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The Kronecker product

Let A ∈M(F,m, n)1 and B ∈M(F, s, t). The Kronecker product
A⊗B is the ms× nt matrix over F (in block matrix form)

A⊗B =


(A)1,1B (A)1,2B . . . (A)1,nB
(A)2,1B (A)2,2B . . . (A)2,nB

...
...

. . .
...

(A)m,1B (A)m,2B . . . (A)m,nB

 .

1The vector space of m× n matrices over a field F
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The Kronecker product

Charles Van Loan:

The Kronecker product has a rich and very pleasing
algebra . . .

namely:
(A⊗B)T = AT ⊗BT (K1)

(A1 +A2)⊗B = A1 ⊗B +A2 ⊗B,
A⊗ (B1 +B2) = A⊗B1 +A⊗B2,
k(A⊗B) = (kA)⊗B = A⊗ (kB)

(K2)

A⊗ (B ⊗ C) = (A⊗B)⊗ C (K3)

and for matrix-product compatible A1 and A2, B1 and B2:

(A1 ⊗B1)(A2 ⊗B2) = (A1A2)⊗ (B1B2) (K4)
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The vec operator and the Kronecker product

The vec operator and Kronecker product are closely connected.
The vec operator “vectorizes” a matrix:

vec

(
1 2 3
4 5 6

)
=



1
4
2
5
3
6


For the purposes of this talk the most important connection is:

vec (ABC) = (CT ⊗A) vec B.
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Tensor rank
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Separability (Rank 1)
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Tensor rank/Schmidt number

Tensor rank 3:

⊗
+

⊗
+

⊗ =
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Tensor rank/Schmidt number

Let x ∈ Cmn. The Schmidt rank (tensor rank) of x over Cm ⊗ Cn

is the largest number srankm,n(x) ∈ N satisfying

∀r : ∃{a1, . . . , ar } ⊂ Cm, {b1, . . . , br } ⊂ Cn

r∑
j=1

aj ⊗ bj = x ⇒ r ≥ srankm,n(x).

Theorem
Let A be an m× n matrix over C. Then

rank(A) = srankn,m(vecA).
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Singular value decomposition
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Singular value decomposition

The singular value decomposition provides a method to find the
tensor rank. The singular value decomposition decomposes a
matrix A as

A = UΣV ∗


(A)1,1 (A)1,2 . . . (A)1,n
(A)2,1 (A)2,2 . . . (A)2,n

...
...

. . .
...

(A)m,1 (A)m,2 . . . (A)m,n

 = U


σ1 0 . . . 0
0 σ2 . . . 0
...

...
. . .

...
0 0 . . .

V ∗

where

σ1 ≥ σ2 ≥ · · · ≥ 0.
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Singular value decomposition and tensor rank

If

x =

m∑
i=1

n∑
j=1

(A)i,j ai ⊗ bj

and we have the singular value decomposition
(A)1,1 (A)1,2 . . . (A)1,n
(A)2,1 (A)2,2 . . . (A)2,n

...
...

. . .
...

(A)m,1 (A)m,2 . . . (A)m,n

 = U


σ1 0 . . . 0
0 σ2 . . . 0
...

...
. . .

...
0 0 . . .

V ∗

σ1 ≥ σ2 ≥ · · · ≥ σr ≥ σr+1 = 0 = · · · = 0

then

x =

r∑
k=1

σk uk ⊗ vk.
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Singular value decomposition and tensor rank

The vector

x =

r∑
k=1

σk uk ⊗ vk

has tensor rank r.
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Image compression
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Nearest Kronecker product and image compression

Use only the term with coefficient σ1:

≈
⊗
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Nearest Kronecker product and image compression

Use only the term with coefficient σ1:

≈
⊗

(Actually, the nearest Kronecker product is obtained by applying
the reshaping operator first.)
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Nearest Kronecker product and image compression

Use only the term with coefficient σ1, note the remaining part:

=
⊗

+
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Nearest Kronecker product and image compression

This does not always work. Technical aspects such as how colour
is stored is relevant, but not considered in the singular value
decomposition. Using heuristics can ensure (entry-wise) positivity,
which leads to:

Kronecker quotients
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Matrix multiplication
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Matrix multiplication

(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)
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Matrix multiplication: Strassen’s algorithm

(
a11 a12
a21 a22

)(
b11 b12
b21 b22

)
=

(
p1 + p4 − p5 + p7 p3 + p5

p2 + p4 p1 + p3 − p2 + p6

)
where

p1 = (a11 + a22)(b11 + b22) p2 = (a21 + a22)b11

p3 = a11(b12 − b22) p4 = a22(−b11 + b21)

p5 = (a11 + a12)b22 p6 = (−a11 + a21)(b11 + b12)

p7 = (a12 − a22)(b21 + b22)
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Matrix multiplication

Let n ∈ N. Consider the vector space Mn(F ) of n× n matrices
over the field F . Let {B1, . . . , Bn2} be a basis for this space. Now
let

A =

n2∑
j=1

ajBj , B =

n2∑
j=1

bjBj , a1, . . . , an2 , b1, . . . , bn2 ∈ F.

Then

AB =

n2∑
j,k=1

ajbkBjBk.
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Matrix multiplication

Now suppose

BjBk =

n2∑
l=1

cjklBl

where cjk1, . . . , cjkn2 ∈ F . It follows that

AB =
([

([A]⊗ [B])T C
]
⊗ In

)
B

where [A] and [B] are the column vector representations of A and
B respectively and (Cl)jk := cjkl are n2 × n2 matrices, and

C :=

n2∑
l=1

eTl,n2 ⊗ (vecCT
l ), B :=

n2∑
l=1

el,n2 ⊗Bl.
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Matrix multiplication

Suppose

C =

r∑
j=1

xj ⊗ CA,j ⊗ CB,j

where r is minimum, CA,j and CB,j are n2 × 1 matrices and xj are
1× n matrices.

It follows that r is the minimum number of products in F required
to perform the matrix multiplication.

27 / 45
The Kronecker product and structured problems in multilinear algebra

college of
science, engineering
and technology



Matrix multiplication

For n = 2, any F , and the standard basis we find

C = (e1 + e4)
T ⊗ P1 + (e3 − e4)

T ⊗ P2 + (e2 + e4)
T ⊗ P3

+ (e1 + e3)
T ⊗ P4 + (e2 − e1)

T ⊗ P5 + eT4 ⊗ P6 + eT1 ⊗ P7

where

P1 =


1
0
0
1

⊗


1
0
0
1

 , P2 =


0
0
1
1

⊗


1
0
0
0

 , P3 =


1
0
0
0

⊗


0
1
0
−1

 , P4 =


0
0
0
1

⊗


−1
0
1
0

 ,

P5 =


1
1
0
0

⊗


0
0
0
1

 , P6 =


−1
0
1
0

⊗


1
1
0
0

 , P7 =


0
1
0
−1

⊗


0
0
1
1


correspond to the terms p1, . . . , p7 in Strassen’s algorithm.
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Higher order singular value decomposition

29 / 45
The Kronecker product and structured problems in multilinear algebra

college of
science, engineering
and technology



Higher order SVD

The singular value decomposition provides a method to find the
tensor rank for second order tensors. The singular value
decomposition decomposes a matrix A as

A = UΣV ∗

which can be rewritten under the vec operator as

vec A = (V ⊗ U) vec Σ.

For higher order tensors A we have

vec A = (U1 ⊗ U2 ⊗ · · · ⊗ Un) vec S.
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Higher order SVD

The singular value decomposition second order tensors

vec A = (V ⊗ U) vec Σ.

The tensor rank of vec Σ is the tensor rank of vec A.

For higher order tensors A we have

vec A = (U1 ⊗ U2 ⊗ · · · ⊗ Un) vec S.

The k-mode tensor rank of vec S is the k-mode tensor rank of
vec A.
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Higher order SVD

The SVD provides U1, U2 etc.:

vec A = Pn([U1 ⊗ U2 ⊗ · · ·Un−1]⊗ Un]) vec S
= Pn(V n ⊗ Un) vec Σn

vec A = Pn−1([Un ⊗ U1 ⊗ U2 ⊗ · · ·Un−2]⊗ Un−1]) vec S
= Pn−1(V n−1 ⊗ Un−1) vec Σn−1

...

vec A = P1([U2 ⊗ U3 ⊗ · · ·Un]⊗ U1]) vec S
= P1(V 1 ⊗ U1) vec Σ1

where

Pj(Uj+1 ⊗ · · · ⊗ Un ⊗ U1 ⊗ · · · ⊗ Uj) = U1 ⊗ U2 ⊗ · · ·Un−1 ⊗ Un,

vec S = vec
[
ΣjV

∗
j (Uj+1 ⊗ · · · ⊗ Un ⊗ U1 ⊗ · · · ⊗ Uj)

T
]
.
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Kronecker quotients
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The Kronecker quotient

Let A ∈M(F,m, n) and B ∈M(F, s, t). The Kronecker product
A⊗B is the ms× nt matrix over F (in block matrix form)

A⊗B =


(A)1,1B (A)1,2B . . . (A)1,nB
(A)2,1B (A)2,2B . . . (A)2,nB

...
...

. . .
...

(A)m,1B (A)m,2B . . . (A)m,nB

 .

B can be determined from A and A⊗B provided there exists an
entry (A)i,j 6= 0 in A:

B =
1

(A)i,j
(ei,m ⊗ Is)T (A⊗B) (ej,n ⊗ It) .
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The (left) Kronecker quotient

Definition

Let

; = {;m,n,s,t :Mnz(F,m, n)×M(F,ms, nt)→M(F, s, t),

m, n, s, t ∈ N}

and A;M := ;m,n,s,t(A,M) for all A ∈Mnz(F,m, n) and
M ∈M(F,ms, nt). If

A; (A⊗B) = B

for all A ∈Mnz(F,m, n) and B ∈M(F, s, t), then ; is a left
Kronecker quotient.
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Kronecker products and quotients

Kronecker products:

(A⊗B)T = AT ⊗BT (K1)

Left Kronecker quotients:

(A;M)T = AT ;MT (Q1)
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Kronecker products and quotients

Kronecker products:

(A1 +A2)⊗B = A1 ⊗B +A2 ⊗B,
A⊗ (B1 +B2) = A⊗B1 +A⊗B2,
k(A⊗B) = (kA)⊗B = A⊗ (kB)

(K2)

Left Kronecker quotients:

A; (M1 +M2) = A;M1 +A;M2

A; (kM) = k(A;M)
(Q2a)

(kA) ;M =
1

k
(A;M), k 6= 0 (Q2b)
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Kronecker products and quotients

Kronecker products:

A⊗ (B ⊗ C) = (A⊗B)⊗ C (K3)

Left Kronecker quotients:

A; (B ;M) = (B ⊗A) ;M (Q3)
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Kronecker products and quotients

Kronecker products2:

(A1 ⊗B1)(A2 ⊗B2) = (A1A2)⊗ (B1B2) (K4)

Left Kronecker quotients3:

(A1 ;M1)(A2 ;M2) = (A1A2) ; (M1M2) (Q4)

2for product-compatible A1 and A2, B1 and B2
3for product-compatible A1 and A2, M1 and M2
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Kronecker products and quotients

Kronecker products:

tr(A⊗B) = tr(A) tr(B) (K5)

det(A⊗B) = (detA)s (detB)m. (K6)

Left Kronecker quotients:

tr(M) = tr(A) tr(A;M) (Q5)

det(M) = (detA)s(det(A;M))m (Q6)
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Uniform left Kronecker quotients

A uniform left Kronecker quotient is a left Kronecker quotient that
can be written in the form

A;M = trn

(
[Q(A)⊗ Is]T M

)
.

where
tr(Q(A)TA) = 1

If A is an m× n matrix, the Q(A) is an m× n matrix. The matrix
Q(A) is said to realize the left Kronecker quotient ;.
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Uniform left Kronecker quotients

Theorem

A uniform left Kronecker quotient ;, realized by the matrices
Q(A) satisfies (Q2a) (by construction),

(i) satisfies (Q1) if and only if Q(AT ) = (Q(A))T and

(ii) satisfies (Q2b) if and only if Q(kA) = 1
kQ(A), k 6= 0 and

(iii) satisfies (Q3) if and only if Q(B ⊗A) = Q(B)⊗Q(A).
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Uniform left Kronecker quotients: (Q5)

Theorem
A uniform left Kronecker quotient ;, realized by the matrices
Q(A) satisfies (Q5) restricted to tr(A) 6= 0 if and only if

Q(A) =
1

tr(A)
Im (2)

for all A ∈Mnz(F,m,m) with tr(A) 6= 0.
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Uniform left Kronecker quotients: (Q5)

Theorem
A uniform left Kronecker quotient ;, realized by the matrices
Q(A) satisfies (Q5) restricted to tr(A) 6= 0 if and only if

Q(A) =
1

tr(A)
Im (2)

for all A ∈Mnz(F,m,m) with tr(A) 6= 0.

(Q5) is incompatible with (Q3)
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Research projects

I Canonical polyadic tensor decompositions

I Non-uniform Kronecker quotients

I Restrictions of (Q5)

I Characterization of Kronecker quotients satisfying (Q4)
(i.e. matrix product).

I Multilinear algebraic techniques for fast matrix multiplication
(M.Sc. student G.M. Gouaya (UNISA))

44 / 45
The Kronecker product and structured problems in multilinear algebra

college of
science, engineering
and technology



Bibliography

I Lieven De Lathauwer, Bart De Moor, and Joos Vandewalle.
A multilinear singular value decomposition.
SIAM Journal on Matrix Analysis and Applications, 21(4):1253–1278, 2000.

I Yorick Hardy and Willi-Hans Steeb.
Vec-operator, Kronecker product and entanglement.
International Journal of Algebra and Computation, 20:71–76, 2010.

I Harold V. Henderson and Shayle R Searle.
The vec-permutation matrix, the vec operator and Kronecker products: A review.
Linear and Multilinear Algebra, 9:271–288, 1981.

I Willi-Hans Steeb and Yorick Hardy.
Entangled quantum states and the Kronecker product.
Zeitschrift für Naturforschung, 57a:689–691, 2002.

I Willi-Hans Steeb and Yorick Hardy.
Matrix Calculus and Kronecker Product: A Practical Approach to Linear and Multilinear Algebra.
World Scientific, Singapore, 2nd edition, 2011.

I Volker Strassen.
Gaussian elimination is not optimal.
Numerische Mathematik, 13:354–356, 1969.

I Charles F. van Loan.
The ubiquitous Kronecker product.
Journal of Computational and Applied Mathematics, 123:85–100, 2000.

45 / 45
The Kronecker product and structured problems in multilinear algebra

college of
science, engineering
and technology


