the previous section for the multi-channel case.

A method for calculating the Jost function for analytic potential were de-
veloped, and successfully applied to hypernuclear systems [19, 28, 29]. The
method uses a combination of the hyperspherical approach, complex rotation

and the properties of the Jost function in order to determine bound states.
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The physical solutions of (3.44) are defined by the boundary condition re-
quirement

and, at infinity must be of the form
where Uy (k, p) has terms describing the open channels.

We follow the methods set out in [19, 28, 29] and consider (3.44) as a matrix
equation with each of its solutions forming a column matrix. According to
the general theory of differential equations, there are as many independent

regular column-solutions as there are equations in the system [30],

W IRCES
[L”]

1r (— _
iy (K, p) = i[h(x )(kp)F[(L][)L’](kap) + At (kP)F[ }[L’](k P)} (4.15)

and hf\i)(k;p) are the Riccati-Hankel functions [27]. The inclusion of the
Riccati-Hankel in the construction of the regular basis ensures the correct

asymptotic behaviour of the basic solutions at large p.

The two terms ||F] [(Li“)L,](k, p)|| in (4.15) are unknown matrices, introduced in
order for the construction of different physical solutions. Since according to
(4.12), all physical solutions must be regular at p = 0, any one of them is a
linear combination of the regular column-solutions. As we seek to determine
these two unknown matrices, reason dictates [30] that we need two equations.

We obtain these equations by making use of the Lagrange condition

B (k) Fiun (k. p) + X7 (ko) Fi i (k. ) = 0. (4.16)
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Substituting (4.15) into the hyperradial equation (4.14) and using the condi-
tion (4.16), we obtain the following system of first-order coupled differential

equations for the unknown matrices F[(Li”)L,](k, ),

_ h(+ kp
gk, p) = > Vi (p) |15 (kp) i i (k. ),

L//]

+h +)(kp)F[L”H 1k, P)

(

O F (k) = LS ) W) (ko) ke ),
(L]

+h3" (kp) Fga) 1y (K, p)]

(4.17)
which are equivalent to (3.44). These equations are convenient for solving

our model.

The equations (4.17) require suitable boundary conditions at p = 0. It
can be shown [31] that for a three-body system, the coupled hyperradial
Schrodinger Equations (4.17) have a system of linearly independent, regular

column solutions which vanish near p = 0 such that

ypyi (k
i 2z (k. p)

p—0 p)\/Jrl

To ensure consistency with the definition of the regular solution, we define a
regular basis using the boundary condition [31]

Oy (
i 2z (ks p)

o0 " e (kp) (LIL (4.19)

where jy (kp) is the Riccati-Bessel function [27], in accordance with the cor-

responding definition of the three-body problem.

As @751 (K, p) is regular at p = 0, we can expect that the functions F[L] (] (k )

of (4.15) near the origin ensure that the singularities of hg\i)(kp) compensate
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each other. Such a condition is achieved [31] if the functions F[(Li][)L,}(kp) are

identical as p — 0, or

Fjun (k. p) o Floien (k, p), (4.20)
as then
Cruen (k. p) ~ iakp) Fue (K, p), (4.21)
so that the boundary conditions (4.19) then become

lim Jx(kp).F[L][L'](k,P)
p—0 In(kp)

However, p = 0 is a singular point as the Riccati-Hankel functions have
the short-range behaviour ~ p~%. Therefore, Eqs. (4.17) cannot be solved
numerically with the boundary conditions at p = 0. We may [29], however,
use analytical solutions (in the form of a series expansion) of (4.17) in the

small interval (0, 6], imposing the boundary conditions at p = ¢

+ N
Fiiile (k: 8) ~ Fig) (K, 0). (4.23)

The right hand side of (4.17) vanishes when p — oo [31]. The derivatives of
(4.17) also vanish, therefore the functions F| [(Li}r[)L,] (k, p) become p-independent.

Hence, we have

Lr - _
iuyeg (k. p) 5 [ (Bp) Fip () + 157 (Rp) Sy (R)] (4.24)
where
+
fiion (k) = Jim, Fiii (k. p). (4.25)

There p-independent matrices || f[(LjT[)L,]H are termed the Jost matrices.

The Jost matrices can be used to determine the asymptotic behaviour of the

fundamental system of regular solutions (4.17).
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For complex values of k, the limits (4.25) exist in different domains of the
complex plane, namely, f[(LJﬁL,] (k) in the lower half and f[(L_}gL,] (k) in the upper
half. For a particular class of potentials, the upper bound for the existence
of f[(;?[)L,}(k) is shifted upwards and the lower bound for f[(fj}[)L’](k) is shifted
downwards, thereby widening their common area. Difficulties concerning
the existence of the limits (4.25) can be circumvented by using the complex

rotation method which is discussed in the sections that follow.

4.3 Method of Locating Bound States

In the theory of quantum mechanics [32], a bound state is characterized by
wave functions which vanish at large distances. This is because the proba-
bility of locating a bound particle at large distances from the bound region
must decrease with increasing distance from that region. The probability is

directly dependent on the modulus of the wave function,

() —2 0.

p—00

The deuteron is an example of a bound state of the proton and the neutron.
The binding energy of the deuteron is 2.22 MeV and is the only bound state

of two nucleons [2]. The bound state of the deuteron may exist indefinitely.

Bound states occur at negative energies, where the potentials describing such
behaviour are negative, thereby having a “pulling-in” effect. An example of

such a potential is the optical potential [21].

The bound state wave function, at large distances, can be written as

> iy (k. P)Cly =, 0. (4.26)
]
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Here, the function ®1j;7(k, p) can be replaced by its asymptotic form

1 _ _
5 257 (ko) F (5 () + BT k) Sy (WO =2 0. (4.27)
L]

[

The total energy for a bound state is negative with the corresponding mo-
mentum being pure imaginary. Due to the properties of the Riccati-Hankel
functions, with increasing distances from the origin, the term hg\_)(k:p) of
(4.27) grows exponentially while the other term h(;r)(kp) decays exponen-
tially. Hence, the condition (4.27) can only be achieved if we find combina-
tion coefficients C[z, such that the diverging functions hg\_)(kp) of different

columns cancel out, giving
> Sty (k)Cizy = 0. (4.28)
L]

Bound states are the points at which the physical solution consists of only

outgoing waves in its asymptotics.

The system of homogenous linear equations has a non-trivial solution pro-

vided that
det || fC)(E)|| = 0. (4.29)

The condition (4.29) enables us to determine all possible bound states by
looking for zeros of the Jost matrix determinant on the positive imaginary
axis. For each zero found, the coefficients C|; are then uniquely determined
by the system (4.28) apart from a general normalization factor. The normal-

ization factor is fixed when the physical wavefunction is normalized.

4.4 Minimal Approximation

The Schrodinger Equation (3.44) is of the same form as the radial coupled-

channels Schrodinger equation [32] and includes the centrifugal potential
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term A(\ + 1)/p® These similarities enable the Schrodinger Equation (3.44)
to be solved using the Jost function method [19, 28, 29].

However, the system (3.44) consists of an infinite number of equations and
in order to make it of any practical use, we have to truncate it somewhere.

In order to achieve this, we employ the minimal approximation method.

In the minimal approximation we retain only the first term in (3.36), giving
1

¢(F17F2) ~ 5
p2

UL 1] (P) DL Lin) (W),

and we assume the minimal value of the grand orbital angular momentum,
n = 0, called the hypercentral approximation. In this approximation, (3.24)

becomes [L] = [Lin], with L = L, = 0, giving

A= )\mm - §7
2
and
lap + k% — ( e )]u[o](k,p) (U)up (K, p),
where

= QmA /¢[o VAA | 7™ — 715 )+ Vi(r) + ‘/2(7"2)}@5[0} (w) dw. (4.30)

For the case {1 = {5 = L,,;, = 0, we have

4
N = NG (4.31)
Pz =1, (4.32)

and,

KO0 = 77302, (4.33)
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Hence, (3.26) takes the form

wlw

Substituting (4.34) into (4.30), we obtain the hypercentral potential for our

hypernuclear system
2mA
73R
The first term of (4.35), Vaa(] ™ — 72 |), represents the two-body potential

U = 255 [ [Vas(l 7= 72 ) + Vi) + Valra)] do. (4.35)

acting between the two A-particles. The terms Vj(r1) and V5(rg) represent

the interaction between each of the two A-particles and the nucleus.

In order to use (4.35), we first need to obtain suitable forms for V(| 71 —72 |),
Vi(r1) and Va(ry). Suitable forms for these are discussed in the sections that

follow.

We see from (4.35) that the hypercentral potential has the general form

(U) = (Viz) + (Vis) + (Vas), (4.36)

where (V2) represents the two-body potential acting between the two iden-
tical A-particles. The terms (Vi3) and (Va3) represent the potential acting

between each of the two A-particles and the nucleus.

Applying the minimal approximation to (3.44) and (4.17), we end up with a

single pair of equations,

(+)

P Lonin) (L, )\ P T 9k xe \RP)E e i, I\ Py
+h(+ F[L” ][L' n](k,p):|,
h (kp)

aPF[(Lt,zm][L;nm](hp) = 2k ——(U) [hx' (kP)F[L”A ][L;nm](hp%
3 (k) g e (ks )]

min min

(4.37)
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The set of equations (4.37) form the crux of our model.

4.5 AA-Potential

In our model, we need a two-body potential which describes the interaction
between the two A-particles. A suitable form for such a potential is (4.38).
This potential has been successfully used in few-body calculations [11]. The
potential (4.38) represents a weak attraction, having the three-range Gaus-

sian form

Vaa(p) = Z Ajexp (—p°/57), (4.38)

and describes the S-wave interaction of two A-particles with the total spin
being zero, an S-state. The AA-potential provides a means of simulating
the effect of AA — =N coupling of the baryon-baryon interaction through
modification of the strength of the relevant part of the potential.

The parameters of this potential are listed in Table 4.1.

i A [MeV] B [fm]
1 2149 1342
2 -379.1 xy  0.777
39324 0.350

Table 4.1: Parameters of the AA-potential. The strength of the long-range
part of the potential is reduced by multipliying by the factor v = 0.6598 in
order to ensure agreement with experimental results [11].

The AA-potential of the type (4.38) is shown in Figure 4.1 for real p.

In order to use (4.38), we must ensure that this potential is an analytic func-

tion of p. This condition enables the potential to be analytically continued
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10000
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Figure 4.1: AA-potential. The potential decays exponentially, approaches a
negligible value at about 0.7 fm.

from the real axis into the complex p-plane. Fortunately, in most cases the
model potential has an analytic tail at large distances. In our case the poten-
tial is continuous everywhere. For our purposes, it is sufficient to show that
(4.38) is an analytic function of p by using the following two conditions [28],

lim p*V(p) =0,

p—0
and

lim pV (p) = 0.

p—0

For the first condition we have
lim p*Via(p) = lim p?[Ayexp (= o*/5F) + Azexp (= p*/05) + Asexp (= p*/55)]
=0

and, for the second
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lim pVan(p) = lim p[Aiexp (= p*/87) + Azexp (= p%/85) + Asexp (= p*/53)]

= 0.

Hence, the AA-potential is less singular at the origin than the centrifugal
term, vanishes at infinity faster than the Coulomb potential, and is an ana-

lytic function of p. Therefore, the potential (4.38) is suitable for our purposes.

4.6 A-Nucleus Potential

The Woods-Saxon potential with a well depth of about 30 MeV is seen to de-
scribe various orbital angular momentum binding energies for data obtained
in emulsion studies [24]. The low momentum transfer reaction,(K,77),
studied with various targets is described reasonably well using the Woods-
Saxon potential with a well depth of about 30 MeV. The depth of 30 MeV has
been determined from the asymptotic binding energy of the lowest orbital
angular momentum for large A. The nuclear medium density is characterized

by a Fermi distribution of the form 1+ exp [(r —c)/ a}.

In (4.35) we use, for Vi(r1) and Va(r2), a A-nucleus potential of the Woods-
Saxon type (4.39), with a well depth in the region of 30 MeV and which

decreases with increasing mass number,

B W
1+expl(r; —¢)/al’

Vi, (r1) = (4.39)

where,

ol

¢ = ro(A)As. (4.40)

It has been shown that a potential of the form (4.35), with a well depth
of W = —28.0 MeV, radius parameter r, = (1.128 + 0.43914_%) fm, and
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diffusivity @ = 0.6 fm, yields a reasonable description of A-nucleus single-
particle state binding energies [24]. Slightly different values may be used for
r1 and ¢, but these results are not very sensitive to small variations in these
parameters. The A-nucleus potential of the type (4.39) is shown in Figure
4.2.

-10 | —

15 F :

V (MeV)

-20 .

-25 n

-30 | | | | |
0 1 2 3 4 ) 6

Radius (fm)

Figure 4.2: A-nucleus potential for a well depth of W = —28.0 MeV, mass
number of A = 15 and diffusivity @ = 0.6 fm. The potential falls off quite
rapidly beyond the hypernuclear surface and approaches a negligibly small
value at ~ 5 fm.
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The Wood-Saxon potential (4.39) is an analytic function of p. Its asymptotic

behaviour at short and long distances is

w
1. 9 _ 1 2
i Vi, (1) neo | T Fexp (1 — ¢)/a]
B 0
14 exp[(0—c¢)/a]
=0
and,
w
li = i
i 71V, (71) e |11 1+ exp[(r1 —¢)/d]
= 0.

Therefore, the A-nucleus potential is less singular at the origin than the
centrifugal term, vanishes at infinity faster than the Coulomb potential, and

is an analytic function of p.

4.7 Total Potential

The total potential for the hypernucleur system is the sum of the A-Nucleus
potential (4.38) and the AA-potential (4.39). We therefore combine (4.38)
and (4.39) in the hypercentral potential (4.35).

We start with the first term of the intergrand on the right hand side of the

integral (4.35). This term can be re-written using (3.33),

L. .S L.
/VAA(‘ =T |)dw = /VAA(| 7] — Th |)l1 sin? 2a da

X dQﬁ dQﬁ]
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L .,
- /VAA(]rl—rg ) Zsm 20 do

X ( sin 0;‘1 d@;l ngFl )( sin ‘9772 d@FQ dQOFQ )1 . (441)

The term | 7 — 75 | in the intergrand of (4.41) represents the physical distance

between the two A-particles. This term can be re-written as

|7 =Ty | = \/7"%+r% — 2rirycosf

= \/p2 — 2p? cos asin a cos

= p\/l — sin (2«v) cos 6. (4.42)

In order to simplify (4.41), we orient the system with respect to 6y, with
6, =0,

1 1
0=0, = /Z sin? (2a)[sin 0, db, dpy,] do = 27 / 2 sin? 2a, da

and hence, (4.41) becomes

/VAA(\ =7 |)dw = 2r? /5 d@/ sin 6 d6 VAA(p\/l — sin (2a) cos@)
0 0
x sin® 2a. (4.43)
Using a change of variable, ¢t = cos# in (4.43), with
dt = —sinfdb,
g = 0=t=1,
0 = m=t=-—1,

and

s —1
/sinede _ —/ dt
0 1
1
- / dt,
-1
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gives

/VAA =T |)dw = 27T/ da/ dtVAA 1—sin(2a)t)

X sin” 2a. (4.44)

2

Now, considering the integral,
1 2 1 2
/_lexp —@(1—s1n2a)]dt:exp(—%> /_lexp ('Oséﬁ )dt(445)

and evaluating the right-hand side of (4.45), we obtain

1 0 3? 2\ [ p? sin 2 !
/_1 exp | — @(1 — SIHQOé) :| tldt = mexp (F) _eXp (Tt>‘| B
B 32 . (—_,o2>'e (p2s1n2a)
~ p?sin2a P B2/ P 32
2 .
pesin 2«

Comparing (4.38) with (4.46), we see that each term of (4.38) generates an
expression such as (4.46). Therefore, (4.41) may be written in terms of (4.46),

as follows

us

/VAA(| ™ — T |)dw = / ZAZﬁZ{exp [ﬂ (1-— sta)]

p? sin? 02 sin? 2a

2
— exp [ 7 (1 + sin 204)] } sin® 2a dav

= 27r/ ZA(ﬁQ){exp [Z (1—51n204)]

— exp [ 522 (14 sin 204)] } sin 2« dav. (4.47)

Using a change of variable, X = 2« in (4.47), with

dX = 2da,
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and
/ * 2ada = / "ax, (4.48)
0 0

gives

/VAA(!ﬂ—FQ )dw = WQ/OﬂgAi<i—§){exp[—Z—z(l—sinX)

)

—exp [—Z—Z(l—i—sinX)]}sinXdX. (4.49)

The second term of the intergral (4.35), which represents the A-nucleus po-

tential, may be written using (3.33) as
/VAl(ﬁ) dw = /VAl(pcosa) dw

1
= / Vi, (pcosa) [Z sin® 2a dov dQy, Yy,

us

= 4’ /5 Vi, (pcos @) sin? 2a dav. (4.50)
0
Similarily, for the second A-particle
/VA2 (r)dw = 4r? /5 Vi, (psin @) sin? 2a da. (4.51)
0

Finally, combining (4.49), (4.50), and (4.51), we obtain the total potential of

the hypernuclear system
4 ™ X X
Uy = m;\ / Vi, [p cos (—ﬂ + Vi, {p sin (—ﬂ sin? X
wh* Jo 2 2

S A o[- -

—exp{—g—;(l—l—sinX)}}sinX] X, (4.52)
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where we have used a change of variable similar to (4.48) in (4.50) and (4.51).

A graphical presentation of the hypercentral potential (4.52) is shown in
Figure 4.3.

200
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-50

Radius (fm)

Figure 4.3: Hypercentral potentials for A = 4 — 20. The minimum values of
the potentials for A = 4 and A = 20 are about 2.5 fm and 2.8 fm, respectively.
Note the increase in depth, ~ 17 MeV, with increasing mass number for
A =4—-20. The minimum of the hypercentral potential for A = 20 is shifted
by ~ 0.5 fm relative to that for A = 4. The curves for A = 5—19 lie between
the two curves for A =4 and A = 20.

The hypercentral potentials (or hyperradial potentials), (4.52), are used as
input to the single pair of differential equations, (4.37), in order to determine

the two-body Jost functions.

4.8 Complex Rotation

In certain regions of the complex energy plane, limiting values of (4.25) are

not achieved when the coupled differential equations (4.37) are integrated
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along the real axis. The inherent problem associated with solving the pair of
coupled first-order differential equations (4.37) when the potential extends

to infinity, is solved by using the complex rotation method [29, 28].

The potentials are analytic functions of the hyperradius, p, which is true
in many cases and implies that the wave function (4.15) is also an analytic
function of p. An important property of an analytic function of p is that it
is independent of the path taken between any two values. In our case, we
cannot integrate the differential equations (4.37) along the real axis. The
cruical step to solving this problem is to replace the real hyperradius p with
a complex hyperradius of the form (4.53). This enables integration of (4.37)
in the complex plane, along the path from 0 to p’ as depicted in Figure 4.4.

Imp

Figure 4.4: Deformed contour showing path of integration for (4.55) with
complex energies.

We are concerned only with the asymptotic coefficients, f[(g”’ L] (k) and f[(;?EL,] (k),
which are p-independent, and are the same for all points on the arc pp'.
Therefore, it is sufficient to solve the Schrodinger Equation from the point 0

to p/. The arc pp’ desribes rotation of the segment 0 to p’ on the real axis.
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Complex rotation is expressed in terms of the hyperradius as follows
p=Bexp(if), B0, (4.53)
where the interval of the rotation angle 6 is
0< 0] < g (4.54)

Using a large enough angle of rotation, €, we can determine the Jost function
at the desired point of interest. The angle should be chosen so that the
potential vanishes at the far end of the ray (4.53) sufficiently faster than
1/]p'|. In certain cases, greater |p'| values are necessary in order to obtain

convergence. Along the ray, at the angle 6, (4.37) is modified, and takes the

form
eiﬁh(Jr) )
OpFO) = ——2—(U)(Be”) [h{,) F) + h{T PO,
2ik 4
i@h(—) ( 55)
e i o
QFH = — (U)(3e”) [h§ FO + hSP PO,

where the derivatives on the left hand side of (4.55) are taken with respect to
the real variable 3 and additional subscripts and terms have been dropped

for the sake of simplicity.
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Results and Discussion

The first-order coupled differential equations (4.55) were solved numerically
using the Runge-Kutta method with the total potential (4.52) for the two-
A hypernuclear system in hyperspherical space. We used the AA-potential
(4.38) and the A-nucleus potential (4.39) to construct the total potential of

the system.

Binding energies for the ground state, first excited state and the second
excited state were obtained for A = 4 — 20. The results of our model are

given in Table 5.1 and Figure 5.1.

The A-A binding energy obtained in our results for ,$He is approximately
5.1 MeV, indicating a weak attractive interaction when compared with the
A-A binding energy of Bay = 7.25 4 0.1970:1% MeV obtained in the Nagara
event. The inclusion of the fully-coupled channel baryon-baryon interaction,

AN-XN, would most likely increase the attraction of the system [33].

The A-A binding energy obtained in our results for [{Be is approximately 11

MeV, which differs by less than 10% from the experimental value of Byy =
12.337037 MeV obtained in the Demachi- Yanagi event [12].

48
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A By [MeV] B MeV] BE[MeV]
4 —5.094 —0.005 -

5 —6.704 —0.163 -

6 —8.220 —0.421 -

7 —9.641 —0.749 -

8 —10.970  —1.126 -

9  —12212  —1.542 -

10 -13.376  —2.261 -

11 —14.467  —2.426 —0.045
12 —15493  —2.889 ~0.095
13 —16457  —3.357 —0.161
14 —17.367  —3.828 —0.241
15 —18228  —4.298 —0.334
16 —19.042  —4.766 —0.439
17 -19.814  —5.231 —0.555
18  —20547  —5.691 —0.681
19 -21.244  —6.145 —0.815
20  -21.908  —6.593 —0.956

Table 5.1: Binding energies for the ground states, By,, first excited states,
Bj(\lj)\, and the second excited states, B/(a, for A =4 —20.
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Figure 5.1: Binding energies, Bjy, versus mass number, A, for the ground
states, Bay, first excited states, B/(a, and the second excited states, B/(a, for
A = 4 — 20. The filled circles are our numerical results, open circles with
error bars represent data from the Nagara event, the triangle with error bars
represents data from the Demachi- Yanagi event, and data from the cluster
model is indicated using crosses.
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The binding energies obtained for ,{He and ,{He are 6.7 MeV and 8.2 MeV,
respectively. As can be seen from Figure 5.1, these values are in excellent
agreement with the binding energies listed in [7] (See also Table 2.1), thereby

indicating the accuracy of our model.

The calculated values in the cluster model [12] show larger values of binding
energies for A = 5 — 8 when compared with the values obtained in our
model. However, our result for A = 8 lies closer to the experimental value
of Baa = 12.337037 MeV obtained in the Demachi- Yanagi event, than the
value of 15.14 MeV obtained in the Cluster Model (See Table 2.2).

Figure 5.1 shows the variation of binding energy, Ba,, with mass number A.
Several features are apparent. First of all, each of the three distinct curves
show that the binding energy increases more or less linearly with A. With
light hypernuclei, A can interact with all of the nucleons in the nucleus, and
so B « A, roughly. As with many other nuclear properties, we may gain
valuable clues to the structure of hypernuclei from a systematic study of
hypernuclear binding energy. Second, we note that nuclei with large A are
more tightly bound, which is not surprising as we know that the magnitude of
the nuclear attractive force is directly proportional to the number of nucleons

in the nucleus.

In our attempt to understand these curves of binding energy we may use
general parameters to characterize the variation of By, with A. The most
obvious term to include in estimating B, is a constant term, since By o< A.

The binding energy is then By, = cA where c is a constant to be determined.

We also notice that there are only two bound states for hypernuclei A = 4—10
and three bound states for hypernuclei A = 11 — 20. The reasons for the

apparent increase in the number of bound states for A > 10 is due to the
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increase in A. An increase in A implies an increasing depth of the attractive
potential. The stronger the attractive potential, the more the attraction

“pulls-in” the bound states.

We have retained only the first term of the three-body wave function (3.36)
in our analysis, the remaining terms were truncated. It can be expected that
the inclusion of higher order terms of the three-body wave function may lead

to an increase in the binding energy.
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Conclusion

In this work we studied the AA-hypernuclear system. We described the hy-
pernuclear system using a three-body model within the framework of the
hyperspherical coordinate system and solved the system of first order differ-

ential equations for the system using the Jost function method.

Comparing our results with the experimental values obtained in the Nagara
and the Demachi-Yanagi events, we estimate the theoretical error in our

binding energy calculations of about 1.5 MeV.

Furthermore, we estimate binding energies for A = 4 — 20 AA hypernuclei,

as given in Table 6.1.

Based on the fact that we reproduce the available experimental binding en-
ergies reasonably well, we can expect that our results for higher A may serve

as predictions for future experiments.
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A By [MeV] B MeV] BE[MeV]
4 —5.094 —0.005 -

5 —6.704 —0.163 -

6 —8.220 —0.421 -

7 —9.641 —0.749 -

8 —10.970  —1.126 -

9  —12212  —1.542 -
10 -13.376  —2.261 -

11 —14.467  —2.426 —0.045
12 —15493  —2.889 ~0.095
13 —16457  —3.357 —0.161
14 —17.367  —3.828 —0.241
15 —18228  —4.298 —0.334
16 —19.042  —4.766 —0.439
17 -19.814  —5.231 —0.555
18  —20547  —5.691 —0.681
19 -21.244  —6.145 —0.815
20  -21.908  —6.593 —0.956

Table 6.1: Estimated binding energies for the ground states, By, first excited
states, B/(a, and the second excited states, B/(a, for A =9 — 20.
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