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A SUMMATION PROBLEM

HENG Aik-Koan
Dept of Information Systems and Computer Science
National University of Singapore
Lower Kent Ridge, Singapore 0511

This paper suggests a method to minimize the roundoff errors of adding N positive nimbers. The idea of
construction can be easily applied to a linear recurrence process.

A major concern in numerical analysis is the question how an error at one pointin a
calculation propogates, that is, whether its effect becomes greater or smaller as subsequent
operations are carried out. Analysis of error in a numerical result is fundamental to any intelligent
computatiom, whether done manually or with a computer. Every result in a computer must be
expressed in some finite number of digits, and this simple appearing restriction completely
changes many of the satndard mathematical ideas.

Suppose we are given N positive numbers and we wish to find their sum. If we assume that
these N numbfers can be represented exactly in 2 machine (no conversion error, e.g. convert from
decimal number to hexadecimal number), we can prove that if we arrange these numbers in
increasing sequence, the total error dee to roundoff will be reduced.

We define addition is EXACT if there is no error (truncation error, rounding error, ...)
during adding of numbers. We are going to define a method in order to minimize the error if we
wish to add N positive numbers.

Let

a,, 8,8, ..,ay
be N positive numbers, these numbers can be represented exactly in a machine and the numbers
are in increasing sequence.

Using the above assumptions, if we add from small number to large number, we know that
there exists one L such: that

a +ay+..+a; is exact and
ay+a + ...+ ap +ap is not exact.

Normal addition from: left to right, we will have N-L roundoff errors of additions. The problem
mow is to see whether we can reduce the number of roundoff errors.

The methed we are going to use is what we call "Partition-Method". We will split the given
addition into several partitions, denoted by PI for the I-th partition. Now define

PO ay + &y + &y + ... + g

P1 Ago,r t Bge2 T - + Ay
P2 = Agp,p FBgya2 + - T Ay

R R e N Y R R R R R IR AP

R R R Y snmaseca

Pl = agg gy + aK(J p+2 t e FaAN

If each partition is the maximum number of terms that the sum is exact, then adding up from
PO to PJ, we have reduced the total number of roundoff errors from N-L to J, and the total
number of partitions is also minimized.

Example 1: 1 +2+3 + ... + 15000

Working on IBM/3033 machine, this computer uses 4-bytes to represent a floating number
(first byte is for the characteristic part in excess 64, the next three bytes are for the mantissa).
Using binary search, we obtain the following partitions.
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PARTITIONS TERMS HEXADECIMAL DECIMAL

PO FROM 1 TO 5792 46FFFD50 0.16776528 E+08
Pl FROM 5793 TO 8192 4710012B 0.16782000 E+08
P2 FROM 8193 TO 10033 46FFFF49 0.16777033 E+08
P3 FROM 10034 TO 11585 46FFFC98 0.16776344 E+08
P4 FROM 11586 TO 12952 46FFEASB 0.16771723 E+08
P5 FROM 12953 TO 14188 46FFF012 0.16773138 E+08
P6 FROM 14189 TO 15000 46B4D3EE 0.11850734 E+08
The exact solution = 476B4BA6(C) or 0.11250750 E+09

Normal calculation = 476B3ACC or 0.112438464 E+09

Partition method = 476B4BA4 or 0.112507456 E+09

The roundoff errors of additions have reduced from 9208 to 6!

Example 2:
To find the sum of the scalar product of (1 2 3 ... n)(1 2 3 ... n)
where n=925

We obtain 16 partitions:

1 to 368 369 to 464 465 to 531 532 to 584
585 to 629 630 to 668 669 to 703 704 to 736
737 to 765 766 to 792 793 to 817 818 to 841
842 to 864 865 to 885 886 to 905 906 to 925

The exact solution = 47FC011A(B) or 0.264245675 E+09
Normal calculation 47FCO00AQ or 0.264243712 E+09
Partition method 47FC0113 or 0.264245552 E+09

In fact, the sum of each partition is a large number, we can consider this as adding of 16
‘equal’ numbers. Using parallel calculation, i.e. Grouping them 2 by 2,4 by 4,8 by 8, ... . We
obtain a better answer, which is equal to 47FC0117 in hexadecimal or 0.264245616 E+09 in
decimal.

The partition method is effective if we start from a sequence of exact positive numbers and
if the final sum is large. The idea can be easily generalised to apply on a linear recurrence
process, e.g. to find the value of the polynimial using Horner's rule.

Example 3:
To find the value of p(x)=agx"+ alxn-l + ..+ 3

with n= 12, x = 6.0 and a;=i-1 for i=1l, ..., 13

Normal calculation using Horner's rule, the result obtained is equal to 48BADSAE in
hexadecimal or 0.313456589 E+10 im decimal. The exact solution is equal to 48BAD5BO(A1) in
hexadecimal or 0.3134566561 E+10 in decimal. If we split the ploynomial into two parts:

p(x) = [ a;x8 + apx” + ... ag x? 1 + [ a;px® + apx?2 + ...+ apg]

The value inside the square brackets is exact, the result has been improved to 48BAD5B1 in
hexadecimal or 0.313456666 E+10 in decimal.

24











