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Summary

For a graph G = (V (G),E(G)), aset § C V(G) dominates G if each vertex
in V (G)\S is adjacent to a vertex in . The domination number y (G) (independent
domination number 4 (G)) of G is the minimum cardinality amongst its dominating
sets (independent dominating sets). (G is k-edge-domination-critical, abbreviated k--
critical, if the domination number k& decreases whenever an edge is added. Further, G
is hamiltonian if it has a cycle that passes through each of its vertices.

This dissertation assimilates research generated by two conjectures;

Conjecture 1. Every 3-y-critical graph with minimum degree at least two is hamil-

tonian.
Conjecture 2. If G is k-y-critical, then y (G) = 1 (G).

The recent proof of Conjecture 1 is consolidated and presented accessibly. Conjec-
ture 2 remains open for & = 3 and has been disproved for & > 4. The progress is

detailed and proofs of new results are presented.

Key terms: domination, independent domination, hamiltonicity, domination-critical

graphs.
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Chapter 1
Introduction

In general, a graph (7 is critical with respect to a property P if ¢ possesses the
property, but no proper induced subgraph, no proper spanning subgraph, or no proper
spanning supergraph (as the case may be) of ¢ possesses P. Studying criticality with
respect to major graph-theoretical properties is important as it affords a deeper under-
standing of the property and the class of graphs that possesses it, and because induction
(using properties of subgraphs of a graph & to deduce properties of () is often used in
graph-theoretical arguments.

Sumner and Blitch initiated the study of edge-domination-critical graphs, i.e., graphs
whose domination number drops when an arbitrary edge is added, in [11] . The work
in [11] was continued by Wojcicka in [14] and these two papers gave rise to two ma-
jor conjectures, namely Conjectures 1 and 2*, which are stated below. Attempts to
solve these conjectures have generated much research which this dissertation aims to

assimilate and consolidate.

1.1 Basic definitions and notation

All graphs G = (V (G) , £ (G)} will be finite, undirected and without loops or multi-
ple edges. Any basic graph-theoretic definitions and notation not defined below com-
ply with [3], while definitions and notation pertaining to domination and related con-
cepts can be found 1n [8] . We define the most frequently used concepis below.

The neighbourhoad, closed neighbourhood and degree of a vertex v are defined and
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denoted respectively by N (v) = {w € V(G){vw € E(G)}, Njv| = N (v) U {v}
and deg (v) = |N (v)|. The smallest (largest, respectively) value amongst the degrees
of the vertices of G is called the minimum (maximum, respectively) degree of G and
is denoted by 6 (G) (A (G), respectively).

A set § C V (G) dominates the graph G, and S is called a dominating set of G,
if for each v € V (G) \ S, there exists a vertex w € S with uv € E(G). The smallest
cardinality amongst the dominating sets of G is called the domination number of G and
is denoted by «y (G). The graph G is called k-edge-domination-critical, abbreviated k-
y-critical, if 7(G) = k, and for every edge ¢ € E (G), 7(G+¢) = k — 1. (itis
easy to see that the addition of an edge to any graph cannot decrease the domination
number by more than one,)

A set S C V(G) is said to be independent if the vertices in 5 are pairwise non-
adjacent. The largest cardinality amongst the independent sets of & is called the in-
dependence number of G and denoted by 3(G). The set S is called an independent
dominating set of G if it is independent and dominaies &, The smallest cardinality
amongst the independent dominating sets of G is called the independent domination
number and is denoted by ¢ (G). Since any maximal independent set is an independent

dominating set (cf. [8, p. 70]}, it is easy to see that
7(G) £1(G) £ 8(G)

for any graph G, A dominating cycle of & is a cycle such that each edge of G is
incident with at least one vertex of the cycle.

The length of a longest cycle in G is called the circumference of G and is denoted
by ¢(G). A hamiltonian path of G is a path that passes exactly once through each
vertex of G. Further, G is said to be hamiltonian if ¢ (G) = {V (G)], i.e., if G contains

a hamiltonian cycle, which is a cycle that passes exactly once through each vertex of
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;. Finally, let w (G) denote the number of components of G. Then G is said to be
1-tough if for each cut-set S of G, w (G — &) < |5].

1.2 The two conjectures

In [11], Sumner and Blitch showed that the 1-y-critical graphs are precisely the com-
plete graphs, and that G is 2-y-critical if and only if G is the disjointunion of non-trivial
stars. They further showed that a disconnected 3-y-critical graph is the disjoint union
of a complete graph and a 2-y-critical graph, and therefore concentrated their research
on the connected 3-y-cntical graphs. These are some of the results that they obtained:
Every 3-y-critical graph of order = and size m

® contains a tnangle,

satisfies m < ("} %),

¢ has a 1-factor if n is even and

has its clique number bounded below by 3 and above by n — 3.

Further results from [11] are presented in Chapter 2.

Sumner and Blitch also pointed out in [11] that all the examples of 3-y-critical
graphs with n 2> 7 that they had constructed contained hamiltonian paths, and thought
it logical to ask when a k-y-critical graph would contain a hamiitonian path or cycle.
In [14], Wojcicka proved the foliowing result:

Theorem 1.1 [f G is a connected, 3-vy-critical graph on more than six vertices, then
G has a hamiitonian path,

She then formulated the following conjecture:
Conjecture 1 Every connected 3-y~critical graph G with 4 (G) > 2 is hamiltonian.

This conjecture is referred to as BWajcicka® s Conjecture throughout this dissertation.

Obviously, graphs with end-vertices are not hamiltonian, but it was proved by Xue and
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Chen in [15] that 3-y-critical graphs with end-vertices yield hamiltonian graphs when

all end-vertices are removed. We state this result here for the sake of completeness.

Theorem 1.2 Let G be a connected, 3-y-critical graphwith § (G) = 1 and let V; =
{v e V(G)|deg(v) =1}. Then G — V| is hamiltonian.

Sumner and Blitch also formulated the following conjecture in [11]
Conjecture 2* If G is k-vy-critical, then ¢ (G) = &.

Both these conjectures have generated a great deal of research. Conjecture 1 has
been solved. In [5], Favaron, Tian and Zhang showed that (1) 3-y-critical graphs with
§ > 2 satisfy 3 < 6 + 2, and went on to prove the comecture for 3 < & + 1. The
outstanding case (3 = & + 2) was proved by Tian, Wei and Zhang in [13] . The proofs
make use of the following results established by Flandrin, Tian, Wei and Zhang in
[6] : 3-y-critical graphs with n vertices and minimum degree § > 2 are (ii) 1-tough
and have the property that (iii) each longest cycle 1s a dominating cycle. Using (ii)
and (iii), they proved that (iv) the circumference of these graphs is at least n — 1. In
[5] , Favaron, Tian and Zhang used (ii) and (iv) to prove Wojcicka’s Conjecture for
A < &+ 1. Furthermore, they showed that if 3 = & + 2, then (v) every maximum
independent set contains all vertices of degree §, and (vi) if = is a vertex of degree ¢,
then N(z) induces a clique. Tian, Wei and Zhang then showed in [13] that (vi1) there
is only one vertex of degree &, and used (ii), (iv), (v), (vi) and (vii) to show that 3-y-
critical graphs with 5 = 6+ 2 are hamiltonian, thus completing the proof of Wojcicka’s
Conjecture. The proofs are {ong and technical and we have attempted to make them
as accessible as possible.

We now know that Conjecture 2* does not hold for k > 4. This conjecture was first
shown not to be true by Ao who constructed a 4-y-critical graph G with i (G) = 5in
[1]. This construction was generalised by Ao, Cockayne, MacGillivray and Mynhardt
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in [2] to disprove the conjecture for k > 4. The conjecture remains open, however, for
& = 3, but has been proved for various classes of graphs. In [11], Sumner and Blitch
showed that the conjecture held for (viii) disconnected graphs, and so researchers have
since focussed on the connected 3-v-critical graphs. Favaron, Tian and Zhang [5]
proved the conjecture when (ix) § = land (xX) 7 = & + 2 and § > 2, leaving open
the case 3 < 6§ 4+ 1, 6 > 2. Sumner stated without proof in [10] that the conjecturs
holds when (x1) § < 2 and Sumner and Blitch stated without proof in [11] that the
conjecture holds when (xii) the diameter is equal to 3. (We know that the diameter
of a 3-y-cntical graph is at most 3 — see Theorem 4.1), Proofs for (x1) and (xii) are
supplied in this dissertation, and so the only remaining subcase concerns those graphs
G with 3(G) € 6§ (G)+ 1, diam & = 2and 6 () > 3. Thus we see that (i) has also
been important to the progress achieved with regards to Conjecture 2*.

As mentioned earlier, this dissertation consolidates the work done in [5, 6, 10, 11,
13, 14, 15] regarding the hamiltoman properties of 3-y-critical graphs, and the work
donein[1, 2, 5, 10, 11] on the independent domination number of k-y-critical graphs.
Further results on k-~v-cntical graphs for k& > 4 can be found in [4, 9] .

Those readers who are interested in other issues sumounding cnticality with respect
to domination are referred to a survey of various types of criticality of domination,
independence and imredundance by Groblerin [7] and the recent survey of domination

critical graphs by Sumner and Wojcicka in [12] .

1.3 More definitions

Let A and B be two vertex subsets of a graph G. We say that A dominates B if every
vertex of B\ A is adjacent to at least one vertex in A. If A = {a} (B = {b}, respec-
tively), then we write “a dominates B” (“ A dominates 3”, respectively). If A and B
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are disjoint, then we use E (A4, B) to denote the set of edges between vertices in .4 and
verticesin B. f 4 C V(G)and z € V (@), then N4 (z) = {y € A|zy € E(G)}
and deg 4 (z) == |N4 (x)|. The distance between two vertices « and v will be denoted
by d (u, v).

By definition, if G is 3-y-critical and « and v are any two nonadjacent vertices of
G, then v (G +uv) = 2. In[11], Sumner and Blitch observed that there therefore
exists a vertex * € V () \ {v, v} such that in G, {u, £} dominates &G - v but not v
(denoted by [u,x] — v) or {v, 2} dominates G — u but not © (denoted by [v, 2] — u).
This observation will be used often in the proofs that follow,

Finally, we use the notation “l” to indicate the end of the proof of a theorem or
lemma, and “0O7 to indicate the end of the proof of a lemma within the proof of a

theorem.

1.4 OQOutline

The remainder of this dissertation is divided into three chapters. Chapter 2 provides
proofs of all the preliminary results needed for the proofs of the two conjectures; Chap-
ter 3 contains the proof of Wojcicka’s Conjecture and Chapter 4 details the progress
made with regards to Conjecture 2*.

Section 2.1 contains general results regarding the independent sets of 3-y-critical
graphs. The proof of (ii) is given in Section 2.2 which also contains general results on
cut-sets, cut-vertices and end-vertices of 3-y-critical graphs.:Results on independence
number and independent domination number, including the proofs of (1), (v) and (vi),
are presented in Section 2.3. Section 2.4 provides results pertaining to longest cycles,
including the proofs of (iii), (iv) and (vii).

Chapter 3 contains the proof of Wojcicka’s Conjecture for the case < & + 1 in
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Section 3.1 and for the case 7 = & + 2 in Section 3.2
Finally, Chapter 4 details the progress made towards proving Conjecture 2* for k =
3in Section 4.1, and presents the construction of the counterexample to the conjecture

for k > 4 in Section 4.2.



Chapter 2
Preliminary results

2.1 Independent sets

The following lemmas relate to the independent sets of connected, 3-y-critical graphs
and will be used often in the proofs that follow. Sumner and Blitch proved the next
result in [11] , using the condition & > 4 to ensure that W NY (W) = § and that
Y1ya...4k—1 1§ a path in G, but as observed in [6] , the result can be easily verified for

k € {2, 3} by using the fact that ' is 3-y-critical.

Lemma 2,1 [Lef GG be a connected, 3—~y-critical graph and W an independent set of
k = 2 vertices in G. Then there exists an ordering F (W) = (wy, wa, ..., ws) of the
vertices of W and a sequence Y (W) = (1, ¥, «vor Y1) 0f k — 1 distinct vertices in
G such that {uy, y;] — Wiy, foreach iwith 1 <i< k-1

Note that we sometimes denote 1u; as f; (W) and y; as y; (W) for clarity. The fol-
lowing two lemmas were proved in [5] for k > 3, but can be extended to & > 2 as for

Lemma 2.1.

Lemma 2.2 Let W be an independent set of k > 2 vertices of a connected, 3-y-
critical graph G, such that W U {z}, with x ¢ W, is also independent. Then any
sequence Y (W) defined in Lemma 2.1 belongs to N (x).

Proof. Foreachiwith 1 < 1 < k — 1, [ws, %] — wer. Sincez ¢ W and = is not

adjacent to w; for each ¢ with 1 < i < k, it follows that z is adjacent to y; for each <
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with 1 < i< k— 1. Hence Y (W) C N (x). n

Lemma 2.3 Let W be an independent sef of k > 2 vertices of a connected, 3-y-
critical graph G, W U {z} an independent set with £ @ W and Y (W) the sequence
defined in Lemma 2.1. If deg(z) = k — 1 or if every vertex in N (x)\Y (W) is

adjacent to every vertex in W, then yw; € E{(G) foreach iwith 2<i<k—1

Proof. Let F' (W) = (w, ws, ..., w;) be the ordering of the vertices of W described
inLemma21and Y (W) = (41,1, ..., %_1)-
Forany i with 2 < i < k — 1, the vertices w, and w;;; are not adjacent. So, there

exists a vertex z € V(&) \ {w1, Wip1 } such that
[’T.Ui,;.]., Z] - W or [Wl, 2] — Wiy

We first show that z € N (z)"NY (W). Since WJ{z}isindependent, » dominates z in
both cases, andso z € N (). Alsoby Lemma2.2,Y (W) C N (x). Hdeg (z) = k-1,
then Y (W) = N (zx), hence 2 € N (z) N Y (W). If deg (x) # &k — 1, then by the
hypothesis every vertex in IV (x) \Y (W) is adjacent to every vertex in W (including
wy and wy4;). Hence 2z € N (z)NY (W)

The case [w; 3, z] — w; is impossible since the only vertex in ¥ (W) that possibly
does not dominate u1; is 1; and 4, does not dominate w,. Hence [y, 2] — w;4;. For
eachi with2 < ¢ < k ~ 2, 2 € {#;, %41} s these are the only two vertices in ¥ (W)
that possibly do not dominate w;;;. However, z # %47 as ¥4 does not dominate
wyyg for each i with 2 < ¢ < k — 2. Thus z = y; and so y;uy € £ (&) for each ¢ with
2 <i< k-2 Consideri = & — 1. The only vertex in ¥ (W) not adjacent to wy is
Yr1. Thus z = yx_q and g w1 € E (G). Tt follows that y,w; € E (G) for each ¢
with2 <i<k—1. |
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2.2 Cut-sets, cut-vertices and end-vertices

This section contains results involving cut-sets and end-vertices, which will be used
in proving many of the results leading to the proof of Wojcicka’s Conjecture. Lo begin
with, Theorem 2.4(a) was proved in [11] and (b}in[15].
Theorem 2.4 Let G be a conmected, 3-y-critical graph.

(a) Any vertex v of G is adjacent to at most one end-vertex of G.

(b) If wisanend-vertex and v is adjacent to w, then N (v) \ {w} induces a

cligue in G,

Proof, (a) Suppose to the contrary that » is adjacent to two end-vertices a and b. Then
since ab ¢ X (G), we can assume without loss of generality that there is a vertex
z € V{(G)\ {a,b} such that [a,z] — b. Since « only dominates v (and itself), it

follows that « dominates V (@) \ {a,b, v} and so {v, £} dominates (7, a contradiction,

(b) Suppose to the contrary that there are two vertices a and b in N (v) \ {w} such
that ab ¢ F (G). We may assume without loss of generality that there is a vertex
z € V()\ {a,b} such that [a, 2] — b. Since {aw, zb} N E (G) = U, it follows that
z = w, and so a dominates V' (G)\ {b,w}. Thus {u,v} dominates G, contradicting
7(G) =3 H
The following useful resuit involving cut-sets was provedin [11] . It was, however,
improved upon in [6] for & (G) = 2 (see Theorem 2.10).
Theorem 2.8 Let GG be a cormected, 3—y-critical graph. If T is a cut-set of G, then

G — T has at most |T| + 1 components.

Proof. Let {T] = p and suppose to the contrary that G — T has p 4+ 2 components
with vertex sets Ay, Aa,..., Apy2. Leta; € A;foreachiwithl <4 < p4 2. Then
W = {a1,4ay,..., @py2} isan independent setin G. We may assumethat W is ordered as

in Lemma 2.1, and choose a sequence Y (W) = (1, ¥a, -, Ypi1) With [0z, 1] — @441

10
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for each ¢ with 1 < ¢ < p + 1, It follows that each y; is adjacent to vertices in more
than one of the A;’s, and so it must be thaty; € T for each i with1 < ¢ < p+ 1, But

this is impossible since |T'| = p. |

The next major result that we prove is that every cut-vertex of a 3-y-critical graph
is adjacent to an end-vertex. This will be useful in obtaining connectivity and tough-
ness properties of 3-y-critical graphs with 6 > 2 needed in the proof of Wojcicka’s

Conjecture. We first prove the following result.

Lemma 2.6 Let G be a connected, 3-y-critical graph with a cut-vertex v and let
A and B be the vertex sets of the components of G — v. Then exactly one of A and
B is contained in N(v).

Proof. If AU B C N(v), then v dominates G, contradicting v (@) = 3.

Now suppose that A\N(v) # 0@ and B\N(v) # 0. We may choose ¢’ € A and
b € B such thatd(a’,v) = d(¥,v) = 2. Choosea € N(v)Nn Aandb € N(v)n B
such that {aa’, b6’} C E(G).

We show that a dominates A or & dominates B. Suppose to the contrary that there
isa; € A, such that aa; ¢ E((). Then there is a vertex « such that

[a,z] > a1 or [ay,z] — a.

Consider the former case. Since N(a) N B = p and v does not dominate b;, necessarily
x € B, and we may assume without loss of generality that = b, since & dominates
b;. Similarly, in the latter case x € B U {v}, and since v dominates a, z € B. Again
we may assume without loss of generality that z = b. Thus we can assume that b
dominates B.

Note that since b dominates B U {v}, no vertex a* € A dominates A, for otherwise

{b,a*} is a dominating set, contradicting v (G)) = 3.

11
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Consider the vertices I and v. Since b'v ¢ E(G), there exists a vertex y such that
o] v or fu,y =0

In the former case, ¥ € A to dominate a’ and i dominates 4, a contradiction. Hence it
must be that [v, y] — V', and ¥ € Ain order to dominate o’. Thus v dominates B\ {¥'} .
Now consider the vertices &’ and v. Since a’v ¢ E{G), there exists a vertex z such

that
@zl —=v or [v,2]—=d.

In the former case, z = ¥, since z must dominate B and not v, and so &’ must dominate
A, a contradiction. Therefore it must be that [v, 2] — a'. Since v does not dominate
¥, z € B, and 5o v dominates A\ {a'}.

Furthermore, B is complete: Suppose to the contrary that &, and b, are two vertices
in B and I & E(G). Then, without loss of generality, there exists a vertex = such
that {b1, ] — b2. Now = € A to dominate o' and = dominates A, a contradiction.

Since o’ does not dominate A, there exists a vertex a; € A suchthat a,a’ & E(G).

Since a, b ¢ E(G), there exists a vertex z such that
a1, 2} =0 or [V,x] — oy

The former case is impossible, since z = v to dominate B\ {5}, but then &’ is not
dominated, Therefore [¥',x] — a; and = € A to dominate o’. Note that £ must

also dominate v, bui not a,. Let £ = a,, where a; € A\ {¢’,a,} and a, dominates

(A\ {a1 }) U {v}.

Since asb ¢ B(G), there exists a vertex x such that
lag,z] = & or [b,z] — 0.

The former case is impossible since no vertex dominates ¥ and not 4, and the latter

12
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case is impossible since no vertex dominates a' and not as. Thus either
AC N(v) or BC N(v)
and the lemma follows. ||

Theorem 2.7 Let G be a connected, 3-y-critical graph. If v is a cut-vertex of G,

then v is adjacent to an end-vertex of G.

Proof. By Theorem 2.5, G — v has exactly two components. Let A and B be the
vertex sets of the components of G — v, and assume, without loss of generality, that
B C N(v). Let X = A\N(v). Clearly, | X| # §. We show that |B| = 1.

Suppose to the contrary that |B| > 2 and let {b;,b,} C B. Consider any a €
AN N(v). Since aby ¢ E(G), there exists a vertex x such that

[a,2] = b6 or [by,z] — a.

In the former case, x dominates b, but not b;, and so x € B. But then a dominates
A and v dominates {v} U B, contradicting v (G) = 3. In the latter case = dominates
A\ {a}, again contradicting y (G) = 3. u

Corollary 2.8 Let G be a connected, 3-y-critical graph with § (G) > 2. Then G is

2-connected.

Proof. If G is not 2-connected, then G has a cut-vertex v. By Theorem 2.7, v is

adjacent to an end-vertex, contradicting 6 (G) > 2. |

In an attempt to prove Wojcicka’s Conjecture, Flandrin, Tian, Wei and Zhang [6]

proved a stronger result than the one stated in Theorem 2.5. We begin with a lemma.

13
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Lemma 2.9 [6] lLet G be a connected, 3-y-critical graph. If Ty is a cut-set of G
such that w (G — 1) = [To| + 1, then v is a cut-vertex for any v € Ty,

Proof, If |Tp| == 1, then the result holds, so we can assume that [Ty| > 2. Let |T] =
k — 1andlet 71, Tu,..., T} be the vertex sets of the components of G — Tp.

Consider a vertex w; € T}, for each ¢ with 1 < i < k, and let 5; = T;\ {w:}. Let
W = {wy,ws,...,ux}. Since W is an independent subset of V ((7), it follows from
Lemma 2.1 that there is a sequence Y (W) = (31, %2, .... yi—1) Such that [u;, y] —
w4 foreach i with 1 < ¢ < k — 1 (re-organising the numbering ¢f the components if

necessary). We consider two cases depending on T; and the sets 5.

Casel |Tp| > 3or|Tp|=2and S; # @foreachiwith1 <i < 3,

Since 3; dominates S; for each j # 1, it follows that Y (W) C Tpand so Y (W) = Tp.
Consider the vertices wy and wy. Since wywy ¢ E (G), there exists a vertex y €
V (G)\ {un, wi} such that

[w1;y]_>wk or [why]—*wp

In either case y € Y (W) since y dominates Sx U {w2} or 57 U {ws} respectively.
Since iy € K (Q) foreacht with 2 < ¢t < k ~ 1 and e € E{G), the case
[, y] — 1wy is impossible. So we must have that [wy,y] — wy. Since yw;, € E(G)
foreacht with 1 <t < k — 2, it follows that y = 1, he. [wy,ye-1] — Wi Hence
Te—1 € N (yg-1). But we also have fwy_1, yx—;| — wy and since wy_1 is not adjacent
toany vertex in T = Ty UTaU...UT;. 2US;, wehave IT' C N (yx.1}. Thus {e—1, wsz}
dominates V' (G), contradicting -y (G) = 3. Hence this case is impossible.

Case 2 [Tg| = 2 and at least one of S}, S, and Ss is empty.
Without loss of generality, assume that S3 = @, ie. T3 = {wa}. Thus N (u3) C Tp.

W consider two subcases depending on the value of deg (w4).

14
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Case 2.1 deg(un) =1.
Since [wy, 1] — wn, yyws € E (G). Thus y, is a cut-vertex and y; € Tp. By Theorem
2.4(b), either N (y1) N7y = 0 or N (y1) N T3 = @. Consequently x € Tg\ {y1} is also

a cut-vertex and the lemma holds.

Case 2.2 deg(w;) =2
Since [wy, 4] — wy, it follows that iyws € E (&) and y; € Ty. Since [wq, y9] — wy,
we have y; € Tq and w, is adjacent to every vertex in Sy. Also, N (wy) = Tp = {y1, %}
for some x with  #£ y,.

Now T1UT, € N (Tg), for otherwise Ty dominates V' (), contradicting v (G) = 3.
Without loss of generality, we can assume that wy € N (Tp). By the connectedness of
G, 52 # .

Consider u, € Ty and uy € T,. There is a vertex z such that
[ug, z] —ug or |ug, 2} — 1.

In either case, z dominates w; 0 z € Ty, Since wy & N {u;) U N (), it is impossible
that [uy, 2] — uy. Hence [u,, 2} — ;.

Suppose 51 = . If deg (w;) = 1, then using a similar argument to Case 2.1, the
lemma holds. Thus we can assume deg (w4) = 2, i.e. N {w;) = To. Since {uy,z}
dominates G — u, (note that u; = wy)and z € Ty, it follows that {u,, 2} dominates
G, contradicting 7 (G) = 3.

Hence 5; # (. Again we consider |u,, z] — u;, where z € T,. Without loss of
generality, we can assume that z = 1. Thus Th\ {u;} € N (). Consider u] €
Ti\ {u1}. Using a similar argument to the one above, we have [u,, 2] — v}, for some
2' €Ty Sinceujyy € B (G), 2/ = x. Thus T\ {u}} C N ().

Suppose that |73 | > 3. Then there is a vertex v} € T1\ {u,2}}, and {ny, 2] — uf

for some z" € T. But this is impossible since Tp C N (). Thus [T = 2.
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Now consider the vertices wq and 1ww;. Since [ws, yo] — 103, y» dominates {un,uy, 2,7}

but not w4. Thus ¥y € Ty UT,. Since {uyy, w2} N E(G) = @, [wa, ya] — wy is

impossible, contradicting v (G) = 3. So this case is also impossible and the lemma
holds. ||

Theorem 2,10 Ler G be a connected, 3-y-critical grapk with & (G) > 2. Then G is
1-tough.

Proof. By Theorem 2.5, if Ty is a cut-set of a connected 3-y-cntical graph, then
w (G~ Tpy) < |To] + 1. We now show thatif 6 (G) > 2, thenw (G — Tp) < [Tyl

Suppose to the contrary that (7 is a connected 3-y-cntical graph with & (G) > 2

and that 7 has a cut-set Ty such that w (G — Tp) = |Ty] + 1. Then by Lemma 2.9 and
Theorem 2.7, each vertex v € Ty is adjacent to an end-vertex, contradicting & (G) > 2,

Corollary 2.11 Ler G be a connected, 3-y-critical graphwith §(G) > L If T isa

cut-set of G, then G has at most |T| components.

2.3 Independence numbers

Favaron, Tian and Zhang established an upper bound for the independence number

B{G) of a 3-y-critical graph G with 4 (G) > 2 in [5] . Before we present this result,

we prove the following lemma.

Lemma 2.12 Lef z be a vertex of degree d > 2 of a 3-y-critical graph G, [ a
maxinmum independent set andlet A= I\N [z]. If |[INN (z)} == d, then |A] < L

Proof. Suppose to the contrary that N () C [ and that {A] > 2. Let {z,t} C A
Then N (z)U{z,t} C I,so N (x)U{z,t}isindependent. By Lemma 2.1, there exists

an ordering (wy, Wy, ..., We4p) of the vertices of NV (x) U {2,t} and a path 1¥2.. Y441
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contained in V (G)\ (I (x) U {z,t}) such that [y;, w;] — w;1 for each i with 1 <
i < d+1. Now for somepair, jwith1 <i #£ j < d+1, {w;, w;}N{z,t} # 0. Thus
either w; &€ N (x) or w; € N (z). Since {y;, ;1 C V (G)\ (N (&) U {2,1}), either

{r0s,3:} or {w;, y;} does not dominate =, a contradiction. Hence [4] < 1, ||

Theorem 2,13  The independence number 3 (C) of a 3—y-critical graph G of mini-
mum degree & () > 2 satisfies 3(G) < 6§(G) + 2. Moreover, if 3(G) =6(G)+2,
then every maximum independent set contains all the vertices of degree 6 (G).

Proof. Let  be any vertex of degree & (G) in G, I any maximum independent set,
and A = I\N [z]. Notethatif z € [, then TN N (z) = {§, and so [T N N [z]] < §(Q).
By the definition of A, 2 () = |N [z} N I| + | 4] and therefore 3(G) = |A] + 1if
x€land 3(G) ={A|+|N(z)nI|ifz ¢ I Hence

B(@) < max {|A] +1,[4] + [N (z) N 1} .

If{A] <1, then 8(@F) <max{2,1+|N(z)NI]} <E(G)+ 1

If |A| = 2, then by Lemma 2.12, [ NN (z)| € §(G) — 1 and thus 3{G) <
max {3,6(G) + 1} = 6 (G) + Lsince 6 () 2 2.

Now suppose that | 4| > 3, say |A| = k. By Lemma 2.1 there exists an ordering
F(A) = (a1, as, ..., ax) of the vertices of A and a sequence Y (A) = (41, %2, ..., ¥x-1)
such that [a;, 73] — a4y foreachi with1 < ¢ < k — 1. Since AU {z} is independent,
Y (A) C N (x) by Lemma 2.2, implying that § (G) > k—1. Moreover, ¥ (A)Nf = 4§
since A\ {a;, 8:41} © N (y;) foreach i with1 < 4 < k-~ 1 and thus |N () nf] <
§(G)— (k- 1).

Ifz g I then |I|=|N(x)nI|+]|A <§(G)+1.Kxel, then|I|={A|+1=
E+1<8(@) +2sinceé6(G) > k— 1. Thus 2 (G) = ] £ §(G) + 2 inall cases.

Moreover, the only possibility for 3 (G) to be equal to § (G) + 2 is when x € [
and |A] = §(G) + 1. Since z and I are arbitrary, it follows that every maximum
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independent set contains every veriex of degree & (G). ||

We now present a few results regarding 3—y-critical graphs with independence num-

ber equal to & + Z which will contribute to the proof of Wojcicka’s Conjecture.

Theorem 2.14 [5] Let G be a 3-y-critical graph with minimum degree 6 (G) > 2
and 3(G) = 6(G)+2, and let x be avertexof G ofdegree § = 6§ (). Then (N ()}
is a cligue and A (G) 2 26 (G).

Proof. By Theorem 2.13, every maximum independent set S of & is of the form
W U {z}. By Lemma 2.3 there exists an ordering F' (W) = (un,ws,...,ws41) 0Of
the vertices of W and an ordering ¥ (W) = (y1,¥2,...,¥s) of the vertices of N{(x)
such that

lwi, ;] — wigq foreachiwithl <4 <4,

phrw; € E(G) foreachjwith3<j<é+1
and
yiwy; € E(G) foreachpairi, jwith2 <¢<é and j#£i+1.
For any pair 7, j of vertices with 1 < 7 < j < 8, there exists a vertex ¥ such that
Wip1,Y) = Wy OF [wjer,y] — wi

Without loss of generality, assume [w; 41, %] — w;41. The vertex y belongs to ¥ (z) by
Theorem 2.13, The only veriex in V{z) not adjacent to w4y is y;. So y = y;. Since
wiri¥% & E(G), y;u: € E(G). Since this holds for any pair i, 7, it follows that {V (z)}
is a clique. Moreover, every vertex y; € N(x)\ {11} is adjacent to z, to every vertex of
N(z)\ {v:} and to every vertex of W\ {1, } . Hence deg(y:) = 1+ (6 ~ 1)+ 8 = 28
and therefore A (G) > 26 (G}. | |
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Corollary 2.15 [5] Every 3—y-critical graph G with 6(G) > 2 and A(G) <
26 (G satisfies B (G) < §(G)+ 1.

Theorem 2.16 [13] Let (7 be a connected, 3~y-critical graphwith & = §{(G) > 2
and = 3(G) = 6(G) + 2. Then G has only one vertex of degree 6 (G).

Proof. Suppose that W = {w;,ws, ..., wsy2} is 2 maximum independent set of G.
By Theorem 2.13, W contains all the vertices of degree 4. By Lemma 2.1 there exists

an ordering F(W) = (wy,, wy,, ..., Wy,

) and a sequence Y () = (3,42, .. s Us+1)
of & + 1 vertices such that

[wsj;yj] —wy,,, foreachjwithl <7 <b6+1,

Suppose deg(wy;) = d forsome jwithl < 7 < 6+ 1.8inced > 2, =6 +2 2
4. We can therefore choose two vertices w;, and w;, from W\ {wij  Wig ﬁ} . Since
wy,wy, & E{G), we can assume without loss of generality that there exists a vertex v €

V(GW\W suchthat [w,,,
u € N{w;,). By Theorem 2.14, (N (w;,)} is complete and thus N (w;, )\ {u} C N(u).

Since

} — U, ObViOUSl}’ {wij,wij+l } - N(ﬂ)} and in pm-twaar

V\ (N(wij) U {wfj?wéjnfyj}) C N(w),

{v;, v} dominates G, contradicting v (G) = 3.
Thus w;,, is the only vertex of degree &, and the proof'is complete. | |

2.4 Longest cycles

In this section we state some results regarding Eangest cycles that will be used in the
proof of Wojcicka’s Conjecture. The notation defined here will be used throughout the
dissertation.
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Let C'be a longest cycle of a graph (7 and H a component of G — V (C). We choose
an arbitrary orientation on C and use classical notation: the successor (predecessor)
of a vertex of C is denoted by v* (v™). If  and v are distinct vertices on C, then
c fu, v] or uEr% (whichever is more convenient) is the path from « to v on C', fol-
lowing the orientation. E[u, v] can also be considered to be the set of vertices on the

path, % [, v] = uEv is defined similarly. We define the following sets:
X = Ng (H) = {x1, 22, ..., %1 },
where the indices follow the orientaiion of C;
A = X' ={ayaq,..,0;}, wherea; =z},

B = X = {b,bs, ... b}, whereb_; = z;
and C; = c la;,b;], foreach i with 1 <i < k,
where the indices are taken modulo k.

The first two results are classical in the theory of hamiltonicity and are therefore

stated without proof.

Lemma 2.17 For any verfex v € V (H), AU {v} is independent.

Lemma 2.18 Foranypair i,3with 1 <1+ 7 <k, N (g;)NN{a; )NV (G)\V (C))
= 1.

We obtain symmetric results by replacing A with B.

Recall that a cycle C' of & connected graph G is called a dominating cycle if each
component of & — V(') has only one vertex, that is, if each edge of (7 is incident with
a vertex of C. From the definition it is obvious that if C' is a2 dominating cycle of a
graph (5, then V(C') dominates V' (G).

The following theorem is important for the proof of Wojcicka’s Conjecture. It helps

20



Section 2,4 Longest cycles

to establish a lower bound for longest cycles of 2-connected, 3-y-critical graphs (see

Theorem 2.21), and was proved in [6] by Flandrin, Tian, Wei and Zhang,

Theorem 2,19 [0] Lef G be a connected, 3~y-critical graph. Then each longest
cycle of G is a dominating cycle.

Proof. Suppose to the contrary that there exists a longest cycle C' of (7 and a compo-
nent H of G — V {C) such that [V (H}| > 2. Let C have an arbitrary orientation. Let
the sets X, A, 13 and C; be defined as above.

Suppose | X| = 1. Then X = {x;} and z, is a cut-vertex. By Theorem 2.7 there
exists an end-vertex v such that v, € E (G). But (N (x1) } {v}} is not a clique since
ay is not adjacent to any vertex of H, by Lemma 2.17. This is contrary to Theorem
2.4(b) and so we can assome that | X] > 2.

We denote the longest (x;, z;)-path with intemnal vertices in H by z; Hz;. We first

prove the following lemma.
Lemma21%2.1 Y (A) CXand Y (B) C X.

Proof. By symmetry, we only need to show that ¥ () € X By Lemma 2.1, since
A is independent, there exists an ordering F' (A4) = (a;, 44, ..., a;, ) of the vertices of
A and a sequence Y (A) = (y1, ¥, .-, Yx—1) such that [a;,, v} — aj,,, for each ¢ with
1<i<k-1

By Lemma 2.17, 3, dominates V' (H) for each t with1 < t < k — 1. Therefore
¥ € V(H)U X. We will show thaty, € X foreachtwith1 <t <k —1 Supposeto
the contrary thaty, € V (H) forsome t with1 < t < k—1. Then k == 2, for otherwise
{a;,, 1} cannot dominate A\ {a,,a;,,, }, a contradiction. Without loss of generality,
we can assume that [a1,21] — aa.

Any (&7, x2)-path P (also written ?52) thatis internally disjoint from C' contains
at most one vertex of V (1), for suppose the contrary. Then by the maximality of C,
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|Cz] > 2. Thus a3 % z;, and so a; dominates a5 . But then
-  — —
zy Py Cayad Cxy

15 a cycle fonger than C, a contradiction.

Thus Ny (z1) = Ny (22) = {u} for some vertex u € V (H). Since |V (H)| = 2,
u1s a cuf-vertex of G. So by Theorem 2.7, the vertex v (where {v} = V (IT)\ {¢})is
an end-vertex. By Theorem 2.4(b), z;z, € £(G).

Since [ay,31] — az and 4 = u, V(GY\ (V(H)UX U A) C N{(ay) By the
maximality of C,

ag & N (2) forany z € V((,), (2.1}
for otherwise
— — —
z, G apz C ayz¥ C myumy
is a cycle longer than C if z % b, and
— —
x1 Cag ¢y € bhyasTouz

is a cycle longer than C if z = b;. We now consider two cases.

Case / V{(CY\(V(C)uV (H)) # 0.
Let H, # H be a component of G — C and choose 1, € V (Hp). Then V () C
N (a1). By Lemma 2.18, ayuy ¢ E ((5), and so there exists a vertex y such that

[ur, 4] —as or [ap,y] = w.

In either case, ¥ € V (H) in order to dominate . Consequently, the second case 15
impossible since a; & N (2;) U N (). Hence {u;,y] — 4, and »; must dominate
V(C)\ {1, z4,a2}. If 1y also dominated z;, then

—
Uy Ga:lul
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would be a cycle longer than C, a contradiction. Thus y dominates {1, z, v} and so
y == 1. Again, by the maximality of C a, = & and a, = b,. Now consider the vertices

u and gy, Since ua; ¢ F (), there exists a vertex y' such that
fer, ] — v or  [w,Y] — a5

The former case is impossible since 7/’ must belong to ¥ (H) to dominate v, but V (H)
= {u,v} and v is adjacent to u.. The second case is also impossible since 3’ must
belong to V (H,) to dominate u,, but V (H;) C N (a;). This contradicts v {G) = 3,
andso Y (A) C X.

Case 2 V(G—-C)=V(H).
Since v (G) = 3, neither {u, 71} nor {u,x,} can dominate V' (G). Thus

NC [Ié} 7‘3 Vv (C) . for ¢ = 1} 2 (22)

Suppose ng = by. Then ay # by, by (2.2). Consider the vertices v and as. Since
vay & E (), there is a vertex i such that

lag,y] v or [v,y] — ae.

In the former case, y € {z,, 7.} since ua, ¢ E (G). But this is impossible by (2.1)
and (2.2). Thus [v,y] — as, and consequently y € (N (1) NN (24)) \ {v, a2}, Ve,
y € Cy. Since yu & E (@), there exists a vertex y'such that

.yl—n or [uy]—w

The former case is impossible since » cannot be dominated without « being dominated.
Consider the latter case. Since y € N (1) NN (2) N (4, either ay or a vertex of £
will not be dominated by (2.1) and (2.2), and so this case is also impossible. This
contradicts v (G) = 3, and so Y (4) C X.

Suppose az # by. Then a;by € E (G). By the maximality of C, a3 # b1, 71b1 ¢
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EA{G) and ayx) ¢ F(G). Thus there exists a vertex y such that
mj—b or [yby] — 2

In either case, y € V (H) to dominate v, andsoaq ¢ N (y). The first case isimpossible
since 22 & N (1) and the second case is impossible since az ¢ N (5) by (2.1). This
contradicts v ((z) = 3, consequently Y {A) € X and the proof of Lemma 2.19.1 is

complete. .

By Lemma 2.19.1, Y (4) C X, and so we write X (A} = (wgﬁa;i.,,.“,mik“_l) for
an ordering of the & — 1 vertices of X such that [a;,, x| — a;,, for each ¢ with
1 <t <k~ 1,in what follows.

Foreachtwith1 < ¢ < k — 1, we have that
A\ {aj, a5, } © N (20); 2o,y € N (24) (23)
and
|4 (H) C N (333'1) . (24)

Let X\ X (A) = {x;, } and choose u € V (H} N N (z4,). Then

&
uwe [N (). (2.5)

=]

From (2.4) and the fact that |V (H)| > 2, we have:

Lemma 2.19.2 Between any two vertices x; emd z; of X, there is an (z;,x;)-path
P internally disjoint from C that contains at least two vertices of V (H).

By Lemma 2.19.2 and the maximality of C, |C;] > 2 foreachi with 1 < i < k.
We now consider two cases depending on |N [V (H))| = k.
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Casel k> 3.

(i) Consider the vertices u and b

iy Since ub, | & F (@), there exists a vertex y

such that
[yl — by, or [b,;,,ml,y] — 1,

Suppose [, ,,y] — u. Theny ¢ X by (2.5)and soy € V (H) to dominate
V (H)\ {u}. But no vertex of B\ {b;, ,} is dominated by {y, 4, ,} (Lemma 2.17
applied to B), a contradiction. Thus {x,y] — b;,_,. Obviously y # = and by (2.3),
y# x;, foranytwith1 <t < k— 1 Hencey € V (C) \X. Moreover,

VION KU b 9}) SN @) b, N D 2.6)
We need the following lemma.
Lemma 2193 y¢ AUBUAYU B~

Proof. By Lemma 217, A U {u} is independent, and so if y € A, {u,y} does not
dominate A\ {y}, a contradiction. Thus y ¢ A, and by a similar argument y ¢ B.
Suppose to the contrary that y € At Lety = a; for some i with 1 < i < k and let
2; € A\ {a;}. By (2.6), a;a} € E (). Thus

:Eg?ﬁ'}jgﬂ;ﬂ,jamg
is a cycle longer than C, a contradiction. Thus y ¢ A*. By a symmetric argument
y & B~ . This completes the proof of Lemma 2.19.3. O

(i) We next consider the vertices » and y. Since uy € E ((7), there exists some vertex

11 such that

yiul —y or fy,m] —

Suppose [, 1] — u. Thenyy ¢ X by (2.5). Hence 3, € V (H) in order to dominate
V (H)\ {u}. Butthen b,_, cannot be dominated by {y, %}, a contradiction. Thus
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[v1,4] — y. By (2.6), 11 € X U {b;,_,}. But since 3, dominates B, y; # b;, ,, by
Lemma 2.17. Thus 33 € X. By (23), 1» = x;,, thatis, [u,z,] — y. By Lemma
2193, y¢ AUB,soy",y ¢ X = N¢ (u). Hence

{y*, v }UAUBC N (z,). 2.7
Now consider the independent set B, As in the case of A there is an ordering
F(B) = (by, by, ---, by,)
of the vertices of B and an ordering
X (B)= ($m1,$m2, ...,mmk_l)

of k—1vertices of X such that [z, b,] — b;,,, foreachtwith1l < t < k—1. By(2.7),
B C N (z). Sox;, ¢ X (B)and thus {z;,, i, ..., %i,_, } = {ZrmyTrmys s Tmy_s |
Analogous to (2.3), we get

B\ {b,, 51,1} C N (Tm,); bipoy & N [T, foreachiwithl <t <k—-1. (238)
We now prove the following lemma.
Lemma 2.19.4 () AU {y*}and B U {y™} are independent.

®) ¥y~ € E(G).

Proof. (a) Suppose to the contrary that A U {y'} is not independent. Then a;y* €
E(G) for some a, € A.
Suppose y € C;. By (2.6}, ya;11 € E (G), s0

= 4 = —
.’Bz‘HSCH_]_ Oy s Cya,prl C:Bz'
is a cycle longer than €, a contradiction.
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Thus y ¢ ;. But then the cycle
— — —
ayt CxHr Cyby Cay

is a cycle longer than C since yb; € E (G) by (2.6) and x;H%;,; contains at least
two vertices. This contradicts the maximality of . Hence AU {y*} is independent.
Simifarly we can show that B U {4} is independent.

(b) Suppose to the contrary that Ty~ € F(G). Lety € O\ {a;, b;} for some i
with 1 < i < k. By (2.6), {g;,a;11} C N (y), and so the cycle

— oL
Yo Cx;Hein Cy'y” Cagy
is longer than C, a contradiction. This completes the proof of Lemma 2.19.4, O

(iii) Now consider the vertices y* and . Since yty~ ¢ E (), there is a vertex yo
such that
[vF.02] =y or [y ,p] =yt

In either case y; € X UV (H) to dominate V (¥ ) since y ¢ AU B by Lemma 2.19.3.
By Lemma 2.19.4(a), it follows that ¢, € A" ta dominate 4 U B. More precisely, by
(2.7) it follows that y, € X\ {z;, }. Lety; = x;, forsometwithl <t < &k — 1.
By Lemma 2193,y ¢ A Thusif [y, z,] - v, AC N{yt)UN (z;,). Butby
Lemma 2.19.4(a), a;,,, € NV (y*)and by (2.3) a,,., € N (z;,), a contradiction.

Similarly [y~,ys] — ™ is impossible as one vertex of B will not be dominated by
N {y")UN (ya), contradicting ¥ (&) = 3. Hence |V (H)| = 1 when k > 3.
Case2 k=2
Assume without loss of generality that a;, = e, andaj, = a3. Thenz; = ryandz;, =
&5, = To. From the proof of Lemma 2.193 it is easy tosee thaty § AUBUAYUB~
except when 4 = b, and [u,y] — b;. Henceif y £ b5, then we can proceed in the

same way we did in Case 1. Suppose that y = b;. Then ¥ is not adjacent to u. So

27



Chapter 2 Preliminary results

there exists a vertex 3 such that

[u’ayl] -y o [y)yl] - U

Using a similar argument as in (ii) when & > 3, we have that [u, 1] — v, Le. [u, 4] —
b, . Since (2.6) holds, y; € X.

Now b; # a,, for otherwise {b, ,u} does not dominate A, contradicting {b, ,u}
dominating V (G) \ {b2}. Thus y; = z, to dominate a;. By the proof of Lemma
2.19.4(b), bb; 2 ¢ E(G). Thus there exists some vertex i, such that

b2, 92] = b2 or  [b;7,52] — ba.

In either case, ¥, € X to dominate AU {u} and by (2.7), 4o = ;. But [bgz, z1] — b
is impossible since z,b, € F (G). Thus [by, ;] — b3 2.
Further, b5 a; € E (G) by (2.6), and hence b, * # a,, for otherwise

—
ﬂf]H.’L‘Q C albgbgﬂll

is a cycle longer than C by Lemma 2.19.2, a contradiction. Since [by, z1] — b, either

bsas € E (G) or x1a9 € E(G). But then
— —
T1Hxzo Carh; Casbex:
or
— —
$1H$2 Calbg Cﬂgiﬂl

is a cycle longer than C by Lemma 2.19.2, a contradiction. This contradicts y{G) = 3
and hence |V (H)| =1.
The proof of Theorem 2.19 is now complete. |

The following result is an obvious consequence of Theorem 2.19.
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Corollary 2.20 [13] Let G be a connected, 3-y-critical graph. Then G has a cycle
C such that V (C) dominates V (G).

The next theorem, also proved by Flandrin, Tian, Wei and Zhang in [6] , uses The-
orem 2.19 to establish a lower bound for a longest cycle of a 3—y-critical graph. This

result is crucial in the proof of Wojcicka’s Conjecture.

Theorem 2.21 [6] Let G be a connected, 3-y-critical graph of order n and C a
longestcycle of G. Ifthere exists avertex uin V (G)\V (C) suchthat |N (u) NV (C)| =
2, then ¢(G) > n— 1. In particular if G is 2-connected, then ¢(G) > n— 1.

Proof. Let C be a longest cycle of G, a connected 3-y-critical graph and suppose
that there is a vertex ¥ € V (G) \V (C) such that deg (y) > 2. We will show that
V(C)=n-1
By Theorem 2.19, V (G) \V (C) is an independent set, so deg. (u) = deg(u).
Take u € V (G) \V (C) such that
deg () = max {deg (v} |y € V(G)\V (C)}.

Let deg (u) = k. Then by the hypothesis, £ > 2. Let X = N (u) and define the sets

A, B and C; as before. We first prove the following lemma.

Lemma 2.21.1 Let y € C;\ {as, b} for some iwith 1 <i < k. If AC N (y) and
b € N (y) for some b € c [Ti11,2:) N B, then AU {y™} is an independent set in G.

Proof. Suppose that b,y € E (G) for some ¢ # ¢. Since ¢,y € E (G), we have that
a;yt ¢ E (G) for any j # i + 1, otherwise

— — A
Tip1UT; CajyC asy C T
is a cycle longer than C, a contradiction. Now suppose that 2,11y € £ (G). Then

= —
Tiv1 C Y ain ChyC ooy 1uziy
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is a cycle longer than C, a contradiction. Thus A N N (y*) = (. Since A is an

independent set of (7, the result follows. a

To continue the proof of Theorem 2.21, assume to the contrary that |V (C}| < n—2.
Let v be an arbitrary vertex of V (G — C) \ {u}. We prove the following lemma.

Lemma 2212 |N(u)NN(v)] > k-1

Proof. Since Aisindependent, Lemma 2.1 asserts the existence of an ordering F' (A4) =
(aj,,Gjp, .., @z, ) Of the vertices of A and asequenceY (A) = (y1, 42, ..., yx—1) of k—1
distinct vertices such that [a;,, 1] — a;,,, foreachtwithl1 <t <k—1 Ifv ¢ N (A),
then Y (4) C N(v). Also, Y(A) C X = N (u) since N(u) N A = §. Thus
IN@)NN @) 2 Y (4)]=k-1

If v € N (A), then by Lemma 2.18, |N (v) N A] = 1. Without loss of generality,
let a;v € B (G). Then atv @ E(G) as Cis alongest cyclein G. Also af v and a} a;

do not belong to E (G) for any j # 1, for otherwise the cycle
C' = :clfu,a;rz')zl

or

' = :E-Ea*a-a}:nlm:-
5 U @ ay j

is a cycle of maximum length with a,v € E (G — ("), contradicting Theorem 2.195.
Thus A; = {a{,as, ...,ax } is an independent set of G. There exists an ordering F' (A;)
of the vertices of 4; and a sequence Y (A4;) of k — 1 distinct vertices such that Lemma
2.1 holds. Since N(u)N4; = N(v)N4; =8 Y (A1) € N (u) NN (v). Thus
IN(@)NN @) > [Y (A =k -1 =

By Lemma 2.21.2 and the choice of u, &k — 1 < deg (v) < k for any vertex v €
V(G — C)\ {u}. We consider the following two cases.
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Casel deg(v) =k —1.
Without loss of generality we may assume that N (v) = X\ {z,}. Since uv ¢ E (G),

there exists a vertex i such that
o] = w o |u,y] - v

We now show that y € X in either case.

In the former case, y ¢ X since N (1) = X.

In the latter case, y ¢ X\ {z;} since N (») = X\ {z;}. Morover, 4 # x;, for
otherwise V' (G) \ (X U {v}) C N (z;) which implies that {v, z;} dominates V (G),
contrary toy (G) = 3.

Since (AU BN (N (u)UN(2)) =0, (AU BY C N (y). By Lemma 2,18 and the
fact that A and B are independeni sets in 7, 4y € V (C)\ (X U AU B). By Lemma
221.1, Ay = Au{y"}is anindependent set of G. Thus there exists an ordering F' (A;)
of A2 and a sequence Y (As) of % distinct vertices such that Lemma 2.1 holds. Since
NunNAy=N{@nd =0Y (A) C N(u)nN{v). Thus [N {u)NN(v)] =
[Y (A:)| = ¥, contradicting deg (v) = k — 1.

Case 2 deg (v) = k.
Since v is an arbitrary vertex of V (G — C) —{u} and k > 2, we may assume 6 (G) >

2. We consider two subcases.

Case 2.1 N (u) = N (),
Since uv ¢ F (G), there exists a vertex y such that

v,y = u or |u,y] — o

Since N(u) = N(v) = X,y ¢ X. By Lemma2.17, AUB C N (y). Hence
yEVIOO\(XUAUB). Sincey ¢ AU B, N(y*)n {u,v} = {, and (by Lemma
2.21.1) AU {y*} is independent, Further, Ay = A U {y*, v} is an independent set of
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(. Thus there exists an ordering /' (43 ) of the vertices of 4; and a sequence Y (As) of
k+ 1 distinct vertices that satisfy Lemma 2.1. Since V (u)NA; = 0, Y (A3) C N ().
Thus |N (u)] 2 |Y {Aa)] = k + 1, contrary 10 deg (u) = k.

Case2.2 N (u) # N(v).
By Lemma 2.21.2, [N {u) N N (v)} = k — 1, and we assume without loss of generality
that N (u) N NV (v) = X\ {z,}. Since uv ¢ F (G), there exists a vertex % such that

[y,v] = u or [y,ul— .

By symmetry, we only deal with the case [y,v] — u. Using similar arguments to
those in Case 1, we can show that y € V{(C)\X. Ifv ¢ N (A) U N (B), then
AU B C N{y). Since A and B are independent, y € C;\ {a;, b} for some ¢ with
1 <4 < k. This implies that y* € N (u) O N {v). By Lemma 221.1, AU {y*} isan
independent set of G. Thus there exists an ordering F (AU {y“’f'}) of the vertices of
AU {y*} and a sequence Y (AU {y*}) of k distinct vertices such that .Lemma 2.1 is
satisfied. Since (AU{gTDNN @) NN W) =0, Y (AU{y*}) C (N (w) NN (w)).
Thus [N (u) NN (v)] = |¥ (AU {y* }})| = k, a contradiction.

Now suppose v € N (A) U N (B). Without loss of generality assume that va; €
E(G). Let Ay = (A\ {a,}) U {a} }. Then A, is independent by the maximality of C.
Also, uat ¢ E (&), for otherwise uay Exlu is a longest cycle that is not dominating,
which contradicts Theorem 2.19. Therefore Ay U {u} is independent.

By the maximality of C, afv ¢ E(G) and hence ¢y # &;. Since N (v) =
(X\{= DU {m}, (44UB)N N (v) = 0. Thus Ay UB C N (y). Since A4 and
B are independent sets and N () = X,y € V(C)\ (AL UBUX).

Lety € C;\ {s,5;} for some i with1 € 7 < k, and define Ag = A, U {y*}. We
complete the proof by showing that As is independent. Since Az (N (u} NN (v)) =
@, the sequence ¥ (A5), as defined in L.emma 2.1, is contained in N (u) N N (v). This
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implies that |V (u) NN (v}] 2 |Y (As) = k, a contradiction.

Since AAN(N (u)NN(v)) =fand 47 € XU {a1}, AsN (N (u) "N (1)) = 0.
We now show that Ay is independent. Since A4 is independent, we need only show
that N (y*) N Ay = 0, where y € Ci\ {a;, &}

Since b,y € E (G), it follows that y'a; ¢ E (G) for any j + i, for otherwise

z; Z‘rybi__l Eaj«yJ’ -(f'}.rj VT
is a cycle longer than C. To show that {a;y*,afy*} N E(G) = B, we consider the
cases ¢ # k and ¢ = k separately.

Consider i # k. Since a;.1y € £ (Q), {ay*,afy™} N £ (G) = 0, for otherwise

Ti+1 Ey+ﬂ£ 8yﬂ-€+] ‘E‘I}xiuxi+1
is a cycle longer than C, or
le{ay‘Fde’}ya,«H 83?11&3?”1

is a longest cycle in {7 that is not dominating, a contradiction.
Now consider i = k. Since {b;_1y,a{y} C E(G), {afyt,ayt } N E(G) =0,

for otherwise
— — —
Ty C'ybk_l Cafy+ C I1ULy
or
— = 3
z Cytay Cyaf Czpur,

is a fongest cycle of (7 but is not dominating, a contradiction. Thus As is independent,

which completes the proof. Thus ¢ {G) = n — 1. [
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The next result is a direct consequence of Theorem 2.21 and Corollary 2.8.

Corollary 2,22 [13] Let G be a comnected, 3—y-critical graphwith 6 (G) > 2. Then
c(Gyzn~1

Asindicated in [6] , we can use Theorems 2. 19 and 2.21 to prove Theorems 1.1 and
1.2, We present the proofs below for the sake of completeness. Note that by Theorem

2.15, we can choose a longest dominating cycle C of G.

Proof of Theorem 1.1, If |C] 2> n— 1, then (& contains a hamiltonian path. Assume
that |C} < n—2. Then by Theorem 2.21, deg (#) = 1 for any vertexu € V (G — C).
Since G is 3-y-critical, we can easily prove that |C| = n—2 whenn > 6. Let {u, v} =
V(G ~C), {z} = N¢ (u) and {y} = N¢ (v). Since C is a dominating cycle, u and v
are end-vertices. By Theorem 2.4(a), ¢ # y. Whenx = y™ orz = y~, then G contains
a hamiltonian path. When z £ y* and = # 3y, thenzty* € E((7), for suppose this is
not the case. Then there is a vertex z such that {x ", z] — yt or{y, 2z} — z*. Ineither
case, {, v} C N (z), which is impossible. Thus z*y* € E(G) and ug C y*a* Cyu

is a hamiltonian path. |

Proof of Theorem 1.2, If ¢ (G) = n — 1, then clearly G — V] (G) is hamiltonian. If
¢(G) < n— 2, then by Theorem 221, deg (u) = 1 forany vertex u € V (G — C). So
G - V1 (G) is hamiltonian. |

The proof of Wojcicka’s Conjecture, whichis given in Chapter 3, is obtained through
contradiction. The results that follow apply to the longest cycles of a 3-y-cnitical graph
 of order » with minimum degree & () = 2, and which we assume is not hamil-
tonian.

Let C be a longest cycle of such a graph G. Then by Theorem 221, |C] = n —1

and so G — V (C) has only one component ' which consists of a single vertex. Let
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V(H) = {zo} and let the sets X, A, B and C; be defined as earlier in the section. In

this instance we let deg (zo) = r, and so

X = {z1,zq,...,2:} = N(z0o),
A = {ay,ay,...,0.} =X*, ie. a;=z],
B = {bl,bg,...,br}=X_; ie. be’—l =.’L‘:
—r
and C; = C [a;, by,

for each ¢ with 1 < ¢ < r, where the indices are taken modulo r. We observe the
following as a result of the maximality of "

e A and B are independent sets.

o AN X = 0, which implies that AU {zy} is an independent set.

» BN X = (), which implies that B U {zo} is-an independent set.

We say that a vertex v of C; is an A-vertex if vta;, € E(G) and a B-vertex if
v~ b; € E(G). Itis easy to see that each a; € A (each b; € B, respectively), for each i
with 1 < i < r, is an A-vertex (a B-vertex, respectively).

The following lemmas result from the maximality of C.

Lemma 2.23 [5] Lef u; € C;and u; € C; be two A-vertices (or B-vertices) with
1 f,é j Then UU; ¢ E(G)

Proof. Suppose to the contrary that u,u,; € £(G). Then the cycle
— — — —
wu; C ajuj C x;moz; C u;ra,; Cu;

is longer than C, a contradiction. |
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Lemma 2.24 [5] (a) Let u; € Cand u; € C; be two A-vertices (or B-verfices)
with i # j. For oty verfex v € c [u;" ,u;} I v € B(G) then v u; ¢ BE(G).

(b) Let a; € Aand b; € Bsuchthat i # j+ 1. For any vertex v € c (@41, 2],
if vb; € KE(G), then v a, € B(G).

Proof, (a) Suppose to the contrary that {vu;, v u;} C E(G). v = a; then vu, ¢
E(G), and if v = u] then v~ u; ¢ F{(G) by Lemma 2.23. So we can assume that

v & {a;,ul}.

fve C [u}?, z;] then the cycle
— — — — —
z;x2; Cufa; Cuv™ Cufa; Cuw i
is longer than C, a contradiction. If v € C' [a,",u; | then the cycle
— — — — —
2202: Cufa; Cvmu; Co Cagf C
is longer than C, a contradiction.
(b) Suppose to the contrary that {vb;, v~ a;} C E(G}. Then the cycle
— — —
vh; C agv™ Cmjp1202; Cv

is longer than C, a contradiction. |

Lemma 2.25 [13] Zlet a; € Aand b; € Bsuchthat i # j+ 1. Forany v €
E [iI!_-H,]., bg..]] 5 .'_lf ’Ub_-,‘ =] E(G), then ’U+(Ig ¢ E(G).

Proof. Suppose to the contrary that {vh;, vta;} C F(G}. Then the cycle
Tit1 61-‘5;; (5 (I':&'U_‘- E$i$0$j+ 1

is longer than C, a contradiction. |
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Lemma 2.26 [5] Suppose b;_ya; € E(G). If v € C; is an A-vertex with i # j,
then vx; ¢ E(G). If ve C;isa B-vertexwith i # j — 1, then vz; ¢ E(Q).

Proof. Suppose that b;_1a; € E(G) and that v € ] is an A-vertex with ¢ # 7.

Also suppose, to the contrary, that vx; € E(G). Now v and a; are A-vertices and
_}

z; € C [v¥,a;]. Since b;_10; € E(G), z;v ¢ E(G) by Lemma 2.24(a). The proof

for the case where v is a B-vertex follows similarly from Lemma 2.24, |

Lemma 2.27 [13] Suppose a,b; € E(G) for some pair 4, jwith 1 # j+1,{u,ut} C
I3} (s, ;] and {v, v+ } C c [b_;ﬁa,;] . Then

Huv,utot}nBG) <1 and [{utv,vtu} AEG)| < 1.
Proof. Suppose to the contrary that {u.b;, uv, u*vt} € E(G). Then the cycle
— = — —
Ti Cvu Cagh; Cutvt Cxizorigg
is longer than C, a contradiction. Similarly we can show that

{uv, uto} 0 E‘(G)l <1

The following three results are obtained using the maximality of C and the assump-
tion that 3(G) <r +1.
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Lemma 2.28 [5] (a) If v € C;isan A-vertex, then all the vertices of Pl [a:,v] are
A-vertices.
{b) If v & C, isa B-vertex, then all the vertices of E'} [v, b;| are B-vertices.
Moreover if ab; € E(G), then all the verrices in C;\ {a;,b;} are A-vertices and

B-vertices.

Proof. (2) Suppose that v € C; is an A-vertex and that, to the contrary, there are
— —
verticesin C' [a) ,'u"'] that are not adjacent to a;. Let yy be the fast vertex in €' [a}, v ]

that is not adjacent to e,. Then y is an A-vertex, and by Lemma 223 A U {xy,y} is
independent. But |A U {za,y}| =r + 2, contradicting 3 (G) < r+ 1.
(b) The proof here is similar to (a).

Now suppose a;b; € E(G). Then b; is an A-vertex and so by (a), all the vertices
in C [2:, ;] are A-vertices. Similarly all the vertices in C [aF, ;] are B-vertices.
Thus all the vertices in C;\ {a;,5;} are both A-vertices and B-vertices. | |

Lemma 2.29 [5] Let u; € C; be an A-vertex. If N{u) N Ci_1 # 0, then wibi_y €
E(G). Similarh, let v; € C; be a B-vertex. [f N(v;)NC;11 # 0, then va,40 € E(G).

Proof. Suppose that N(w;) N C;_y # 0, and that to the contrary wb;_ ¢ F/(G). Let y
be the last vertex in C;_, thatis adjacent to 1;. By Lemma 2.24(a) y* is not adjacent to
a; for j # iand y* is not adjacent to u; by the choice of y. Also N (u;)N{A\ {a;}) =D
by Lemma 2.23. Hence {y*, &g, u: } U(A\ {a;}) isan independent set of +2 vertices,
contradicting 3 (G) < r + 1. The proof is similar if v; is a B-vertex. [ |
Lemma 2,30 [5] Foreach a; € A\B, N{a,) N B # B and for each b; € B\A,
NBINA#QD

Proof. Let a; € A\ B and suppose to the contrary that &V (a;) N B = @. Then B U
{@s,zo} is an independent set of r+ 2 vertices, contradicting 3 () < r+ 1. Similarly,
NBINA£D foreach b; € B\A |
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The following lemmas result from the maximality of C and the assumption that
deg (zp) = § {G)and 3(G) =6 (G) + 2.

Lemma 2,31 [13] For each a; € A (or b; € B), there exists a vertex y such that
[‘11:: ?)‘] — zqo {or [bj,y] — Xy), where y ¢ X,

Proef. Since a,xg ¢ E(G), there exists a vertex y such that [a;, 7] — zg or [zp,y] —
;. Suppose that [zo,y] — a;. Then {z;,y} dominates & since (X} is a cligue (by
Theorem 2.14), contradicting 7 (G') = 3. Thus [m;, 3] — o and obviously y ¢ X. W

Lemma 2.32 [13]) (a) If a:b; € E(G) for some pair i, jwith i & {j,7 + 1}, then
N(bio1) N {migr, 842, .- a5} = 0.

() If ab; € E(G) for same pair 4, §with i ¢ {3,7 — 1}, then
N (aj41) N b bigr, oy b5} = 0.

Proef. (a) Suppose to the contrary that
ap € N(bi_1) N {41, 8042, .., a5}
By Theorem 2.14, (X)) is a clique and so
— — —
bg;_laf C bja.; C a:,g:r‘:cofcj.,_l C bg‘ml

is a cycle longer than C, a contradiction.

The second case followsz a similar proof. L
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In this chapter we complete the proof of Wojcicka's Conjecture, restated below for
emphasis. To summarise, the following properties of a connected 3-y-critical graph G

with & (G) > 2 have contributed towards the proof of Wojcicka’s Conjecture;

(i) Theorem 2,13 [5] B(G) < §(G)+ 2.

(i) Theorem 2.10 [6] @ is 1-tough.

(iii) Theorem 2.19 [6] Each longest cycle of G is a dominating cycle.

(iv) Theorem 2.21[6] ¢(G)>n—1.

(v) Theorem 2.13 {5] If 4 (G) = 6{G) + 2, then every maximum independent set
contains all vertices of degree § (G).

(vi) Theorem 2.14 [5] If 3(G} = 6 (G)+ 2 and deg () = & (), then N [z] induces
a clique.

(vii) Theorem 2.16 [13] If 3(G) = 6 (@) + 2, then G has only one veitex of degree
§(G).

Resuit (i) helped to divide the proof of the conjecture into the two cases 7 <8+ 1
and 7 = é + 2. Results (i) and (iii) were used to obtain (iv), which is central to the
proof of the conjecture. Further, (v) was used to obtain (vi) which was in turn used to
prove (vii). Finally, (vi) and (vii) are crucial results in the proof of the case # = § + 2.

Proofs of all these results have been given in Chapter 2, as indicated.

Conjecture 1 (Wojcicka’s Conjecture) Every connected, 3-y-critical graph G with
8 (G) z 2 is hamiltonian,
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Let GG be a 3-y-critical graph of order n and with § (G) > 2. If C is a longest cycle
of G, and G is not hamiltonian, then it follows from (iv) that |V (C)| = n — 1. Thus
V(G — C) contains one vertex, which we will call z,.

To prove the conjecture for 5(G) < §(G) + 1, we first show that if G is non-
hamiltonian, then 3 (G) > deg (zo) + 2 (Theorem 3.1). Since deg (xo) = 6(G), it is
an obvious consequence of Theorem 3.1 that G is hamiltonian when 3 (G) < 6 (G)+1.
Another consequence of Theorem 3.1 is that if 3 (G) = 6 (G) + 2, then deg (zg) =
6 (G), an observation which is crucial to the proof of the case 3 (G) = 6 (G) + 2.

The proofs for both cases make extensive use of the results involving longest cycles,

which occur in Section 2.4.

3.1 Thecase3<6§+1

The following theorem will help to establish the conjecture for 3 < 6 + 1.

Theorem 3.1 [5] Let G be a non-hamiltonian, 3-y-critical graph with §(G) > 2
and let C be a longest cycle of G with zg the only vertex not on C. Then 3 (G) >

deg(xo) + 2.

Proof. Letthe sets X, A, B and C; be defined as in Section 2.4 and let deg(zp) = r.
Suppose to the contrary that 5 (G) < r + 1. We consider three cases, depending on the

value of 7.

Casel r=2.

We first show that AN B = 0. Suppose to the contrary thata; = b;. Then aqb, ¢ E(G)
and bias ¢ F(G)byLemma2.23. ByLemma2.29, F (C}, Cy) = 0. Thus G—{z1,29}
consists of three components, contradicting Corollary 2.11. Thus e; # b; and as # by,
By Lemma 2.30 either {a1b1,a2b2} C E(G) or {a1be, a2b} C E(G). We will show
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that in either case

{a1b1, arba, aoby, ashy} C E(G).

Case 1.1 {mb, eqbs} C E(G).

By Lemma 2.28, the vertices in C;\ {a, b;} are both A-vertices and B-vertices for
i= 1,2, and so by Lemma 2.23, E(C1, Cz) C {a1be, aaby} . By the 1-toughness of &,
E(Cy,C2) # (. Therefore, at least one of a15 and asb, belongs to E(G). Suppose,
without loss of generality, that a0, € E(G) and a3by € E(G). Since a: b, € E{G),
{Ci] = 3fori = 1,2, for otherwise {by, zo} dominates G if |Cy] = 2 and {a;, 75}
dominates 7 if |Cy] = 2, contradicting 7y (G) = 3.

Since aghy € E(G), there is a vertex z € V(G)\ {az, b1} such that

[ag,m] — bl or [b],m] —* Q9.

In either case, z = z; since & must dominate {zg, a;,52} but must not be adjacent to
I or as. .

Now, [a, =} — Dy is impossible since for each v © C]\"{a'l,b_—[} ,v & Nag) by
Lemma 2.23 and v ¢ N (z,), for otherwise the cycle

— b =
Glbz C EoToIv C b]'U C 4

is longer than C, a contradiction. So [by, 23} — a4. But this is not possible because for
each v € Cy\ {as, b2}, v & N(by) by Lemma 2.23 and v ¢ N{zx,), for otherwise the

cycle
— — —
VX1 Tply C albg C ’U+a5- Cv
is longer than C, a contradicticn. Hence a,b € E(GQ).
Case 1.2 {&1!]2} Clgb'l} C E(G).

We show that {a1by,a:0,} C E(G). Suppose that a;b; ¢ F(G). Then there exists a
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vertex x € X such that
[ay,z] — by or [by,z] — a4,

since r must dominate xg.
Suppose [a1,2] — by. Then z = xy as x5 dominates &,. But asz; € E(G), for

otherwise
— —
g1 TpLy C a1y C ay

is a cycle longer than C, a contradiction, Thus [by, z] — a,. In this case 2 = 2, since
z, dominates ay. But byx, & F(G) by Lemma 2.26. Thus a,6, € E(G).
Similarly we can show that axby € F(G).

Hence {a1b1, a1, a2by, azbs} C E(G) and as shown in Case 1.1, |C;] > 3, and
the vertices in C;\ {a;, b; } are both A~ and B-vertices, for i = 1, 2. Consider the ver-
tices vy € Cy\{a;,b} and vy € Cy\ {ag,b2}. By Lemma 223, there is an z €
V(G)\ {v1, vz} such that

[v1, 2] = wy or {u2,z] — v
Suppose, without loss of generality, that {vy 2] — ve. Then z € X as = must dominate
{mq, aq, by }. Note that ¢ # x,, for otherwise aoxy € E(G) and the cycle

— —
I Igdg C a-lbg G (9L

is longer than C, a contradiction. So = x2. But then bezy € E(G), which contra-
dicts Lemma 2.26. Hence {1,z } does not dominate V(G)\ {w} for any 2 € X,
coniradicting v(G) = 3. Therefore 3 (G) > r + 2ifr =2,

43



Chapter 3 Wojcicka’s Conjeciure

Case2 r = 3.

For convenience, we define:

p = aibs, asby, aaba} 0 E(G))
g = |{aibg, azbs, azhy} 0 E(G)|.

We first show that |C;| > 2 for each ¢ with 1 < ¢ < 3. Suppose to the contrary that
IC;| < 1, for some 1, say i=1 Thena, = &, and by Lemma 2.23,

{alag,ala;;?a]b;, ﬂ.]bg} n E(G) = 9
So by Lemma 2.29, E(Cy, Cs) = E(C,Cy) = 0. Thus a,x3 € E{G) since
.—}
Ty Iy Cﬂ.’?l
is a cycle as long as C but does not contain a,, and so
deg (a1) = deg (zq) = 3.

By Lemma 2.26, azb, & E(G).
Now consider the vertices 2, and xy. Since a; is not adjacent to g, there exists a

vertexy € V (G)\ {zq,a;} such that
21, y] — 2o or [y, %0) — 01,

In either case, since N (a4) = N{zg) = X and aja3 and bybsz do not belong o E(G),
it follows that y € Cy U O\ {as, 23, by, b3} . The vertex y must dominate Cy and Cj,
and thus a;b; € F(G) by Lemma 2.29, a contradiction.

We now prove two results regarding the numbers pand 4.
Lemma 3.1.1 If p > 2 then p = 3.

Proof. Without loss of generality, assume to the contrary that {a;hs, 225} C E(G)
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and that azby ¢ E(G). Then there exists z € X\ {z3} such that
[as,x] — by or [by,z] — as.

The first case is impossible since as2; and a;2; do not belong to £{G) by Lemma 2.27.
Similarly the second case is impossible, contradicting (@) = 3. Hence azb, € E(G)
and p = 3. O

Lemma 3.1.2 If ¢ > 2, then ¢ =3 and p = 3.

Proof. Assume, without loss of generality, that {a1bs, 2203} C F(G), and suppose,
to the contrary, that azb; ¢ F(G). Then there exists some z € X such that

[as,z} = b1 or [b1,z] — as.

If (a3, %] — by, then z € {x;,23}. Buta; ¢ N(z1) U N(z3) by Lemma 2.24(b) and
(1) respectively, and so this case is impossible. So, [b;,z] — a3, where z € {z,,25} .
But by ¢ N(x;)UN(zs) by Lemma 2.24(b) and (1) respectively, a contradiction. Thus
azby € E(G)and g = 3.

We now prove that a»b; € E{G). Suppose to the contrary that azb, € E(G). Then

[(12,117] - bl or [blsm] — Oy

forsomez € {x,23} . By Lemma2.24, a; ¢ N{x1)UN(zs)and by ¢ N(z1)UN(23).

So in either case x; must be adjacent to x3 But this results in the cycle
—_ — —
7123 C baaz C byay C zoT0z1

which is longer than C, a contradiction. So agb; € E(G). Since ¢ = 3, we can use

symmetric arguments to show that a,b3 and asb, belong to £(G), and hence p = 3.0
To prove the theorem for r = 3, we consider the following two cases:

p>2and p< 1.
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Case21 p> 2.
By Lemma 3.1.1 this implies that p = 3, and so b;a;.1 € E(G) for each ¢ with 1 <
i < 3. We also know that |C;j > 2 for each 7 with 1 < @ < 3, and we now show that

|C;| = 3. Suppose, to the contrary, that C; = {a;,b;}, for example. Then the cycle
‘_
.’L‘]_d.]_b;g C ﬂ.zb]ﬂ?zl‘oﬂil

is longer that C, a contradiction. Thus |C;| > 3 foreach ¢ with 1 <7 < 3.
Now suppose a,b; & E(G). Then

[ay, 2] = by or [by, 7] = a

for some z € X. Suppose [a1,x] — by. Then {as, a3} C N(z), where z € {z1,z3}.
But a; ¢ N(z3) and a3 ¢ N(z;) by Lemma 2.26, a contradiction. By a symmetrical
argument, we can show that the second case is impossible. Hence a1b; € E(G). Sim-
ilarly, aab, and asbs belong to E(G). By Lemma 2.28, all the vertices in C,\ {a;, b;},
for each ¢ with 1 < i < 3, are A-vertices and B-vertices.

Since |C;] > 3 for each i with 1 < ¢ < 3, we can take vy € C\ {a1,b1} and
vy € Co\ {a2,b2} . By Lemma 2.23 there exists a vertex = € X such that

[v1,2] = va o [ta,z] — 1.

In either case z must dominate {aa, b3}, but by € N{z2) U N(x;) and as ¢ N(z1) by

Lemma 2.26, a contradiction. Hence the theorem holds when p > 2.

Case 2.2 p< 1.
By Lemma 3.1.2 this implies that g < 1 too. Assume without loss of generality that
ash; and azbs do not belong to F(G). By Lemma 2.29,

N(ag)ﬂcl:N(bl)ﬂ(Jg:N(ag,)ﬂC'2=N(b2)ﬂC3=0.

Now consider the vertices xy and a,. Since zga; € F(G), there is a vertex y €
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V(G)\ {zo, a1} such that

[al,y] —+Tg O [a”?o]y] — ai.

In both cases ¥ must dominate {az,a3}. Soy ¢ C> U Cy and y is not an A-vertex.

If [a1, y} — Zo, then y ¢ X and thus y € C3\ {a3}. Since N(by) NCy = @, ayby €
E(G), and s0 azb; and azb; do not belong to F(G), since ¢ < 1. Since ashy ¢ F(G),
y € Cs\ {as,bs}. Since y is not an A-vertex, azbs ¢ FE(() by Lemma 2.28, Thus
N(ag) N B = §, contradicting Lemma 2.30.

Thus [zg,y] — a; and ¥ must dominate AU B\ {a1} . Since

N(ag)ﬂcl=N(bl)ﬂCQ:N(bz)ﬂC3=®,

it follows that ¥ € X\ {z;}. Suppose ¥ = z2. Then [ro,23] — a; and therefore
{xaas, zoby, zobs } C E(G). Hence by Lemma 2.24, bsa, and azh; do not belong to
E(Q).

Applying Lemma 2.30 to by, a, and a3, we get a;b; € E(G) for each i with 1 <
i < 3. Thus by Lemma 2.28 all the vertices in C;\ {a;,b;} are A- and B-vertices
for each i with 1 < 7 < 3. By Lemma 2.23, F (C:\ {a;, b}, Cij\{a;,b;}) = 0 for
1 € < j < 3. But there must be at least one edge between the vertex sets (' Cy, Cs
since G — X has at most three components as G is 1-tough. The only possible edges
are a1b3 and a,b,.

Suppose a1b3 € E(G), i.e. p =1, and consider the vertices a3 and b,. Since azb, ¢
E(G),

[as,x] = b2 or [bg,z] — a3

for some x € X. In either case x & {z3, 2} since {ba, a3} C N(zq) N N(z3). Hence
z = z; and thus z;a9 € E(G) in the first case and z;8; € E(G) in the second case.

In each case, this contradicts Lemma 2.27.
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Therefore a,b3 ¢ E((), ie. p= 0, and 45y € E{(). By Lemma 2 24, 235, and
7151 do not belong to F(G). Now consider the vertices b; and 3. Since byby ¢ E((7),

there is a vertex x such that
tbo,z] — by or [bs,z] o by

Inthe first case, x = 2, since {z1bs, zab3} € E(G), which implies that z3b, € E(G),
a contradiction. In the second case, = x1, since {zaby, Taby} C E(G), implying
z1b € E(G), a contradiction. So y 7 z,. In a similar way we can show that i # z3,
and thus v(G) = 3 is contradicted.

Therefore 3 (G) > v + 2 whenr = 3.

Case3 r > 4,
Since the set A is contained in the independent set A U {z,}, it follows from Lemma
2.2 that there is an orderng F'(A4) = (a;,44,,...,a; ) of the vertices of 4 and a
sequence Y (A) = (z;,Ts,...,m;,_,) of r ~ 1 vertices of N(zo) = X such that
[, 7] — as,,, foreacht with 1 <t <r— 1. Let X\V(Y (4)) = {z; }. We have
the following;
Y (A \{zu} € Nlaj)
Y (AN {zi,} © Nlay) 3.1)

Y (AN {=,_,,z;,} C N(ay) foreachlwith2 <l<r -1
and

r—2<|N(z)NA <r—1foreachtwithl <t<r—1 (32)
Since r > 4,

N(z,)N(A\{a;,})# @ foreachiwithl <t <r—1. (3.3)

The following lemma follows from (3.3) and Lemma 2.26.

48



Section3.1 Thecase 3 <6+1

Lemma 3.1.3 For every index t # i,,b,.1a; ¢ E(G).

Now consider the vertices gy and a;,. Since Zoa;, ¢ E(G), either

[3; %] = 10 or  [T5, 4. — a;,

for some vertex 1, € V (G) \ {xg, 24 }.
Suppose [a;,,ya] — zo. Clearly, y, ¢ X U 4. Let y, € Cy\ {ax} for some k with
1 < k < r. Then |C)| > 2. We first prove the following five lemmas.

Lemma 311»4 k e Z'T_Jl.

Proof. Suppose not. Since [a;_,y,] — To, it follows that y,65+) € F(G) and thus by
Lemma 2.29, ag41b € E{G) for some k + 1 # .. But this contradicts Lemma 3.1.3.
Hencey, € C;, _,. m

Lemma 3.1.5 ¢, b, _, € E(G).

Prool. Suppose not. Then y,b;, , € E(G) which implies that a;__ b, _, € F{G), by

Lemma 2.29. But this, once again, contradicts Lemma 3.1.3. O
Lemma3.1.6 N(z; )N A= {a,,a,_}andthus r = 4.

Proof. By Lemma3.1.5 and Lemma 2.24(a), N (x;,_,) D (A\ {a;,, 0, _, }) = 0. The
lemma therefore holds by (3.2). O

Lemma 3.1.7 u,-,_,bgr_l € E(G)

Proof. Since a;7:_, € F(G) by Lemma 3.1.6, N(a;_,) N (B\ {b;,_,}) = @ by
Lemma 2.24(b). Thus a;._,b;__, € E(G) by Lemma 2.30. a

Lemma3.1.8 y, =b; _,ie [a; b ] — zo.

Proof. Suppose not. Then by Lemma 3.1.7 and Lemma 2.28, v, is an A-vertex, and
by Lemma 2.23, {y,,a,,} does not dominate A\ {a,_, ;. _, }, a contradiction. 0
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Using r == 4 and (3.1), we find that there are at least two vertices in A that are
adjacent to at least two vertices in Y (A4), So we can choose a vertex ¢; # ;. and
one neighbour x, of a; in X\ {x; } such that z, # ;. If z, € c (%5413,
then by Lemma 2.24(a), {a;,,b; _, } does not dominate b,.,. If z, € c [T, T,
then by Lemma 2.24(b), {as._, B _, } does not dominate a,. Thus it is impossible that
[a,,-,,bi,_l] —* Zg.

Therefore [z, ya] — a;,. Since N(xzg) N (AU B) = @, we get

(AUB)\{az } € N(ya)- (39

Suppose that y, € Cy for somet with 1 < ¢t < r. Ift = ¢,_q, then y,b; , € E(G)
by 3.4), and thus g, b, , € E(G) by Lemma 2.29. But this contradicts Lemma
313.Ift # 4,4, then y,a.4y € E((), again by (3.4), and thus a.,,b, € E(G) by
Lemma2.29. Again, this contradicts Lemma3.1.3. Thusy, € X. Sincez; e, € E(G),
Yo €Y (A).

Now consider the independent set B. Since B is contained in the independent set
B U {xy} , we obtain an ordering F(B) = (b, ,b;,,..., b, ) of the vertices of B and a
sequence Y (B) = (xy,,%k,,..., Ty, _,) of r — 1 vertices of X such that [b; x| —
by, foreach t with1 <t <7 — 1. Let X\Y (B) = {&n.}.

We can show by a symmetric argument that [b ,y] — %o is impossible for any
vertex y, € V(G)\ {bx., zo} and that [xg, 3] — by, for some y, € X. Analogous to
(3 .4), we also have the following;

AUB\{b.} C N{w). (3.4)

By the second inequality of (3.2), A\N(z) # @ for each z € Y (A). Thus by (3.4),
Yo = x.. Similarly y, = g, .
Now, y, = =, implies that A C N(z;,). By Lemma 2.3, a,,x;, € E{G) for eacht
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with 2 <t <r -1, Thus
IN(a)NX|>r—1 forany a; € A (3.5

Also by Lemma 2.26, we have b, ,a;, ¢ E(G), and so, using Lemma 3.13, the fol-

lowing now holds:
Forevery t with1 <t <r, b0 ¢ E(G). (3.6)

We are now ready to conclude the proof. Suppose that a;b; € £{(5) for somed # .
By (3.6), 7 # i — 1. By Lemma 2.24, a;;17: and 0,417,441 do not belong to E(G) and
thus | ¥{a;41) N X| < r — 2, which contradicts (3.5). Therefore

a:b; & E(G) forall i+ j. (3.7)

For each a; # b, a;b; € E(G) by Lemma 2.30 and (3.7). Hence if a; # &, all the
vertices in C;\ {a;, b;} are A-vertices and B-vertices by Lemma 2.28. Thus by Lemma
223, E(C;, C;) = @ forall i # j. This contradicts the fact that & is 1-tough, and hence
B(@) 2r+2whenr = 4. |

As a direct consequence of Theorem 3.1, we have the following result:

Corollary 3.2 [5] If G isa connected, 3-y-critical graphwith §(G) > 2and 3(G) <
8(G) + 1, then G is hamiltonian.

This leaves open only the case J = & + 2, which is considered in the next section.

3.2 Thecase3=46+2

Theorem 3.3 which was proved by Tian, Wei and Zhang in [13] is the final resuit
needed to setile Wojcicka’s Conjecture.
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Theorem 3.3 [13] If G is a connected, 3—y-critical graph with 6 () 2 2 and
B(G) = 6 (G) + 2, then G is hamiltonian.

Proof. Suppose to the contrary that GG is not hamiltonian and let 7 be a longest cycle
of . By Theorem 2.21, |[V(C) =n — 1.

Let x be the only vertex not on C and define the sets X, A, B and C; asin Section
2.4. By Theorem 3.1, 3 (G) > deg(zy)+2. Since 7 (G) = § (G)+2 by the hypothesis,
and deg(zg) > 4 (G), it follows that deg{zy) = 6 (7} = r. It follows from Theorem
2.16 thatdeg (v) > r for any vertex v € V{(G)\ {zo}. Thus

V(C") = V{C) for each longest cycle O of G. (3.8)
Before continuing with the proof of the theorem, we prove the following lemma.
Lemma 3.3.1 |C,| > 2 for each iwith 1 <1 <r.
Proof. Suppose to the contrary that a; = b; for some ¢ with 1 < ¢ < . Then
—
TiToxig1 C X;

i3 a cycle as long as C' which does not contain a;, contradicting (3.8). Therefore the
resuli holds. O

We now proceed with the proof of Theorem 3.3 and consider two cases depending
on the value of .

Casel r = 2,
We define

P= 1E({alﬁa“2.} s {blabﬂ}N -

Clearly p < 4, and furthermore p > 1, otherwise {zg, 21, a2, by, b2} is an independent
set consisting of five vertices, contradicting 3 ((G) = 4. We first prove two lemmas

before proceeding with the proof of this case.
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Lemma 3.3.2 |C;| > 3fori=1,2.

Proof. Suppose tothe contrary that |C;| = 2. Then |C,| > 3, for otherwise {x, 5} is
a dominating set, contradicting v (G) = 3. We now show that E ({a1, as}, {b1,b2}) =
{aib1},ie p=1.

Suppose axb; € E(G). Then

—
agbl.’ﬂz.’ﬂg.’r] C [41)]

1s a cycle as long as C which does not contain a,. This contradicts (3.8), so asb; ¢
E(G). Similarly a;b, ¢ E(G).

Suppose axb, € E((G) and recall that £(Cy,Cs) # 0 by Theorem 2.10. We can,
therefore, assume without loss of generality that V(b )M Cs # 0. Letu € Cs such that
uby € E(G). Then {v " be,u" a1} N E (G) = 0 by Lemma 2.24, and vz, ¢ E(G) by

Lemma 2.27. Now consider the vertices a; and b. Since a1by ¢ E(G), either
[al,il?g] — bg or [bg,ﬂ:g] — 7.

In both cases u~ cannot be dominated, contradicting y (G) = 3. Thus a;b, ¢ E(G).

Therefore either
[a2,$2} — bz or [b-z,iL'l] — as.

Without loss of generality assume that [a,, 5] — by, hence 2201 € E(G) and z.b, ¢
E(G). Also, note that |Cy| > 4, otherwise {2, b} dominates V (G), contradicting
7(G)=3.

Consider the vertices a; and a,. Since ayas € E(G), either
[a1,2] = a2 or |ag,z] — a4

for some z € X U {zg}. Consider the latter case and note that z ¢ X since X C

N(a1) and z # ¢ as {as, %o} does not dominate {b,, b, }. Therefore [a,, 2] — a; is

53



Chapter 3 Wojcicka’s Conjecture

impossible and thus [a,,z;] — a2, which implies that asz; ¢ E(G).
We will now prove that C,\ {as,b,} € N(a,). Suppose to the contrary that there is
avertex v € Cs\ {ay, by} such that va; € E(G). Then either

[v,2] > a1 or [ay,z] = v

for some x € X. The former is impossible since X C N{a;). The latter is impos-
sible since {a;,z;} does not dominate a; and {a1, 3} does not dominate b,. Hence

Co\ {azg,ba} € N(a;). Since |C3| > 4, we have the following cycle:
:clmgccgaga;rala;rz-awl .

which is as long as C, but excludes &,, contradicting (3.8). O

lLemma333 p<2.

Proof. We first show that {asb1, 2102} € E(G). Suppose to the contrary that azb; and
a1by are edges in . Then, by Lemma 2.26, aaz; and boxg are not edges in . Let u €
Ch\ {ay, b1} such that w ¢ N(by) but C [1,u7] C N(bs), and let v € Cy\ {as, bs}
such that v ¢ N(by) but C [22,v~) € N(by). Then uv ¢ E(G), for otherwise

— — — —
uv ¢ bg'u_ C 1Ty C 'U_bl Cu

is a cycle longer than C, a contradiction.
Without loss of generality we may assume that there exists a vertex z € X such

that [, z] — v. Then ua, ¢ E(G), for otherwise
— — —
T1TpTo C Uy C bgu_ C Ty

is a cycle longer than C, and (by our choice of u) uby ¢ E((). Thus  must dominate
{ag,bs}. If z = z;, then ay is not dominated and if = x4, then b, is not dominated,

a contradiction.
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Thus {agby,a1by} € E(G), and so p < 3. Suppose to the contrary that p = 3.
Without loss of generality, we may assume that a,b; ¢ E(G). Therefore, either

lag, 2] = by or  [by, 3] — ao.

Consider the former case. Since aib; € E(GQ), bJas ¢ E(G) by Lemma 2 24(a).
Therefore b; z; € F(G). But this results in the cycle

— —
by 212z C byay O by,

which is as long as C but excludes b, contradicting (3.8). Similarly, if we assume
[b1, #1) — aq, we get a contradiction. Thus p < 2. 0

We are now ready to prove the theorem for 6 (G} = 2 by considering four subcases.

Case 1.1 {a1b1,0:6:} € E(G).
Since asby ¢ E(G), either

{HQ,CL‘Q] — b2 or [bg,I]_] — a.

Consider the former case. Since asa; ¢ FE(G), a1z, € E{(7). But this results in the
cycle

+— —
TyTgry C aqby U 213

which is longer than C, a contradiction. Therefore {ay, 23] — by is impossible, and
thus {6, 1] — a9 and 15, € E{G).

Now consider the vertices a; and bs. Since a;b, € E(G), either
[ﬂ1>$z] — by or [52,272] — .

Consider the latter case and note that bzaf ¢ FE{(G) by Lemma 2.24(a); therefore
zs0f € E(G). But this results in the cycle

— —
.’Egaf C blﬂq lemumg,
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which is as long as C but excludes ay, contradicting (3.8). Therefore [by, z2] — ay is

impossible and so [a;, ;] — by. Now b3 a; ¢ E(G), for otherwise
— —
by a1 C byzyzoze Cby

is a cycle as long as C excluding b, contradicting (3.8). Also, b;z, ¢ F(G), for

otherwise
b2 ToZolq C blaz C b2

is a cycle as long as C which excludes b,, again contradicting (3.8).

We get a contradiction in a similar way if we assume that {a;bs, asbe} C E(G).

Case 1.2 {a1b,a:00} C E(G).

Consider the vertices a; and xy. By Lemma 2.31 there exists a vertex y such that
[a1,¥] — xo. Since {a1b2,a1a2} N F (G) = B, it follows that {ybs, yas} C E(G).
Suppose that y € C;. Then clearly v ¢ {a, b, }. Alsoy # b7, otherwise the cycle

— —
b;bg C ToToly C bl_

is as long as C and excludes b, , contradicting (3.8).

We now show that
Ny n{zy, 19,071,023 = 0.

By Lemma 2.25 and the fact that yb, € E(G), it follows that yta, & E(G). Next,
ytz; ¢ E(G), for otherwise the cycle

— —
yTxxomy Chyy C ayh, Cyt
results, which is longer than C. Further, y* 2z, € E(G), for otherwise the cycle

— — —
$2y+ C b1a1 & Yag C Tr1Tgks

56



Section 3.2 Thecase J=06+2

results, which is also longer that C. Finally, y*a; ¢ E(() as aresult of Lemma 2 24(a)
and the fact that ya, € E(G).

Now consider the vertices n, and a,. Since ajas ¢ E(G), either
a1, x1] = as or  [ap, ] — ay.

But in either case y* cannot be dominated, a contradiction. Hence i € Cs.
We now show that Cy € A [a;]. Suppose the contrary and let u be the first vertex
(_

in C [by, ay] not adjacent to n;. Then yu € E(G) and so y 3 b5, for otherwise

= A
bor1xaza C u™ aquby C anbs

is a cycle longer than C. By Lemma 2.24(a), y*b; ¢ E(C) because yby € E(G).
Next, y*x; ¢ E(G), for otherwise

— — —
y+$13€0$g Cu*"a.l C Uiy C ngz G‘er

is a cycle longer than C. Further, yta; ¢ E(G), for otherwise the cycle

— — — e
vt O w1z C ' ay Cuy C aay

is longer than C. Thus N(y*) N {b1, z1,82} = 0. Now consider the vertices a3 and ;.
Since asln ¢ E(G), either

[ag, 23] =8 or [h, 1] —a..

But in either case y* cannot be dominated; a contradiction. Therefore C; C Na,].

Again, by Lemma 2.31, there exists a vertex 3 € X such that [az,y'] — zp. By
a similar argument, we can show that C; C N{ag]. Thus B(Cy, Cy) = 0 by Lemma
2.23, contradicting the 1-toughness of G.

Case 1.3 arby € E(G); {a1dr, 8ab1, a2be} N E(G) == 8.

Since a0y ¢ BE(G), either {ay,z,] — by or [By,z9] — a1. If [a1, ;] — by, then
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azxy € E(G) since ayas € E (G). But this results in the cycle
— —
r1zory C ayby C aszy,

which is longer than C, a contradiction. Thus [by, 72| — @, and so by € E(G).
Since azbs & E{G), either

[ag, z] — by or {by, 3] — ag

for some x € X. The former case is impossible since X C N(by). Thus [by, 2] — a,

and © = x;. But the cycle
—* —
sy Cbzlll C b‘lﬂ?l;ﬁ'gﬂigaz

results, which is longer than ', a contradiction.
We obtain a contradiction in a similar way if aob) € E(G) and {a1b;, a1be,a2b2} N
E(G) =

Case 14 a1by € E(G). {albg,ﬂ.gbl,agbg} M E(G) =N
Since ashy ¢ F(G), either [az, z2] — bg or [by, 23] — ap. Without loss of generality,
assume that [az, ©5] — b2. This implies that wpa, € E[G) and that x»by ¢ E(G).

Since ajay ¢ E(G) and X C N(ay), it follows that [y, ;] — ay, implying that
ayzy ¢ E(G).

Now consider the vertices aj and a;. Note that aj ey ¢ E(@3), for otherwise the
cycle

@Ewlmmggalag

results, which is as long as © but excludes a9, a contradiciion. Therefore

[65,2] = ay or laj,z]— ay

for some ¢ € X. Since X C N{a,), it follows that {a;, z} — aF. But {a,,x;} does
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not dominate a; and {ay, zs} does not dominate b9, a contradiction.
Similarly, if agbe € E{(G) and {a30y, aybsy, ash;} N E(G) = ), we obtain a contra-
diction.

This proves the theorem for r = 2.

Case2 r > 4.
Two additionat lemmas are required for the proof of this case, the first of which is

given below
Lemma 3.3.4 There exists a maximum independent set af the form
AU {zg,b} forsome be B
or
BU{xg,a} forsome a €A
Proof. Suppose the contrary. Then
NigJnB £ 0 foreach a;, € A
and
N[b;]n A foreach b; € B. (3.9)
We will consider two cases.

Case { There exjsts a maximum independent set / suchthat AT for # C [.
Without loss of generality, assume that A C I. Since deg(zg) = § (G) (= r), itfollows

from Theorem 2.13 that zo € . So we may suppose that
=AU {.’Bmﬂ.},

where u € V(G)\ ({20} UX U AU B). Let SU {zq} = /. Then S is an independent
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set consisting of 7 + 1 vertices. By Lemma 2.2 there exists an ordering

F(S) = (81,92, ..,8+1)

of the vertices of .5, and the sequence
Y(8) = %) S N(ze) =X
such that
[8i, %] — si41 foreachiwith 1 <7< v

We will first show the following:
O {yye -yt =X
(i) N(s;yNnX =2r—1foreachiwithl <:<r+1.
(iii) Tfxz; =y, then |N(z;) N Al = r — 2; otherwise |V (x;) N A > 7 — 1.

(iv) ajp1b; & E(G) foreach i with1 <1 < r.

(i) By Lemma2.2,Y(S) C N(z) = X. Since Y (S)| = |X| = r, (i) follows.

(i1) Since [s;,3:] — 841 for each i with 1 < 1 < 7, it follows that

Y\ {yi} g N(Sl),
Y\ {yr} “.C.. N(SH-I) and
Y\ {#:, 042} S N(s;)foreachiwith2 <i<r

By Lemma 2.3, y3; € F{G) for each i with 2 < ¢ < r, and so (ii) follows.
(iit} Since S = AU {u},

IANN(Z) > |SNN(z)} -1 foreachiwith 1 <4 <r.
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Suppose that z; = y,. Since S\ {31, 82} C N(x;),
[ANN{z) 2 (r+1)-2)—-1=1~2.

Suppose that z; = y,, whérej > 1. Then S\ {s;41} € N(z:) by Lemma 2.3. There-

fore
ANN@E) 2 ((r+1)-1)~1

= r—1,
Hence (i11) holds,
(iv) Suppose that r > 4. Then by (jii),

IN(x)NA2r—22>2 foreachiwith1 <i <

S0 x4y 18 adjacent to some a; # a;41. If a.1b; € E(G), then

— —_

LoTgy10; C bia,'_,_l C TiIg

1s a cycle longer than C.
Suppose r = 3 and suppose to the contrary that a.b; € E(G). By Lemma 2.26,
a3ty & F(G), and apx3, & (), for otherwise the cycle

= S
T129Te C a1bs C agmy

results, which is longer than C. It follows from (iif) that y, = x4, and that {IV (z,) N 4]
> 2and [N (z3) N A| 2 2. Since {ay,a3} NN (22) # @, agh; € E(G), otherwise a
cycle longer than C results. Similarly a3b; ¢ E (G).

Suppose that 84 = ay. Then jay, x1] — $3. Since {ayaz, 6123, T102, 105} NE(G) =
0, {ay, z1 } does not dominate at least one of 43 and 54, a contradiction.

Suppose that 8, = ag. Then [, 7] — 8. Now biax ¢ E(G) and bz ¢ E(G)

by Lemma 2.26 and our assumption that ¢, 5; € E (@), so {as, 1, } does not dominate
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Chapter 3 Wojcicka’s Conjecture

b1, a contradiction.

Suppose that 8; == ay. Then [a3,T1] — s5. Now bpay ¢ ¥ (G) and byz;y ¢ E(G) by
Lemma 2.26 and our assumption that a b3 € F (). Hence {as, =, } does not dominate
tn, a contradiction.

Suppose that s; = w. Then [u,z1] — 3 and {ay,as,a3} = {82, 53,54} This
implies that at least one of x,2, and ;a5 are1n (G, a contradiction.

Hence (iv) holds.

We define
h=max {j —i|ab; € E{((7), a; € A, b; € B},
where all operations are modulo r, and show that
h=0. (3.10)

Suppose to the contrary that b >> 1. Then we may suppose without [oss of generality
that

agbp 1y € E{G) for some h > 0.

By (iv), a; # apyo., which implies that x; 3 z,,,. Moreover, by Lemma 224,
{8n4121, Gp1Znee} N E(G) = P and 50 [N{any1) N X]| < r — 2, contradicting (ii).

We now show that
Ci\ {a;, b} C N(e;,) N N(b;) foreachiwith 1 <7<
Suppose the contrary. Note that it follows from (3.9) and (3.10) that
ah; € E(G) foreachiwith 1 <i<r.

We can therefore choose, without loss of generality, a vertex w € Cy such that wb, ¢
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—

E{(G)and C [a1,w™] € N(b). Since w is a B-vertex, B U {w} is independent, Also,
C\ {h} C N(b;), foreachiwith2 < ¢ < », (3.11)

for otherwise there will be a vertex z € Ci\{a;, b;}, wheret 3 1, such that 2b; ¢ F(G)
and E'}[ai,z | © N(b;). Thus z is a B-vertex, and by Lemma 2.23, B U {z,w} is
an independent set, hence B U {z,w, 2o} is an independent set of + + 3 vertices, a
contradiction,

By Lemma 231 there exists y ¢ X such that [b;,y] — 2q. Since byay ¢ E(G), y ¢
A\ {a2} . Furthermore y # ajp, for otherwise agh. € F(G), contradicting (3.10).
Clearly y ¢ B\ {bl} otherwise B\ {b1,y} cannot be dominated (by Lemma 2.23).
Moreover, y ¢ U C:\ {a:, b}, otherwise B cannot be dominated (by (3.11) and Lemma

2.23). Hence y € C’l {o1, By} . Since {b1ay, 008, } N E(G) = 0, {yas, v, } C E(G).
It follows that y 5 b, , for otherwise the cycle

- —
:clfcgngla] Cbl ky CSL‘l

results, which is longer than C.

Let Ay = AU{y"}. Since vb, € E(G), it follows from Lemma 2.25 that 4;\ {21}
is independent. Moreover, since ya, € F/((7), it follows from Lemma 2.24(a) that
y'a; ¢ E(() and so A, is independent. Thus there is an ordering F(A;) of the
vertices of A, and a sequence Y (4, ) such that Lemma 2.1 is satisfied. Since 4, U{zq}
is independent, it follows from Lemma 2.2 that Y (A4,) C X, and by applying (ii) to
Ay, it follows that [N(y*) N X| > = — 1. This implies that at least one of y*x, and
y*xy isin E(G), contradicting Lemma 2.27.

Hence C;\{a:, b} C N(b;) for each i with 1 < ¢ < r. Similarly, we can show that
Ci\ {a;,5} C N(a;) foreachiwithl <7<
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Chapter 3 Wojcicka’s Conjecture

It therefore follows from Lemma 2.23 and (3.10) that
E(C,Cy)=0,for1<i#j<r,
contradicting the 1-toughness of (.

Case 2 For each maximum independentset /, AZ I and B & [,
Under the condition that A € [ and B ¢ I, we will show the following:

() Ifv & C;is an A-vertex, then all the vertices of ¢ [a4, ] are A-vertices.
If N(a;) N Oy # 0, then a;b;, € E(G).

(i) Ifv € C; is a B-vertex, then all the vertices of E”['u} b;} are B-vertices.
IfN(b,,) M C-H.l :,'é [f), then ﬂg+1b,‘ = E(G)

We will only show the proof of (i) as the proof of (ii) is similar.

Suppose the contrary, and assume that 1 is the last vertex in ¢ [a},v ] thatis not
adjacent to a;. Clearly, & {a;‘, v*’} ,and y is an A-vertex. By Lemma 2.23, AU{y*}
is an independent set, and so AU {y*, x4} is a maximum independent set containing
A, contradicting the hypothesis.

Now suppose to the contrary that N{a;) N C;_; # 0 and a;b;; & E(G). Lety be
the last vertex of E‘Ll which is not adjacent to a;. It follows from Lemma 2 24(a)
that yta; ¢ E(G) for 7 # 4. Therefore A U {y*, 2o} is a maximum independent set
containing A, contradicting the hypothesis. This concludes the proof of (1).

Now consider the independent set A. By Lemma 2.2 we can find an ordering F'(A) =

(a4, .., 2;, ) of the vertices of A and a sequence Y (A} T X such that
laj,, y] — a4, foreachiwithl <i<r -1
Without foss of generality we may assume that

{z1} = X\Y(A).
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We will first show the following:

(i) a;41b; € E(G) foreachiwith1 <i<r— 1.

(iv) y € C,, where [a1,y] — zo, and so |C,| > 2.

v) ai1b._, & E(G).

(iii) Suppose firstly that » > 4. Since {a;,|t # ¢,7+ 1} € N(w),
IN() Al >r—22> 2

Therefore |V (x;) N A] > 2 for each i with 2 < ¢ < r, and so z;,1a; € E(G) for each
iwith 1 <4< r—1andsome j+#i+ 1. Now a;11b; ¢ E(G), for otherwise
— —
Tip1Q5 C b.,;a,;+1 C ZiToTit1

is a cycle longer than C.
Now consider » = 3 and assume without loss of generality that Y {A) = (22, z3).

Suppose the contrary and let

P = |{a2b1,a3b2,a1b3} M E(G)| .

We first show that if p > 2, then p = 3. (This is similar to the proof used in Theorem
3.1).

Assume without loss of generality that {a1b3,a:b,} C E(G) and aszby, ¢ E(G).
Then there exists some # € X \{z3} such that

[as,z] = b2 or [by,z] — aa.

The former case is impossible since z; does not dominate a, and x, does not dominate
a; by Lemma 2.26. Similarly, [b2,z] — a3 can be shown to be impossible and so

asby € E(G) and thus p = 3.

Now consider the vertices a3 and by.
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Chapter 3 Wojcicka’s Conjecture

Suppose aab, € E(G). Then {a,z3, 0223} N E(G) = §, for otherwise a cycle
longer than C results. Since Y (A) = (9, 23), 23a;, € FE(G) and 50 a;, = a3. Also,
T9a;, € E(G) and so a;, = a;. Therefore F(A) = (a3, a,,29), i.e. [a3, 73] — a; and
lay, za] — a5

Consider [a1, z3] — a4 and note that a,6; € F(G) since zab; & E(G) by Lemma
2.26. Sop 2 2and thus p = 3, i.e. {asby, asbs, ayb3} C K(G).

Now consider [as, 2] — ;. Since byzy € E{(G) by Lemma 2.26, azbs € F(G).
Hence C3\ {aa,bs} € N(az) N N(bs) by (1) and (ii). It follows from Lemma 2.23 that
(Ca\ {aa,8}) N N(a,) = ¥ and from Lemma 2.26 that (C3\ {a3,03}) N N{z3) = .
Thus {ay,x3] — &, implies that Ca == {ay,bs} . But this contradicts Lemma 2.25
because azby € E(G) and bya (= afay) € E(G).

Now suppose that azby ¢ E((G). Since we have assumed (to the contrary) that
a;11b; € E(G) for some : with 1 < ¢ < r — 1, we may assume without loss of

generality that ayb; € E(G). By Lemma 2.26, it follows that

{2281, zob3, Taus, Tabn} N E(G) = 0.

Since [a;,, 72} — ay, and |ay,,z3] — ajy, it follows that {aj,,a;,} = {21,as} and
that a, == a;;. Suppose that ay == a;. Then [ay, xy] — a@;, which is impossible since
{a3, 22} does not dominate b. So ¢4 = a;, and F{A) = (ay, a3, a2). Thus [a;, z4] —
ag and since Tby ¢ E(G) by Lemma 2.26, a1by € E(G). Thusp > 2and so p = 3,
contradicting asby € E(G). This concludes the proof of (iii).

(iv) By Lemma 2.31, [a1,y] — xo for some » ¢ X. Suppose to the contrary that
y € Cx for some k with1 < k < — 1. Then axy; # @1, and 50 yax+; € B(G). By
(i) ary1be € E(G), contradicting (iii) and thus (iv) holds.
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(v) Suppose to the contrary that a;b._; € E(G). Then by Lemma 2.32(b),
{bljbg, e ,br,g} N N(a,.) = 0

and by (iit), a.b._; ¢ E(G). It follows from (3.9) that a.b. € E(G), and (i) and (ii)
imply that C,\ {a,,b.} € N(a.)NN(b,). Now, by (iv), ¥ € C, where [a;,y] — zo. If
y € C;\ {b,}, then by Lemma 2.23 a, cannot be dominated. So y = b,, i.e. [a1,b,] —
xo. Therefore b,a,_1 € E(G) and a;b,_; € E(G), contradicting Lemma 2.32.

We can now complete the proof of Lemma 3.3.4.

Againby Lemma 231 thereis avertexy ¢ X suchthat [a;, y] — zo. It follows from
(v) that yb,_; € E(G). Since y € C, by (iv), it follows from (ii) that a,.b._; € E(G),
contradicting (iii). O

Thus there exists a maximum independent set of the form
AU {zo,b} forsomeb e B
or
BU{zp,a} forsomea € A.

It follows, therefore, that A # B. So we may assume without loss of generality that
b1 ¢ Aandthat AU {&, zo} is a maximum independent set. Let

A= AU {b}.

Then there is an ordering F'(A;) of the vertices of A, and a sequence Y (A;) such that
Lemma 2.1is satisfied. By Lemma22,Y(A4;) C N(zo) = X,andinfactY(4,) = X

since

Y (A1) = A1l -1 =r=|X].
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It now follows from Lemma 2.3 that for every a € 4,
N(a)NX| = [N(a) N Y (A)] 27 —122 (3.12)
and for every x € X
IN(z)n A zr—122 (3.13)
We now formulate and prove the second lemma, which we wiil use to complete the
proof of this case.
Lemma 3.3.5 {a1} U B is independent.

Proof, Suppose firstly that,b, € E{G). Thenby Lemma 2.24(a), B\ {b:}NN(2,) =
B. Also, a1ty ¢ E(() since AU {b1} is independent. Therefore {a,} U B is indepen-
dent.

Now suppose 15y ¢ E(F). Since by € A,, it follows from (3.12) that X\ {z} C
N(b1). Foreach i with 2 < 1 < 7 — 1, since bz € E{G), it follows that a(b; ¢

E(G), for otherwise the cycle
— — —
CEH—lbl ) ﬂ-lbg C Tylipdy C L1

results, which is longer than C. Since 7,5y ¢ F(G) it follows from (3.13) and Lemma
2.26 that ayb, ¢ F(G). Furthermore, o by € E(G) since A, is independent. Thus
B U {a;} is independent. a

Let B, = BU {a,}.By Lemma 3.3.5 there is an ordering F'(B;) of the vertices of
B; and a sequence ¥ {B;) such that Lemma 2.1 is satisfied. Asfor Ay, Y(B) = X
and for every b € By,

ING)NnXizr—~1,
while for every x € X,

IN[Z)N By >r—122
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It follows from Lemma 2.31 that there is a vertex y ¢ X such that [b),y] — 7. Since
A, and B are independent,

AUB\{b;} C N(y) (3.14)
andy & AU B.
We will now show the following:
(vi) y € Ci\{a, bn}

(vii} v & {b7,a{ } and thus || = 5.

{vi) Suppose the contrary and suppose firstly that y € C.. It follows from (3.14) that
{ybz, yar} € E(G). Thus {y7a,,y7b, }NE(G) = @ by Lemma 2.25, and (A\ {a,})N
N(y*) = 0 by Lemma2.24(a). Thus A;U{y* } is a maximal independent set excluding
To, & contradiction. Now suppose that y € C for some £ with 2 < & < r — 1. By
(3.14), yb. € F{(@) and so it follows from Lemma 2.24(a) that y* & ¢ E(G). Since
yher1 € E(G), Lemma 2.25 implies that yTag4y ¢ FE((G). Further, since yag4; €
E(G), it follows from Lemma 2.24 (1) that { A\ {ax+:}) NN (v} = 0. Again 4, U

{y* } is a maximal independent set excluding =, and so (vi) holds.
(vii) Suppose to the contrary that y = b;. By (3.14), yb. € E(G) and so the cycle
— —
yb. C ryzoz; Cy

results, which is as long as ' but excludes ¥, contradicting (3.8).

Now suppose that y = ai. By (3.14), ya, € F{(G) and so the cycle
— —
ya, C Tyxoz. Ty

results, which is as long as C but excludes a,, again contradicting (3.8).
Thus y € C1\ {a1,a7, 87,51} and so |Cy] = 5. Therefore (vii) holds.
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Let Ay = Au{y*} and B, = B U {y~}. It follows from Lemma 2.24(a) and
the inclusion AU B C N(y) that A; and B, are independent. Thus we can obtain an
ordering F'(A,) of the vertices in A, and a sequence Y'(A,), and an ordering F'(B;)
of the vertices in B, and a sequence Y (B;), such that Lemma 2.1 is satisfied in both
instances, and whereY {A;) =Y (B,) = X.

We will show the following;
(viii) A € N{xz), forany « € X.
(ix) BE N(z),forany z € X.
() ¥y~ ¢ E(G).

(viii) Suppose the contrary. Then there exists T € X such that A C N(T). Let7 =
y( A, ) for some t with 1 < ¢ << r, Then

Je{A1),Z] = frnld). (3.15)

Since A C N(Z), fi+1(A1) = by and hence fi{A;) € A.
Now consider Y{A) and let Z = y,(A,) for some swith 1 < 5 < r. Then

[f+(A2), %] = fora(A2).

Since A C N(Z), fot1{A2) = y* and thus Tyt ¢ E(G). Since A; is independent,
{fe(41), %} cannot dominate y*, contradicting (3.15). Thus (viii) holds.

(ix) Using a similar angument to the one we used in (viii), we can show that B & N(x)

for any r € X.
(x) Suppose to the contrary that y*y~ € E((). Then
— — —
Y C y”y"" C!rg.?:u.‘?ﬂ] C{lzy

is a cycle longer than C, a contradiction. Thus (x) holds.
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We now complete the proof of Theorem 3.3. By (x), ¥ty ¢ E{G). Therefore there
exists a vertex z € V (G) \ {y*,y"} such that
[v*.2] =y or [y ,z] =yt

In either case z € X to dominate xo. Suppose [¢*,2] — y~. Then A C N(z) since
As is independent, contradicting (viii). Suppose [y, z] — y*. Then B C N (z) since
Hs is independent, contradicting {ix).

This completes the proof. |
Combining Theorem 3.1, Corollary 3.2 and Theorem 3.3, we have the following:

Theorem 3.4 (Wojcicka’s Theorem) [/ G is a comnected, 3-y-crifical graph with
§{Q) > 2, then G is hamiltonian.

Wojcicka’s Theorem can be restated (using Corollary 2.8) as:

Theorem 3.4’ Any 2-connected, 3-y-critical graph is hamiltonian.
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Chapter 4
Domination-critical graphs and the
independent domination number

In [11] , Sumner and Blitch comectured the following:
Conjecture 2% If G is a k-y-critical graph, then y(G) = i(G).

This conjecture has generated much research intc domination-critical graphs, and
work related to the conjecture may be found in [1, 2, 5, 10, 11} . Ao, Cockayne,
McGillivray and Mynhardt [2] disproved the conjecture for each &£ > 4 by construct-
ing a counterexample. The construction of the counterexample will be provided in

Section 4.2, The conjecture may, therefore, be restated as follows:
Conjecture 2 If G is a 3-y-critical graph, then 4(G) = i(G).

This conjecture remains open. However, there are parctial results available which

we give in Section 4. 1.

4.1 Results on ¢ for 3-y-critical graphs

Before we give results on the independent domination number for 3-y-critical graphs,

we present a result that was proved in [11], and which we will need.

Theorem 4.1 [11} The diameter of a 3-y-critical graph is at most 3.

Proof. Let G be a 3—y-critical graph and suppose to the contrary that diam G > 4.
Let {a,b} C V(&) such that d{e,b) == diam G, and let A = N(a), B = N(b) and
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C = V(G)\ (N[a] U N[B}). Since y(G) = 3, T +# 0.
Letr € Aand s € B. Since d(a,b) > 4, rs ¢ E(G). Hence without loss of
generality we may assume that there exists a vertex v € V (&) \ {r, s} such that

r,v] — s

Since r ¢ N{B) U B, v must dominate (B\ {s}) U {b}. Therefore v € B and r must
dominate A.

Now consider any t € B\ {s}. Since 7t ¢ FE (), there exists a vertex y €
V(GO {t, 7} such that

t,yl = or [y,r]—t.

Consider the former case. Since yr ¢ E(G), y ¢ AU {a}. Butthen {t,%} cannot |
dominate a. Thus [y, 7] — t, and so for every ¢ € B there exists a vertex ¢* such that
[t*,7] — t. Since t*t ¢ E(G), t* # b. Therefore t* € B if {¢*,r} is to dominate b.
It follows that ¢* dominates B\ {¢}, that t* is unique and that (¢*)* = ¢. In particular
it,r] = t*, and s0 B can be partitioned into nonadjacent pairs {t,1"} .

Next, consider any v € A and £ € B. There exists a vertex y such that
[w,y] =t or [t,y] — u.

The latter case is impossible as {t, ¥} cannot dominate {t*,a}. Therefore {u,y] — t.
Also, ¥ € B since y must dominate b, and in fact ¥ = £*, Moreover, © must dominate
A. Since our choice of u was arbitrary, {A) must be complete.

Since G is connected, there exists w € A and ¢ € C such that we € E(G). There
must also exist ¢ € C such that we' € E(G), otherwise {w, b} dominates G, a con-
tradiction. Since ac’ ¢ F(G), there exists £ € V(G)\ {e, ¢} such that

la,z] = ¢ or [ ,z]— a

13



Chapter 4 Domination-critical graphs and the independent domination number

The latter case is impossible since z has to dominate {w, 4}. In the former case, z € B
since £ must dominate 5. But then {a, z} cannot dominate x*, a contradiction. Thus

diam 7 < 3. [ |

We are now ready to present partial results for Conjecture 2. If G is a disconnected
3-~-critical graph, then G is the digjoint union of a complete graph and a 2--y-critical
graph H, i.e. H is the disjoint union of non-trivial stars. Thus 3(G) = 3 and so the
conjecture holds because ¥(G) < i(G) < 3(G).

Therefore, we need only consider connected 3-y-critical graphs. As proved in [5],
the conjecture holds for connected graphs with § = 1 (see Theorem 4,2). Thus we need
only consider graphs with § 2> 2. According to Theoren 2.13, these graphs satisfy the
condition that 3 < 64 2. It was shownin [5] that the conjecture is satisfied if 7 = 642
(see Theorem 4.3), which leaves openthe case 5 < éd + 1.

It was mentioned in [11] that the conjecture holds for graphs with diameter equal
to 3 (see Thecrem 4.4) and when § < 2 (see Theorem 4.5). Thus graphs with § = 2,
3 < §+ 1 = 3 and diameter equal to 3 satisfy the conjecture. The only remaining
subcase concerns those graphs with diameter equal to2 and 3 < 6 + 1, where ¢ = 3,

and as far as we know, no proof exists,

Theorem 4.2 [3] If G is a comnected 3-v-critical graph with 6(G) = 1, then
i(G) =3.

Proof. Letz € V(G) suchthatdeg (z) = landlet V(z] = {u} . Let I be amaximum
independent set containing x (either u or z will be contained in I; if « € I, then
exchange u and x). Let A = I\ {z}.

Suppose that {A]| > 3. Let {a1,42,a3} C A be ordered in such a way that there

exists a sequence (y, ¥z) so that

oy, 1) — as and [a2, 1] — a3
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(asinLemma2.1). Since y; and ¥, are distinct vertices and | N (z)| = 1, it is impossible
for {a1,1n} and {as, ¥} to dominate =, a contradiction. Therefore, |A| < 2 and so
|7] < 3. Hence (@) = 3 and s0 i(G) = 3. u

This result is presented here for the sake of completeness but it is improved upon

in Theorem 4.5.

Theorem 4.3 (5] If G isa 3-y-critical graphwith § (G) > 2and §(G) = 6§ (G)+2,
then i(G) = 3.

Proof. By Theorem 2.16 there is only one vertex of degree § (G) . Let z € V() such
that deg (z) = § = § (G) and let X = N(z). By Theorem 2.14 N [z] induces a clique
and by Theorem 2.13 every maximum independent set of & is of the form A U {z},
where AN X = 0.

By Lemma 2.2 there is an ordering (a1, as, ..., as+1) of the vertices of A and a
sequence (y1,%a,...,¥s) = X such that [a;, %] — a;41 foreachi with1 < ¢ < §. By
Lemma 2.3 the only edges that do not exist between X and A are of the form #;a:41
for each 7 with 1 < 7 < §, and possibly y;a,.

Suppose to the contrary that £(G) > 3. Then for every triple a, b, ¢ where [a, b] — ¢,
we have that ab € E(@), for otherwise {a, b, ¢} is an independent dominating set. In

particular yya; € F(G) since [y, a1] — as. If
V(G)\(AU N[z]) € N(aa),

then {2, as} is a dominating set, contradicting -y (G) = 3. Therefore there exists a
vertex z € V(G)\(A U N{z|) such that zay ¢ FE(G). Thus there is a vertex w €
V (G) \ {a2, z} such that [a;, w] — z or [z,w] — aa. Note that w must dominate x
but w # =z, for otherwise in the former case {z,as} does not dominate a; and in the

latter case {z, z,az} is an independent dominating set. Thus w € X.
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Suppose |w, as] — z. Then w = w; for some 4 with 2 < ¢ < §, since yras ¢ B(G).
This case is therefore impossible since {#;, a;} does not dominate a,;.

Suppose {w, z} — ay. Then w = g, since yzay € F(G) for each i with 2 < 4 < 6.
Thus y;z € F(G). Since our choice of z was arbitrary, it follows that

V(GN\ (AU N[z]U N(a,)) € N(1),

and 50 {7, az} dominates GG, contradicting ¥ (G) = 3. Hence i{G) = 3. [ |

Although the following results were mentioned in [11] , we were unable to find
proofs in the available literature and we thus provide original proofs here.

Theorem 4.4 If (G is a connected 3-y-critical graph with diam G = 3, then i{(G) =
3. '

Proof. Let @ and b be any two vertices of G such thai d(a,b) = 3 and let X =
V(G (Ne] UNT[b). Since 4(G) = 3, X # 0. Choose any vertex = € X; then
{a, b, z} is an independent set, If {a, b, z} is also a dominating set, then we are done.
Hence we may assume (o the contrary) that there is a vertex y which is not dominated
by {a,b,z} . Clearly ¥ € X and yx ¢ F({). Therefore we can assume without loss
of generality that there exists a vertex z such that [z, 2] — y. Since z & N{a) U N(b),
z € N(a)N N(b). Butthen azhis an a-b path of length 2, contradicting d{u, v:) = 3.1

Theorem 4.5 If G is a conpected 3-y-critical graphwith 6(G) < 2, then i(G) = 3.

Proof. Suppose to the contrary that i((G) > 4. It follows from Theorem 4.2 that
§(() = 2. Choose a vertex u € V {G) such that deg (u) = 2. Lat N (u) = {v,w}
and consider an independent dominating set 5 of G — Niu]. Then |S| > 3, for other-
wise ' = S U {u} is an independent dominating set of G with {§'| < 3, contrary to

our assumption.
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Section 42 Construction of a counterexample fork > 4

Let{a,b,c} C S.Sinceab ¢ E{G)and §'is independent,f we may assume without
loss of generality that

[a,v] — b.

Note that cv € E(G) but bv ¢ E{(G). Also av € FE(G), otherwise {a,v,b} is an
independent dominating set, contradicting our assumption that i(G) > 4.

Now consider the vertices ¢ and c. Since ac ¢ E(G) and S is independent, either
le,w] — ¢ or [e,w] — a.

Suppose [a,w} — ¢ Then {aw,bw} C E(G) but cw ¢ E(G). Since {¢,w} cannot
dominate G, there exists a vertex d # v such that {¢,d, w} is independent. Since
cd ¢ E(G), there exists a vertex z € V (G} \ {c, d} such that

c,z2] = d or [d,x]—c

Since 2 must dominate «, ¥ € N{u|. In the former case x = w because = dominates b
and in the Jatter case z € {u,w} because cz ¢ £(G) and v must be dominated. Thus
{c,d, z} is an independent dominating set, contradicting our hypothesis.

The case [c, w] — a is dealt with in a similar way. |

We could also consider this conjecture from the point of view of connectedness.
Please note that if G 1s a connected 3-y-critical graph with a cut-vertex v, then accord-
ing to Theorem 2.7, §(G) = 1, and by Theorem 4.2 G satisfies the conjecture.

Thus the only graphs to consider are those that are 2-connected, in which case 6 2> 2,
and by Theorem 2.13, 3 < ¢ 4+ 2. By Theorem 4.3, if 3 = ¢+ 2, then the conjecture is
satisfied, and by Theorems 4.4 and 4.5, again the only case that remains open concems

graphs with 3 < § + 1, diameter equal to 2 and & = 3.
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4.2 Construction of a counterexample for © > 4

We now present the construction of a counterexample to Conjecture 2* for the case
k > 4 as given by Ao, Cockayne, MacGillivray and Mynhardt [2] . In addition to
the concepts and terms already defined, we will make use of the following concept
in this section. A set U precisely dominates a set W (or G — v) it W = N[U] (or
VO {v} = NU])

We will also make use of the following observation from [4] , which we state here

as a theorem. The proofis easy and has therefore been omitted.

Theorem 4.6 [4] The graph G with v(G) = k is k-y-critical if and only if for every
two nonadjacent vertices v and v of G, there exisis a set S5 with |5} = k — 2 such

that S U {v} precisely dominates G — u or SU {u} precisely dominates G — v.

The construction

Construct the graph G, where & > 4, as follows:

V(Gyx) = AUBLUC (disjoint union), where
A = {a,69,...,04}
B = {biby,.... )
C = {{i,5,1}|{ac,a;, 2} C A; 1,7,1 are distinct}.

We usually write¢5! for {i, 7,1} € C. Form the graph I, by adding edges such that:

L (AU B) = Koy
o {a;.b;,a;,b;, 0,5} C N(ijl).

The graph Fy, is a proper spanning subgraph of . We will first prove a few lemmas
before continuing with the construction of Gy. Note that Fy (C) & K, where t = ’;)

78



Section 4.2 Construction of a counterexample for & > 4

Lemma 4.7 ~(Fy) =& — 2.

Proof. Any vertex a; € A (or b; € B) is adjacent to zyz € C if and only if 7 €
{z,y,2}. Furthermoreif X C A and {X| = k — 2, then X N N{zyz) # B, for any
ryz € C. Therefore X dominates F}, and so v(F})} < & — 2. Now consider Y C A
with Y| < &k — 3. Let {a;,a5,a;} C A\Y. Thenijl € C\IN(Y) and so Y does not
dominate F}. Since our choice of ¥ was arbitrary, it is easy to see that y(Fx) > k — 2

and the result follows. [ |

Lemma 4.8 There exists a (k — 2)-y-critical graph Gy which is obtained from Fi
by adding edges between vertices in C.

Proof. Considera, € Aandijl € Cwithr & {1, 1,1} ,%e. a, and i;{ are not adjacent
in F. Then A\ {a, a;, a;} is a (k — 3)-subset of 4 which precisely dominates Fj — ;1.
A similar argument holds for nonadjacent vertices b, € B and ¢! € C. If we add
edges between all the vertices in C, we obtain a graph F}, with v(F}]) = 2. Note that
{a1,123} is an example of a dominating set of FY.

If k& = 4, it i3 easy to see that F is 2-y-crtical, and so Fj = G4. If k > 5, then
k—2> 2

Since it is possible to decrease the domination number by adding edges between
vertices in C, we can add edges to Fi by joining pairs of vertices in C to obtain 3, so
that if ¢’ ¢ E(FY), then v(F] + ') = & — 3. It follows from Theorem 4.6 that F{, is
{k — 2)-y-crifical, i.e. Fy = G}. [ |

The construction abave does not result in a unique graph (5., but we consider Gy to
be any (fixed) (k — 2)}-y-critical graph thus obtained. Note that (& has the following
properties, which we will make use of:

Pl Any X C AU B with | X} = k& — 2 and |{a;, &} N X| < 1, for each i with
1 <1 < k, dominates (7.
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Chapter 4 Domination-critical graphs and the independent domination number

P2 IfY C C with |Y| = k — 3, then either ¥ does not dominate C, in which case
Y may {or may not) dominate A U B, or Y dominates C, in which case Y does not

dominate {a;, b;} for at least one i with 1 < i < k.

P3 If Z C C with |Z| < k — 4, then Z does not dominate C, for otherwise Z U {a,}

{say) dominates G, a contradiction.
Construct the graph H;, where k > 4, as follows:
V(H,) = V(Gy)UUUW (disjoint union), where
U = {uj,ug,...,u}
W = {w,ws,...,wi}

(TUW) =2 K, with (I, W) the bipartition of (I UW),

and where each a; € A isjoined to u; and w;, for each 7 with 1 < 1 < k. Define the

set I as follows:

I'={ie{1,...,k}| theredoes notexista (k — 3)-subset
of C which dominates (C U A)\ {a;}}.

(Note that I = 0 if k = 4.)
If I = @, then let H, = Hj.

If I s (, then let I, be the graph obtained from I by joining b; to u; and w;; for

each ¢ € I, where all operations are performed modulo k.

The graph Hj is depicted in Figure 1. The lemmas that follow show that H is the

required counterexample.
Lemma 4.9 ~(H;) = k.

Proof. If D is a dominating set of G, then clearly DU {u;, w, } dominates Hy; hence

v(Hy) < k. Let X be any dominating set of H;. Since each vertex in A U B is ad-
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Hg.

{43

Figure 1 [2] The graph H;
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Chapter 4 Domination-critical graphs and the independent domination number

jacent to at most one vertex in each of U and W, X N (A U B) dominates at most
|X N (AU B)| = m vertices in each of I/ and W,

If m = k, we are done.

If m =k — 1, then X N (AU B) does not dominate at least one vertex in each of U
and W. Since C N N(U UW) = ), there must be at least one vertex of U UW in X.
Hence | X| > k.

m <k — 2 then ( UW) contains a 4-cycle whose vertices are not dominated
by XN (AU B). Hence | X N (U UW)| > 2. Thusif m =k — 2, | X| > k.

Now suppose | X NV(Gy)| < k — 2. Since v(G) = k — 2, there must be at least
one vertex v of G, dominated by X N (U UW) and not by X N V(G}). Necessarily
v € AU B, and since (A U B) is complete, it follows that X N (AU B) = 0, and so
X N Cdominates C. By P3, | X NC| =k — 3.

Suppose there exists ¢ € {1,...,k} such that ¢' = X N C dominates (A U
B)\{a;,b;}. Then< ¢ I, and by the construction of Hy, N[b;] N (U U W) = @, which
is impossible since X C (C'UU UW).

Hence there are at least two integers 7, 7 such that C’ does not dominate any vertex

in {ai,b,;, Qj, bj} Now:

N)n(UuW) = {u;,w}
N(g;)N(UUW) = {u;,w;}
NN (UUW) = {u;, w1}
NEINUUW) = {u;,wjn}.

Note that if | X N (U UW)| > 2, then |X| > k, and we are done. Hence assume

| X N (U UW)| = 2. Inorder for X to dominate U UW, X N (UUW) = {u,,w,} for

some pair of integers,s € {1,...,k} .Bytheabove,7 € {i,j}ands € {¢,i+ 1,5,7 + 1}.
Without loss of generality we may assume that ¢ < j, and note that possibly ¢ +
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Section 4.2 Construction of a counterexample for k > 4

1 = 7 However, {u;,u;} does not dominate {a;,; }; {1, wiy1} and {uy, w;} donot
dominate b;, while {u;, w;4} does not dominate a;. Similarly, no set {u;,w,} with
s € {i,7,i+ 1,7+ 1} dominates {a;, b, a;,b;}. Hence if | X 0 (7 UW)] = 2, then
| X NV(Gr)| > k — 2 and thus | X]| > k.

Thus y(Hy) = &, as required. n

Lemma 4.10 H, is k-y-critical.

Proof. Consider any two nonadjacent vertices z,y of Hg. If {z,y} C V(Gg), then
¥(Gx+zy) = k—3by Lemma4.8. For any dominating set X of Gy +zy, X U{uy,un}
is a dominating set of Hy + xy of cardinality k¥ — 1.

If {x,y} € U U W, then we can say (without loss of generality) that {z,y} =
{11, %y} . (The case i similar for any other {u;,u;}, where i £ j or for {wy, w;},
where i # j.) In the case {%,y} = {1, us}, {11, a3, €4, .., a; } has cardinality &k — 1
and is a dominating set of Hy + ujus.

Therefore, we may assume that x € I/ UW and y € V{Gy). Again without loss of
generality, we may assume that z = wy. (The proof is similar if x = w; for some 7.)

We consider three cases.

Casel y e A, ie y=u;forsomei# 1, say ¢ = 2.

Then {ag, uy, a4, 25, ..., a¢} is 8 dominating set of H; + zy with k — 1 vertices.

Case2 yc E, ie y=0>; forsomes.
Ifi = 1, then wyby ¢ E(H;). It follows from the construction of ), from H, that
there exists a (k — 3)-subset C7 of ' such that ¢’ dominates ¥ (Gy) \ {¢;,b,} . Thus
C' U {uy,un }is a (k — 1)-set which dominates Hy + 1, 5;.

Hence we may assume that ¢ > 2. If there exists a (k — 3)-subset C’ of C' which
dominates V' (Gx)\ {ai, b}, then €7 U {uy. 15} is a (k — 1)-set that dominates Hj +

u1b;. If no such ' exists, then b; is adjacent to v; and 1. Consider the set D =
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Chapter 4 Domination-critical graphs and the independent domination number

{(A\{a21, ai, 2,41 }) U {8;, %341 }. By P1, D dominates Gy; ;4 dominates W U {4}
AN D dominates U\ {uy, u;, 4541} 5 b; dominates w; and in Hy + 1 d;, also w;. Thus
Dis a {k — 1)-set that dominates Hy + u,5;.

Cased ye C,sayy=ijl.
The set 1) = A\ {0;,a;, a;} dominates G, —4j1, and thus DU {uy, w1 }isa (k—1)-set
that dominates Hy + u147!. ‘ [ |

Lemma 4.11 i{Hy) > k.

Proof. Consider any independent dominating set D) of Hy. Notethat |[D 1 (AU B)} <
1 and exactly one of D NI/ and D N'W is empty, say I} = D NI # . Let
Dy=DN{AUB).IfD, =@, then D; = Uand DNC # 0. Hence |D| > k. If
D, # 0, then I?, dominates at most one vertex in each of I/ and W, and so | Dy | 2 k—1.
Since Dy does not dominate ¢, D N C # @ and so | D] > k. ]

Note that the exact value of #( Hx) depends on the subgraph (C) of H. The fol-
lowing theorem now follows directly from the preceding lemmas and disproves the

conjecture for k > 4.

Theorem 4.12 [2] Forany k > 4,there exisisa k-y-critical graph Hywith i(Hy) >
k.
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