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Summary

In the paper [HSS] Herrlich, Salicrup and Strecker were able to
show that Kuratowski / Mréwka’s Theorem concerning compactness
for topoiogical spaces could be applied to a wider setting. In
this dissertation, which is based on the paper [F,), we interpret
Kuratbwski / Mrdéwka's result in the category R-Mod. Chapter One
deals mainly with the preliminary definitions and results and we
also show that there is a 1-1 correspondence between torsion
theories and standard factorisation systems. Iﬁ Chapter Two we,
obtain for every torsion theory T, a theory of T-compactness
which is an extension of the definition of compactiness found in
[HSS]. We then obtain a characterisation of T-compactness under
certain gonditions on the ring R and torsion theory T. In
Chapter Three we examine the class of T-compact R-modules more
closely when the ring R is T-hereditary and T-noetherian. We also
obtain further characterisations of T-compactness under these
additional conditions. In Chepter Four we show that many

topological results have analogues in R-Mod.

Key Terms.

rs
A
torsion theory; radical; factorisation structure; hereditary;

3
1

T-dense; T-closed; T-compact; T-herditary; T-injective;

T-noetherian; p-divisible



INDEX
6o R ol Yo | Ul o 3« 1
Chapter 1 : Preliminaries ... ... s e tneeeneeeaoennnnsan 3
Chapter 2 : Compact R-Modules .......c. it inneeennn 38
Chapter 3 : T—noetherién and T-hereditary rings ......... 80
Chapter 4 : Topological Comparisoné .................. . ..99

B 15 o 2 B Mo T o= ) )oY 2 109



INTRODUCTION.

Kuratowski/Mréwka’'s Theorem states that a topological space X is
compact if and‘only if for every topological space Y, the second
projection m,:X x Y — Y is a closed map. In 1987 Herrlich,

Salicrup and Strecker puﬁlished a paper ([HSS]) in which it was
shown that this theorem can be interpreted and thus applied in
a wider setting than the categoryv of topélogical spaces. Fay in
his paper "Compact Modules" ((F,]) looked at this categorical
interpretation of compactness in the category R-Mod, where R-
Mod denotes the category of R-modules and module homomorphisms.

This dissertation is based on the paper [F;]1, with a few
differences. We note that in [HSS] the definition of compactness

was provided relative to a factorisation structure on X and
many results were proved assuming that X was also an hereditary
construct (that ig, a concrete category over Set with the
property that that each inclusion of a subset into the underlying
set of any X-object has an initial 1lift ). However we find that
R-Mod 1is not a hereditary construct: Let H’ be the underlying.
set of H, where H is an R-module. If K is a subset of H’ not
containing'the identity of H, then the inclusion of K intQ H’

does not have an initial 1lift.

In this diésertation. we will work mainly in the category R-Mod,
where R>is a ring with unity. After providing some preliminary
results and definitions, we show a one-to-one cérrespondence
between torsion theories and standard factorisation structures.

4.

It is then possible to obtain, for each torsion theory, a theory



of compactness which is an extension of the definition of
compactness found in [HSS]. In the case that the torsion theory
T is hereditary and the ring 'R is T-hereditary we obtain a
characterisation of T-compact R-modules: an R-module G is T-
compact provided that G/T(G) is T-injective. In Chapter Three we
lock more carefully at the class of T-compact R-modules. We are
able to show that this class forms a torsion class fof a torsion
‘theoryx After demonstrating that the lattice of torsion theories
exists, we identify the aforementioned torsion thecry in the
lattice. We are also able to demonstrate that some of the results
in section 4 of [H3S], which are proved for categories which are
hereditary cohstructs, are nevertheless valid in R-Mod. After
interpreting the notion of Hausdorff spaces in the category R-
Mod, we then proceed to show that many topological results
concerning the relationships between compactness, closedness, and
Hausdorffness also hold in this setting.

All definitions and proofs, unless otherwise stated, are taken

from the paper [F,].



CHAPTER ONE.

PRELIMINARIES

In this chapter we will first define what is meant by a torsion
theory T. It will then be shown that every torsion theory gives
rise to a factorisation structure on R-Mod. When the
factorisation structure>satisfiés the further condition of being
standard, we will see that the cohverse of the preceding

statement also holds.

Although this dissertation is based on the paper [F,], we find
that the paper , "Factorisations, denseness, separation, and
relatively compact objects" by Herrlich, Salicrup and Strecker
({HSS]) forms the backbone of this dissertation. We will
therefore now look at some of the results from [HSS] that will
be referred to in this paper. These are Definitions 1.1, 1.5,
1.6 ; Propositions 1.4 and 1.7 ; and Examples 1.2 and 1.3. This
paper, [HSS], has been iooked at in detail by M. Siweya in his
M.Sc dissertation "On Factorisation Structures, Densenesss,
Separation and Relatively Compact Objects®, University of South

Africa, 1994.

All definitions and proofs, unless otherwiserstated,are taken

from the paper [F,].



Definition 1.1.

(E, M) is called a factorisation structure on the category X

(where E and M are classes of morphisms) provided that

i) If e € E and h is an isomorphism, and hee exists,
then hee € E. If m € M and k is an isomorphism, and mek
exists, then mek € M.
ii) X has (E, M)- factorisations of morphisms; that is,
each morphism f in X has a factorisation £ = mee with
e € Eand m € M.‘
1ii) X has the unigque (E, M) diagcnalisation property;

that is, for each commutative sguare

e
A > B
| |
r d 1 s
i
v
c >D
m

with ee E and me M there exists a unigue

d: B—>C with dee = r and m¢ed = s. B

Example 1.2,

For any category X let Izso denote the class of all
isomorphisms, and Mor the class of all morphisms. Then

(Iso,Mor) and {Mor,Iso) are the trivial factorisation

structures. 1



Example 1.3.

Let Set and Grp denote the categories of sets and functiens, and
groups and. group homomorphisms respectively. In each of the
categories Set, Grp and R-Mod (Epi , Mon;) ’is a factorisation
structure, where Epi represents the class of epimorphisms and
Mono, the class of monomorphisms. (Note that the result for R-
Mod is not mentioned in [HSS]. However by combining Example 4.5

on page 47 and Theorem 4.8 on page 49 of Blyth, [B,], we see that

this result holds on R-Mod as well.) &

Later on in this chapter we will define a specific factorisation
structure relative to a given torsion theory on the category R~

Mod.

Proposition 1.4.

If (E,M) is a factorisation structure on X , then
i) each of E and M is closed under composition.
ii) each (E, M) - factorisation is unigque up to a unique

commuting isomorphism. This means that if

and

are two (E,M)-factorisations of a morphism f: A —= B
then A, 1is isomorphic to A,, that is, there exists an
isomorphism d : 34, - A such that the following

diagram commutes.



31 m,
A d B
€ m,
v
A,

iii) If m = nof with m, ne€ M, then f € M.
iv) M is closed under the formation of pfoducts and
pullbacks. This means that, respectively, if m, and m,

belong to M, then m; x m, belongs to M and if

™

A B

n% |m

v v
c—————D

is a pullback with m € M, then n € M.

v) A morphism f € M if and only if for each

commutative sguare

e
A — D
i 1
r} d IS
i j
i i
C » B
f

(where r and s are arbitrary morphisms while é € E),
there exists a (not necessarily unique) d :D— C such that
r = dee and fed = s.

vi). A morphism belongs to both E and M if and only
~if it is an isomorphism. ®

6



Definition 1.5.

For any category X, let the relation 6 ¢ Mor X x Ob X given by
e 0 Y if and only if for each pair of xjmorphisms f, g with
codomain Y, fee = gee implies that f = g. Given a class E of
X-morphisms, E-Sep = (Y| e ¢ Y for allre € E } is called the

class of E-separated objects in X. R

In Chapter 4 we will look more closely at the class E-Sep 1in
the category R-Mod, for a particular class E of homomorphisms in

R~Mod.

Now we need to look at the definition of what is referred to in
[HSS]) as the "graph" of a morphism, which we obtain from
Herrlich and Strecker, [HS], - Definition 18.2, page 115. Note
that it is not called a graph in [HS]. This definition will be
used, in Proposition 1.7, to produce an egquivalent

characterisation of E-separated objects.

Definition 1.6.

Let X be a category with f: X —> Y any X-morphism and
id: X > X the identity morphism on X. Then the graph of £,

<id, f> is given by the following product diagram



—— 3 e

id |
<id, £>
X * X Y

R

where m; and 1, denote the first and second projection morphisms

respectively of the product X x Y. &

We are now in a position to provide an alternate characterisation
of E-separated objects which is obtained from Theorem 2.4, on

page 164 of [HSS].

Proposition 1.7.

If (E, M) 1is a factorisation structure in a finitely complete

category X, then for any object Y in X, the following are
equivalent
(i} Y € E-Sep.
(ii) For each f: X—=Y , the graph of £ is in M; that 1is,
<id , f> is in M.
(iii) Ay : Y > Y x Y € M, where the morphism a4, is

defined wvia the following product diagram: .



Y x Y

As mentioned in the introduction to this dissertation, the main
category under study in this chapter is R-Mod. However we will
need to look at the notions of the kernel and cokernel of a given
homomorphism and in order to do that we need to first see what
a pointed category (which R-Mod is) is.

Definition 1.8.( [AM] , page 78 .)

A category X is pointed if there exists an assignment
0, € X(A,B) (the set of all X-morphisms from A to B) to each

pair of objects A, B of X subject to the following law

Given f: A —> B and g: C —= D (with f,g both X-
morphisms ), then
(1) 0g°f = 0, and,
(i1) ge0g = Opp- §
Example 1.9. ([HS], Example 8.11, page 51)

Some examples of pointed categories are :

R-NMod, Grp, Mon (the category of monoids and monoid



homomorphisms), and pSet (the category of pointed sets and
pointed morphisms, that is, maps which preserve the base point

of a pointed set). ®

We are now ready to define the terms kernel and cokernel. These
definitions are central to the notion of exact seguences which
are used very often in many of the procfs found in these two

chapters.

Definition 1.10. ([HS], page 105, Definition 16.17; and [B,],

page 44)
Let X be a pointed category.
If f: A5 B 1s an X-morphism and if 0, is the unique zero
morphism from A to B, then (if it exists) the egualiser of
the pair (f , 0,,) 1is called the kernel of £. Thus we have
that, given f: A —> B in X, a morphism k: K— A 1is a kernel
of £ if and only if
(1) fek = Q04 ;
(ii) if g: X —> A 1is such that feg = 0, then there is a
unigue morphism v: X = K such that the diagram

k £
K > A > B

commutes.

We will refer to the kernel of f as Ker (f) and write

o~

Ker(f) = ( K,k ). If there is no confusion we may write

10



Ker(f) = K or maybe just Ker (f) = k

Dually the cokernel of f: A > B 1is the coeqgqualiser of Qhe

pair (0, ). Hence we have that a morphism <¢: B — C is a
cokernel of f 1if and only if

(i) cef = 0, ;

(ii) if b: B—> D is such that bef = 0,, then there is a

unigque morphism u: C —= D such that the diagram

f c
A > B > C
b u
D
commutes. We will refer to the cokernel of f as
Coker(f) = (C,c) and we may sometimes say Coker(f) = C or
just Coker(f) = c. |
Example 1.11. ([HS], Example 16.18, page 105)

If f: A—5 B is a morphism in Grp or R-Mod and e 1is the
identity element of B, then (£f%[{e}], i) = Ker (f) and
(B/f[A), #) = Coker (f), where 1 1is the inclusion

i: f*[{e}]‘éaA and # is the natural morphism from B to the

quotient. N

From Blyth, [B,;], page 24, we find the definition of an "exact

'.__'l
[ =)



seqguence"” ‘in the category R-Mod. To enable this definition to
be of the form that we will require in this dissertation, we also
combine Blyth's definition with a result from Lang, [L,). However
Lang’s result holds for groups. Since every R-module 1is an
abeiian group and every module homomorphism is a group
homomorphism, the following definiﬁion holds in the category R-

Mod as well.

Definition 1.12,.

Let

G’ - G > G"

be a sequence of homomorphisms in Grp. We say that this seguence
is_exact if Im(f) = Ker(g). A sequence of homomorphisms having

more than one term, like

£ fZ fn-l
G, > G, > G,....0,, ———> G,

ris called exact if it is exact at each joint, that is, if
Im (f;) = Ker (f,,,) for each i=1,2, .... , n=-2

1

We find that exact seqguences of the form

L4
O

0 > M’ > M > M

are called short exact seguences. We can see that the above

sequence is exact if and only if £ is injective, Im(f) = Ker(g),
and g 1is surjective. Furthermore if H = Ker{g), then the

aforementioned sequence is essentially the same as the sequence

12



0 > H > M > M/H » 0
where i is the inclusion monomorphism and n is the
canonical epimorphism. More precisely, from [L,], page 14, we
find that there exists a commutative diagram

f g
O > M/ > M > M" > O
' |
!
i n l
0 > H > M > M/H > 0

in which the homomorphisms in the columns are isomorphisms, and

the rows are exact. |

We now look at the definition of a torsion theory on R-Mod.
Since we are primarily concerned in this dissertation with the
notion of compactness in R-Mod and Grp, this following definition
is wvital to the rest of this dissertation. We find in
Proposition 1.1.31 that every torsion theory gives rise to a
factorisation structure (E , M), on R-Mod, which in turn enables
us to define compactness on R-Mod in a similar manner to that of
[HSS]. By combining the definition of a torsion theory found on
page 4 of Stenstrom, [S,], with Pfopositions 2.1 and 2.2 also of

[S;], we obtain the following definition.

Definition 1.13.

A torsion theory on a category of R-modules consists of a pair

of classes (T , F) satisfying the following properties

13



i) T is closed under the formation of direct sums,
epimorphic images, and group extensions (See
Definition 1.14).

1i) F 1s closed under the formation of products,
submodules, and group extensions.

iii) An R-module belongs to T provided Hom(A,B) = 0
for every R-module belonging to F, and dually, 2
belongs to F provided Hom(B,A) = 0 for every R-

module B belonging to T. W

From Lambek, [L;], page 2, we have the following definition of

"closed under group extensions".

Definition 1.14.

We say that T is ¢losed under group extensions 1f, whenever B

is a submodule of an R-module M and both B and M/B are in T, then

SO is M, n

Closely related to the notion of a torsion theory is a radical.
We will see later on that in R-Mod every radical gives rise to
a factorisation structure and vice versa. So let us define

exactly what is meant by a radical on R-Mod.

Definition 1.15. ([L,], page 2)

An object function T : R Mced - R Mod is called a radical if it

satisfies the following three conditions

14



(1) T(M) € M
(1i) If £ is a homomorphism from M to N, that is,
f: M> N, then £ [T(M})] & T(N).

M/T(M)] = 0.

]

(iii)

for all R-modules M and N and all homomorphisms f.

If conditions (i) and (ii) are satisfied, then T is called a

preradical. See for example [FOW,], page 39. Furthermore from
Stenstrom, [S2], page 1, we find that a preradical T is
idempotent if T(T(M)) = T(M) for every R-module M. W

Before going on to provide some examples of radicals on R-Mod we
need to first of all look at the following definitions which will

be required in the discussion of these examples.

Definitions 1.16. ([R,] , pages 102 and 214)

Let R be any ring with identity not egual to zero.
(i) An element s of R 1is regular if rs # 0 and sr # 0
for all r # 0. |

{(1i) An element x of an R-module M is divisible by «r

in R 1f rg = x for some g in R. The R-module M is

divisible by r if eachrelement of M 1is divisible by «r.

Finally M is a divisible R-module if M is divisible by

- every regular element of R. B

15



Example 1.17. {[S,], page 3)

Let A be an integral domain. For every A-module M let t(M)
denote the submodule of M consisting of all elements of M
that have finite order, and a(M) the maximal divisible

submodule of M. Then both t and d are idempotent radicals.®

Example 1.18. ([S,] ., page 3)

Let A be an arbitrary ring. For each right A-module M we
let s{M) denote the sum of all submodules of M which have
no nonzero submodules; and let r (M) denote the intersection of
all maximal proper submodules of M. Then s 1is a preradical

while r i1s a radical. ®

We are now ready toc get back to the original paper, [F,]. The
following result describes the important 1link that exists
between torsion theories and radicals and will be referred to in

many of the results in this chapter.

Proposition 1.19. (I[L,], Proposition 0.1, page 2)

Every torsion theory (T , F) determines an idempotent radical T
in the following way : For any R-module M, let T(M) be the sum
of all submodules of M which belong to T. This is equivalent to
allowing T(M) to be the intersection of all submodules K of M

for which M/K is in F. ®

16



We will now define exactly what we mean by "torsion" R-modules
or classes and “torsion-free" R-modules or classes in this

dissertation.

Definition 1.20.

Let (T ,_F) be a given torsion theory. An R-module A is called
T-torsion provided TA = A, that is, A belongs to T. A is called
T ——

T-torsion-free provided TA = 0, that is, A belongs to F. We

shall call an R-module simply torsion or torsion-free, dropping
the label " T- ". T will be called the torsion class and F the

torsion - free class of the torsion theory (T , E). We shall

refer to the torsion theory (T, E) by simply T, ®

The following‘type of torsion theory is very important because
we will be able to obtain many results in Chapters 2, 3 and 4 of
this dissertation when the torsion theory satisfies this extra
condition of being hereditary. In fact most of the
characterisations of compactness are obtained when the torsion

theory concerned is hereditary.

Definition 1.21.

A torsion theory T is called hereditarv when its torsion class

is closed under the formation of submodules. ®
We can look at some examples of torsion theories.

Example 1.22.

Let R be an integral domain. Considering the radical ¢t of

17



Example 1.17, we let

=]
1}

{ M| M is an R-module and t(M) = M } and

F={M| Mis an R-module and t(M) = 0 }.
Then from the remarks preceding Proposition 2.3 on page 6 of
Stenstrom, [S,], we know that (T , F}) is a torsion theory which

is hereditary because the torsion class is closed under formation

of submodules. 1

Given any class C of R-modules, the following definition shows

us how C can "generate" or "cogenerate" a torsion theory.

Definition 1.23. ( [S,] ., page 5.)

Any given class C of R-modules generates a torsion theory
in the following way. Let T and F be the two classes of R-modules

described below.

FE={F | F is an R-module and Hom (C , F) = 0 for all
Ce C.}
T={T]| T is an R-module and Hom (T , F) = 0 for all
Fe F.}

Then (T , F) 1is a torsion theory and T is the smallest class

of torsion R-modules containing C.

Dually C cogenerates a torsion theory (T, F) such that F is the

smallest class of torsion-free R-modules containing C, that is

11

= { T )| Tis an R-module and Hom (T,C) = 0 for all Ce C.}

= { F | F is an R-module and Hom (T,F) 0 for all T € T.)

I

]

18



To provide a description of a well known hereditary torsion
theory we need to first look at the notion of an "essential"

submodule of an R-module.

Definition 1.24. ( [GH], page 127 )

Let M be a submodule of an R-module K such that M has a
non-zere intersection with every non-zero submodule of K. Then

M is called an essential submodule of K. Note that in [GH]

M is referred to as a large submodule of K. In the rest of this
chapter we will refer to the corresponding inclusion

homomorphism i: M— K as an essential embedding. ®

Let us now look at the Goldie torsion theory.

Example 1.25,. ([S.], page &)

Let R be an arbitrary ring and let ¢ be the class of
R-modules of the form M/L where L 1is an essential submodule
cf M. The torsion theory generated by C is called the Goldie

torsion theory and it is an hereditary torsion theory. ®

The following is an example of a torsion theory that is not

hereditary.

Example 1.26. ([S,], page 9)

Let A be an integral domain with classes T and F, where T is

the class of divisible A-modules, and F the class of reduced

19



A-modules, that is, A-modules which have no nonzero divisible
submodules. Then (T , F) is an example of a non-hereditary

torsion theory. B

To provide a characterisation of hereditary torsion theocories we
will need to look at the definition of a "left exact" radical

first.

Definition 1.27. ( [G,], page 213 )

A subfunctor T of the identity functor on R-Mod is said to be

left exact if and only if T(N) = NN T(M) for every submodule

N of an R-module M. B

Ixample 1.28. ( [8;], page 3 )

The radical t mentioned in Example 1.17 1is left exact while
d is not. The preradical s of Example 1.218 1is also left

exgct. ®

The following proposition provides us with another way to

describe hereditary torsion theories.

Proposition 1.29.

A torsion theory T is hereditary if and only if the radical T is

left exact.

20



Proof.

See [S,] , Proposition 2.6 on page 8. B

It was mentioned earlier on, in the introduction, that we would
show that a torsion theory T gives rise to a factorisation
structure. To enable us to do that, we need to first look at the
definition of a "T-dense" homomorphism and a "T-closed"

embedding, for a given torsion theory, T.

Definition 1.30.

A homomorphism having a torsion cokernel is called a T-dense

homomorphism. A monomorphism having a torsion-free cokernel is

called a T-closed embedding. B

We now prove that every torsion theory gives rise to a
factorisation structure. This result is very important because
it enables us to obtain a definition of compactness in Chapter
Two. Another reason for its importance is that the result in
this section concerning the relationship between idempotent
radicals and a certain type of factorisation structure also

depends on the following proposition.

Proposition 1.31.

Every torsion theory T determines a (T-dense, T-closed embedding)

factorisation structure on R -Mod.

21



Proof.

Let E be the class of T-dense homomorphisms, and M the class of
T-closed embeddings. Using Definition 1.1 we first show that
condition (i) holds. So suppose that e: A—>B € E and

h: B—C is an isomorphism. Then we must show that hee € E. That

is C/hee(A) must be shown to be a torsion R-module. Now C = B
and h(e(A)) = e(A) because h is an isomorphism. Therefore
C/(hee(d)) = B/e(A) which is torsion because e € E.

On the other hand if m: A — B € M and h: G - A is an
isomorphism we need to show that meh € M. That is, B/m{(h(G))

must be shown to be torsion-free. Now h{(G) = A and A = m(A)

i

since m is a monomorphism. Therefore B/m(h(G)) = B/m(A) which

15 torsion-free because m € M.

We now show that part (ii) of Definition 1.1 helds. So let
f: A5 B be an arbitrary homomorphism and let us consider the

following commutative diagram

m -
B/X > Q
& L
n p
f o
A * B + B/f(A) — O
" ' Iy
r t PB S

¢ —— f(a) — X —— T[B/f(A)]— O

k v

Fig. 1.1.

22



where : Q= [ B/f(a)] 7 [T(B/E(A))],
g is the canonical epimorphism,
r is the epimorphism induced by £,
. 5 is the inclusion homomorphism,
v is the pullback of g along s while t is the pullback
of s along g, and

n and p are the canonical epimorphisms.

Let us now look at the derivation of k: f(A) — X, and later, of
m: B/X — Q. Consider the following pullback diagram obtained
from Fig.1.1. The homomorphism i is the inclusion of f(A) into

B while 0 represents the zero homomorphism.

£(a)
0
%
> T(B/I(A))
=
|
|
v
» B/f(A)
d
Now s5¢0 = 0 and gei = 0. Therefore by the definition of a

pullback, thefe exists a unique k: f£(A) - X such that

tek = 1 and vek = 0. Now 1 and t are both monomorphisms..
Since the first factor of a monomorphism is a monomorphism, we
find that k is also a monomorphism. Since\v is the pullback of
qd along s and g is an epimorphism, we have thét v will also be
an epimorphism. Now Ker (v) = f(A) = Im (k), hence the last row

of Fig. 1.1 is a short exact sequence. Therefore we find from

23



Definition 1.12 that T (B/f(A)) é X/f(A). Hence we see that
Q = [B/E(A))/IT(B/f(R))] = [B/£(A))/[X/E(A)] = B/X. Thusm, in
Fig. 1.1, represents this isomorphism.

Now, since X/f(a) = T (B/f(A)), we can ‘;ee that the
homomorphism k and thus ker has a torsion cokernel. furthermore
Q = [E/f(A)]/[T(B/f(A))], which is torsion-free because T is a
radical. This means that T(Q) = 0. Therefore T .(B/X) = 0. So the
homomorphism ker has a torsion cokernel while t has a torsion-

free cokernel. This means that f: A— B can be factorised into

ker t
A > X

w
vy}
-

which is a (T-dense , T-closed embedding ) - factorisation.

We will now show that part (iii) of Definition 1.1 holds. That
is, the diagonalisation condition is satisfied. Consider the

following commutative diagram

e n
A B B/e (A)
i i
i |
t d S u
i) v v
C D » D/C
m a
Fig 1.2.
where : e is a T -dense homomorphism ,

m is a T -closed homomorphism ,

t and s are arbitrary homomorphisms making the left hand
square commute, and

n and g are the canonical epimorphisms.

We now explain how the homomorphism u is obtained. Because m is
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a T-closed embedding, the R-module C is isomorphic to a submodule
of D. Hence m can be seen as an inclusion homomorphism. Now
gesee = gemet because s°e = met. But gem = 0 since g is the
cokernel of m; therefore gesce is egual to zero as well. Hence
e(d) is a submodule of the kernel of ges.

e n

A > B > B/e(A)
|

ges u

v

D/C

We consider the commutative diagram above where the given
“homemorphisms are obtained from Fig 1.2. Clearly, n is the
cokernel of e. We know that gesee = 0. By the definition of
cokernel, there exists a unigque homomorphism wu: B/e(A) - D/C
which makes the above diagram commute. We know that T(B/e(A))
= B/e(A) and T(D/C) = 0. By property (ii) of Definition 1.15 we
find that u[T{(B/e(A))] ¢ T(D/C). That is u(B/e{(A)) = 0. This
means of course that u is actually the zero homomorphism.

Therefore ges = uen = 0. In order to obtain the unigue diagoconal

morphism, let us consider another diagram obtained from Fig 1.2.

. : m d
C *» D —> D/C
d S
B
We can see that m is the kernel of g. Since ges = 0, by the

definition of kernel, there exists a unique d: B— C such that
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med = s. Now medee = s°e = mot, and since m is a monomorphism
dee = t. So we have found a unigque d: B — C such that dee =t
and med = s.

We have thus shown that ( T-dense , T-closed embeddiﬁg } is a

factorisation structure on R-Mod. R

The following result can be seen as a "weak“ converse of the
above proposition. In fact this following result is building up
to a stronger result (namely Corollary 1.35) which will provide
a converse to Proposition 1.31 provided that the factorisation

structure satisfies some additional conditions.

Proposition 1.32.

Each (E , M) -factorisation system on R-Mod ( where M consists

of monomorphisms) gives rise to an idempotent preradical.

Proof.
Let (E , M) be such a factorisation system on R-Mod. We need
to find an idempotent preradical arising from this system. Let

A be an arbitrary R-module. We define T(A) to be the

intermediate object in the (E , M) -factorisation of 0 — A,
namely,
e m :
0 > T(&) > A
where T(A) is taken to be a submodule of A , and m -the

corresponding inclusion homomorphism. This can be done since M
is assumed to consist of monomorphisms, that is, of injective

homomorphisms.
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Let £ : K= N be any meodule homomorphism. We need to show
that f{T(K)) ¢ T(N). Consider the composition

il i2 f~ .
6 -—— T{(K) ——— K — %+ N

where i, and i, are the inclusion homomorphisms. This can be

factorised as

where e, belongs to E , and m. to M.

Let us look at the following commutative diagram

i,

(e
[
N
=

}e

h

v

T (N} N

where the homomorphisms have been described in the previous

paragraph.
By Proposition 1.4(v), there exists a unigue homomorphism
d: T(K) — T(N) such that m°ed = fei, and 4 i, = e;. Then this

means that d is just the restriction of f to T(K). Hence f
must mavaT(K) into T(N), that is, fI[T{(X)] C T(N); Since the
two conditions in Definition 1.15 are satisfied, T is a

preradical.
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We now show that T is idempotent. Given an R -module A ,

consider the (E , M) ~factorisation

0 > T(A) 2 A

of O'—>Aq and then the (E,M)-factorisatioh of
e: 00— T(a), namely,

e, m,

-

0 > T(T(A)) = T (A)

From Proposition 1.4 (iii) (dual), it follows that m, € E. Since
alsom, € M it follows (from Proposition 1.4 (vi)) that m;, 1is

an isomorphism, and hence that T(A) = T(T(a)). =

Proposition 1.1 of [F,] states that torsion theories are in one-
to-one correspondence with factorisation structures. However we
find that this result cannot be true, unless the factorisation
system satisfies a further condition. In [DG,] it is shown that
the result holds when the closure operator resulting from the
factorisation structure is “sﬁandard". Our 4factorisation
structure would need to satisfy a similar condition. The
following definition of a "standard factorisation system" seems
to be the missing ingredient of Proposition 1.1 of [F,}] and
plays the same role in our proof that the "standard" closure
operator deces in [DG,]. With this definition we will be able.to
prove a one-to-one correspondence between the standard

factorisation structures and torsion theories.
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Definition 1.33.

Let (E , M) be a factorisation system on R-Mod with each member
of M being a monomorphism. Given a module A .and a submodule B
of A, let C,(B) denote the intermediate object in the ( E, M) -
factorisation of the inclusion i: B— A as represented by this

diagram

C,(B)

where e € E and m € M, where the latter is the inclusion

homomorphism.

Now a factorisation system (E , M) 1is called standard provided
for each R-module K and each submodule N of XK it holds that
g(Cg(N)) = Cin(0) , where g is the canonical homomorphism

g : K> K/N. n

Note that wherever g is mentioned in the following proposition
it refers to the above homomorphism. The following result
demonstrates the relationship between standard factorisation

systems and idempotent radicals, and hence, torsion theories.

Theorem 1.34.

There is a one-to-one correspondence between idempotent

radicals and standard factorisation systems.
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Proof

We will first show that every idempotent radical gives rise to
a standard factorisation system (ET, MY). Thereafter we will
prove that every standard factorisation system (E,M) gives rise’

to an idempotent radical T. It will then be demonstrated that if

T gives rise to (ET , M*) and (E®, M?) gives rise to T’ then

T = T'. Finally we show that if (E , M) gives rise to T and T
gives rise to (E', M) then (E , M) = (ET , MT).
So suppose that T is an idempotent radical. Let ET consist of

all homomorphisms which have T-torsion cokernel and M®' of all

monomerphisms with T-torsion-free cokernels. We have already
seen (in Proposition 1.31) that (ET,M*) is a factorisation
system on R-Mod. t must be shown that (ET,M") is standard.

Let K Dbe an arbitrary R-module and N a submodule of K. We

consider the (E*,M*) ~factorisations of the following two
inclusion homomorphisms f: N — K and 0 — K/N. That is,
f
N » K
e, m,
Cy (N)
and
0 > K/N
e, m,
Cyn (0)

30



where e, , e, € E* and m , m € M' . We need to show that

d(Cx(N)) = Cgun(0). We first show that Cy,;(0) = T(K/N). We
consider the following decomposition of 0 - K/N. That is,
0 > K/N
e m
T (K/N)

where m 1is the inclusion monomomorphism.

The radical T i1s idempotent, . therefore We have that
T(T(K/N)/0) = T(T(K/N)) = T(K/N). Hence we can see that the
homomorphism e has a T-torsion cokernel and is therefore an
element of E'. Also T((K/N)/T(K/N)) = 0 because T 1is a
radical. This means that m has a T-torsion-free cokernel and
is an element of M’. So (e,m) 4is an (E*,M") - factorisation
of the homomorphism 0 - K/N. But (e,,m,) is also an (E,M") -
factorisation of 0 — K/N, therefore it is true that Cen (0)
= T(K/N).

We now consider the (E",MT) - factorisation of the inclusion
homomorphism f: N—= K. Let us consider the following diagram
which is similar to Fig 1.1. Here X represents the intermediate
object of the (ET,M") -factorisation of f and is therefore

equal to Cy(N).
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m
K/X- > Q = (K/N)/T(K/N)

N NH
n D
f q
N > K 3 K/ N —0
N\ n
r t S
v k v .
0 — £(N) > X > T(K/N) —0

It has already been mentioned in Proposition 1.31 that the
homomorphisms n, p, g and v are epimorphisms while k,t, and s
are monomorphisms and m is an isomorphism. We also have £ and

r as monomorphisms. So it turns out that £(N) is actually N. Now

sev(X) = get(X). Since t and s are just the inclusion
homomorphisms, we have g(X) = v(X) = T(K/N). This means that
g(Cy(N)) = T(K/N) which in turn shows that g(CK(N))=Cy(0). 1In

other words every indempotent radical T gives rise to a standard

factorisation structure.

Conversely 1if (E ,M) is a given standard factorisation
structure on R-Mod we define a preradicai T as in the proof
of Proposition 1.32. It was shown in the latter that T is an
idempotent preradical. To prove that T is a radical we will show
that condition (iii) of Definition 1.15 is satisfied.

Let us look af the (E,M) -factorisations of the two inclusion
homomorphisms i: T(K) - XK , and 0 — K/T(K), where K is any
R—moduie. The first diagram shows the factorisation of

i: T(K) — K while the second diagram demonstrates the

factorisation of 0 — K/T(K).

32



Ve

T(K)= Cg(T(K))

(Note that e, € E: If e: 0 - T(K), then e;ce = e and it follows

from the dual of Proposition 1.4(iii) that e, € E.)

> K/T(K)

\ /o

T(K/T(K = Cyrrm 0)

Since (E,M) 1is a standard factorisation system , we know that
Q(Cx(T(K))) = Cgmp(0). Hence g(T(K)) = T(K/T(K)). But

=

g(T(K))=0, therefore T(K/T(K)) = 0, that is, T 1is a radical.

We now show the one-to-one correspondence between idempotent
radicals and standard factorisation systems

Firstly let T be an idempotént radical. This gives rise to a
standard factorisation system (E¥,M7), as described already,
which in turn gives rise to a certain idempotent radical T', as
described previously. It has to be shown that T = T’. Choose any
R-module K. Now T' (K) is found as the intermediate object in the .

(ET,M") ~-factorisation of 0 — K, that is,
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T' (K)
where e’ € ET and m’ € M.

"Now let us look at the following diagram

(e}
v
=~

where m denotes the inclusion homomorphism.

We see that T((T(K))/0) = T(T(K)) = T(K) because T is
idempotent. Hence e € Ef. Considering. m, we find that
T{K/m(T(K))) = T(K/T(K)) = 0. Thus m € M. Thus the above
diagram also gives an (E',M?) - factorisation of 0 — K. Hence
T(K) = T'(K) for all R-modules K.

On the other hand if (E,M) is a standard factorisation structure
we obtain (as proven earlier on) an idempotent radical, T,

assoclated with (E,M). We then form the standard factorisation
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system (ET, M") where E° is the class of homomorphisms with

T-torsion cokernels while M® is that class of monomorphisms

which have T-torsion-free cokernels. We need ‘to show that

v

(E,M) = (ET, MY, Let X and N be two R-modules with

This means that f is a monomorphism and K can be

f: R> N e M.

seen as a submodule of N. We can thus form the R-module N/K.

Then N/XK will be T -torsion-free, that is, T(N/K) = 0. We now

consider the (E , M) -factorisation of the homomorphism

f: X2 N which is

f ‘
K > N
e m
L
Fig. 1.3

(where L is of course just Cu(K), assuming that f is inclusion)

and e: K= 1L € E and m: L =N € M ; and, the factorisation

.
5

of the homomorphism 0 — N/K which is

0 >N/K .

T(N/K)

with e’ € E and m’' € M.

By the definition of the idempotent radical T , the intermediate
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object in the (E,M)-factorisation of 0 —>N/K 1is T(N/K). Since
(E , M) 1s a standard factorisation system, we have that qg(L)

= T(N/K) = 0. Hence L =g’ ( T(N/K)) = K. Now if we consider

Fig 1.3 again,

~
v
2z

we find that this is another (E , M) -factorisation of the
homomorphism f: K= N. Hence the above homomorphism is the

same as m: L - N. Thus f: K= N € M . Therefore Mf C M.

On the other hand if the homomorphism £: K — N € M,

then
K > N
id f
K
is an (E,M) - factorisation system , where id is the identity
on K. Since the factorisation system is standard, g(K) = T(N/K).
But g(K) = 0, therefore T(N/K) = 0. This means that the

homomorphism f: K—> N has a T ~torsion-free cokernel and will
therefore belong to M'. Hence M C M,
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We can thus see that M = M'. The dual of Proposition 1.4(v)

shows that (E,M) = (ET,M%). n

As a corollary to Theorem 1.34 we can prove the following result

which is very close to Proposition 1.1 of [F,].

Corollary 1.35.

Torsion theories are in one-to-one correspondence with standard

factorisation structures.

Proof.

From Proposition 2.3 on page 6 of [S,], we know that torsion
theories are 1in one-to-one correspondence with idempotent
radicals. On the other hand from Theorem 1.34 we know that
idempotent radicals are in one-to-one correspondence with
standard factorisation structures. It therefore follows that
torsion theories are in one-to-one correspondence with standard

factorisation structures. ©®
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CHAPTER TWO

COMPACT R-MODULES

In this chapter we will define thé'notion of compactness in the
category R-Mod. We will see that this definitién depends on the
factorisation system discussed in Proposition 1.31. It has been
mentioned in the introduction that in [HSS] compactness was
defined for an hereditary construct but R-Mod is not such a
construct. However our definition of compactness will still
enable us to get results similar to those found in section 4 of
[HSS]. One of our results in this chapter is Theorem 2.18 in
which a characterisation of T-compactness is obtained under
certain conditions on the ring R and torsion theory T. We will
also consider in Corollary 2.26 the application of this theorem
in the category Ab, consisting of abelian groups and the

homomorphisms between them.

We start with the definition of an "injective" R-module. We
will then look at a special kind of R-module, called a "7T-
injective" R-module which will enable us to obtain
characterisations of compactness in R-Mod. We will then obtain
various characterisations of "T-injective" R-modules in this

chapter.

Definition 2.1. ( [L,] , page 102 )

An R-module Q is called injective if it satisfies the
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following condition

Given any R-module M and a submodule M’ of M, and a
homomorphism f: M'-> Q there exists an extension. of this
homomorphism to M. That is, there exists h: M—> Q making the

following diagram

Q

commute , where i is the inclusion homomorphism. R

Let us look at an example of an injective R-module which 1is

familiar to us.

Example 2.2, ( [GH] , page 115 )

The Z-module Q 1is an injective 1left Z-module, where Z 1is

the ring of integers and Q is the group of rationals. ®

Let us now look at a specific type of R-module associated with
a given torsion theory T. As mentioned in the beginning of the
section this definition will enable us to provide

characterisations of T-compact R-modules.

Definition 2.3. ( [L,] , Proposition C.5. , page 8§ )

An R-module C is called T-injective (where T 1s a torsion

theory) provided C 1is injective relative to the class of T-
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dense embeddings (that is, embeddings which have a torsion
cokernel). This means that C 1is a T-injective R-module if,

given an R-module B with a submodule A such that B/A is torsion,

any homomorphism f: A — C can be extended to a homomorphism

g: B— C so that the following diagram

(where 1 represents the inclusion) is commutative. (Note that
in [L,], Lambek refers to T-injective R-modules as divisible

R-modules.) L]

We can see clearly that every injective R-module is T-injective.

The following proposition will enable us to determine whether a
certain R-module is T-injective by just considering the T-dense
left ideals of the ring R. The proof of this proposition has

been adapted from Golan, [G,], page 77.

Proposition 2.4.

Let T be any hereditary torsion theory. If M is an R-module such
that any homomorphism from a T-dense left ideal I of R to M can

be extended to a homomorphism from R to M, then M is T-injective.

Proof.

Let N be a T-dense submodule of an R-module N’ and let
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0: N—> M be a homomorphism from N to M. We need to show that
00 can be extended to N'. Consider the set, S, of all pairs
(W,B), where W is a submodule of N’ containing N and P is a

homomorphism from W to M extending o as shown in the following

diagram

v -

M

where 1i; and i, are the usual inclusion homomorphisms.

Since N is a submodule of N’ containing N and o is a homomorphism
from N to M, we see that (N,0) € S. S0 S5 is non-empty. We can
partially order S by setting (W, B) £ (W', B’) if and only if
Wc W and B is the restriction of B’ to W. We will now show that
S has the property that every totally ordered subset of S has
a maximal element. Let K be a non-zero subset of S which is‘

|

totally ordered. Suppose that K = { (W;,B,;) | 1 € I }. Then set

W=uU;,.;W, and define f: W—oM by B(x) = B;(x) if x € W,. Then
B is a well-defined homomorphism : Suppose that X is an element
of W such that x belongs to both W, and W,. Then we may assume
that W; € W, without loss of generality. So B(x) = B,(x) = B;(x)
since P; is the restriction of B; to W;. Let x € W and r € R.
Then x € W; for some i and rx € W, as well. Thus B(rx) = B, (rx)
= rP;(x) = rf(x). If x, € W, and x, € W,, say, then either W, C W,
or Wy ¢ Wy because K is totally ordered. Suppose that W; ¢ W,.

Then B(x+x;) = Bo(x, + %) = Pexy) + PBe(xy) = Be(xy) + Byixy)
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B(x,) + B(x,). Thus B is a well defined homomofphism and (W, )
will be a maximal element of X, showing that every totally
ordered subset of S has a maximal element. By Zorn’s Lemma, S has
a maximal element, say, (Wy, By). If W, = N’, then we are done‘.‘.
So suppose that W, # N’, that is, suppose that W, is properly
contained in N’ and let x be an element of N’ which does not
belong to W,. Then x belongs to N’ but not to N. Let

A= {reR| rx € N}). Since T is hereditary and N is a dense
submodule of N’ we can apply Proposition 4.1.(4), page 29 of
[G,] to find that A is a T-dense left ideal of R (Note that in
Golan’s notation A would be written as (N:x)). Let
I={reR]| rxe W,}. Then A ¢ I and since R/I = (R/A)/(I/A), we
see that R/I is an epimorphic image of the torsion R-module R/A
and R/I will therefore be torsion. Thus I is a T-dense left ideal
of R. Cocnsider the homomorphism ©: I — M defined by

c(a) = B,(ax). Then by the hypothesis of the Proposition, © can
be extended to a homomorphism ¢: R— M as demonstrated in the

following diagram.

b4

Fig 2.1

Now define the homomorphism fB,: (W, + Rx)»> M by B,;(w, + rx) =
Bo(wy) + ¢(r). To see that B, is well defined, suppose that

w; + X = W, + r;x, where w, and w, are elements of W, while r,
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and r, belong to R. Now w;, - w, = (r, -~ r;)x implies that r, - r;

€ I by the definition of I. Therefore ¢(r, - ;) = G(r;, - 1;)
= Bo((xr, - r;)x) = By(w, - w,). This means that B, (w,) + ¢(r;)
= By(w,) + 0(r,) which implies that B,(w; + r;x) = Bi(w, + r,x).

Thus B, is a well defined homomorphism. The following diagram

illustrates the situation

where m;, and m, are the inclusion homomorphisms. We will now
show that P, properly extends B,. Suppose that w € W,. Then

Bo(w) = B.(w + 0x) = Py(w) + 0(0) = By(w) + 0 = B(w). So we see
that B, and B, coincide on W,. Now =x 1is an element of W, + Rx
but does not belong to Wy,. So P, properly extends B, and this

contradicts the maximality of (W,, B,). Hence W, = N’. ®

We now look at the definition of the "injective hull" of an R-
module. We will then look at the notion of a "T-injective hull".
These definitions will enable us to prove some compactness

results later on in this chapter.

Definition 2.5. ([GH], pages 127 and 129)

Let & be an injective R-module containing the R-module C.
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Then € is called the indective hull of C if C is an essential

submodule of &. n

We note ﬁirst of éll that every R-module has an injective hull
(See Section 7.4 of - [GH]). We find that, for a submodule C' of
an R-module C containing an R-module A to be an injective hull
of A, it is necessary that C’ be maximal among those submodules,
K, of C for which A— K is an essential embedding (Observation 5,
page 129 of [GH]). Furthermore we note that that if C’ and C"
are two injective hulls of an R-module A, then there is an
isomorphism between C’ and C" ( Observation 8, page 131 of [GH]).
So we can see that an injective hull of an R-module is

essentially unique.
Here is an example of an injective hull.

Example 2.6, ([GH], pages 136 and 98)

Let R be a principal ideal domain, that is, it is an integral
domain suéh that each of its ideals is cyclic. Let Q be the
field of quotients of R. Then Q is an injective hull of each
of its nonzero submodules. In particular, Q is an injective hull
of R. As a particular case of this we note that the ring 0O,
of rational numbers is an injective hull of the Z-module Z,

where Z 1is the ring of integers under addition. B

When T 1is hereditary we can deduce a further property of the

torsion-free class concerning the injective hull of a torsion-
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free R-module. The following result will be required in the
proof of a characterisation of T-compact R-modules (Theorem

2.18).

Proposition 2.7. ([L;}, Proposition 03, page 4)

If T is an hereditary torsion theory then the torsion - free

class is closed under injective hulls as well.. ®

Let T be an hereditary torsion theory. We would like to find the
T-injective hull, D(C), of any R-module C in the sense that D(C)
would be the maximal T-injective R-module containing C such that
C is an essential submodule of D(C). In order to do that we need

to consider the following.

Proposition 2.8.

Let T be an hereditary torsion theory. Let C be any R-module and
let D(C) ©be the intersection of all T-closed submodules of C
which contain C. Then D(C) is a T-closed submodule of €.
Furthermore D(C) can be uniqﬁeiy obtained fromvthe equation

D(C)/C = T(C/C).

Proof.

We first show that D(C) is T-closed in €. Tt suffices to show
that any intersection of T-clésed submodues of an R-module K is
T-closed in K. So let {K, | i € I, where I is some index set} be
any set of T-closed submodules of K. Set K' =, .; K;. Fix i,

€ XK. Then there is a monomorphism from K/K’' to [I,.; (K/K;) which
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sends an element k + X’ to the element of [l,.; (X/K,) whose only
non-zero component is the ith component which is (k + K%). Now
I, (K/K;) is torsion-free being the product of torsion-free R-
modules. It therefore follows that K/K’ is torsion-free, as it
can be seen as a submodule of a torsion-free R-module. We have
thus éhéwn that D(C) is the minimal T-closed submodule of é
which contains C.

We will now show that D(C)/C = T(&/C). Suppose that T(C/C) = K/C
for some submodule K of & containing €. Now €/K = (&/C)/(XK/C)
which is torsion-free. Thus K is a T-closed submodule of C
which contains C. Hence D(C) ¢ X. If this inclusion is strict
then K/D(C) is a nonzero submodule of the torsion-free R-module
€/D(C) and is therefore torsion-free. On the other hand K/D(C)
is an epimorphic image of K/C since K/D(C) = (K/C)/(D(C)/C) and

is therefore torsion. This means that K = D(C). n

Definition 2.8.

Let C be any R-module and T an hereditary torsion theory. Then
the R-module D(C) described in Proposition 2.8 is called the

T-injective hull of C. "

Note that our definition here differs from the one found in [F,]
in that Fay, in [F,] defines D(C) for all R-modules C and
torsion theories T and we are’restricting our definition to
hereditary torsion theories only. In fact Proposition 2.8 and

Definition 2.9 are valid if T is not an hereditary torsion
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theory. However when proving that D(C) is T-injective in
Proposition 2.10 we use the result of Proposition 2.4 whose
hypothesis regquires that T be an hereditary torsion theory. So
in'order for the term "T-injective" hull to make sense we will
specify'that the torsion theory concerned must be hereditary. The
following proposition proves that D(C) is T-injective when T 1is
hereditary and providesA three uniquely determining features of
the T-injective hull of a particular R-module. Some parts of the

proof of the feollowing proposition have been édapted from Chapter

8 of [G,].

Proposition 2.10.

Let T be an hereditary torsion theory and let D(C) be the T-
injective hull of an R-module C. Then D(C) 1is unigquely

determined by the following three facts

(i) . D(C) is T-injective.
(1i). D(C)/C 1is torsion.
(11ii). The inclusion C — D(C) is an

essential embedding.

Proof.

We will first show that D(C) satisfies these three properties.
(i). To show that D(C) is T-injective we will use

Proposit;on 2.4. So let I be a T-dense left ideal of R with «

a homomorphisnk from I to D(C). We need to show that the

homomorphism @ can be extended to a homomorphism from R to

D(C). By the injectivity of &, there exists a homomorphism
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4: R - € such that the following diagram is commutative

where 1i; and i, are the inclusion homomorphisms from I to R and
D(C) to € respectively. We will show that the restriction of ¢
to I is just o by showing that ¢(R) is contained in D(C). Thus
¢ will be the extension of a, from R to D(C). Let x = ¢{(1),

where 1 is the multiplicative identity of R, and

(D(C) : xX) = {re R | rxe D(C)}. Then (Rx + D(C))/D(C)
= Rx/(Rx " D(C)) = Rx/((D(C) :x)x) = R/(D(C):x). Now 1if i e I,
then ix = i¢(1l) = ¢ (1.1) = ¢(1) = a{i). Thus ix € D(C) and it

follows that I ¢ (D{C):x). Then R/(D(C):x) 1s an epimorphic image
of the torsion R—modulé R/I because |

R/(D(C) :x) = (R/I)/((D(C) :x)/I) and will therefore be torsion.
Thus (Rx + D(C))/D(C) is torsion as well. Now Rx C é since
0(R) < €. Hence (Rx +D(C))/DI(C) is a submodule of &/ (D(C)) which
is torsion-free by the proof of Proposition 2.8. Therefore

{(Rx + D{(C))/D(C) 1s torsion-free and thus (Rx + D(C)) = D(C).

This means that Rx ¢ D(C). Thus ¢(R) g D(C).

(ii). From Proposition 2.8 we know that D(C)/C = T(&/C). It
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then follows that T{(D(C)/C) = T(T(/C)) = T(E/C) = D(C)/C.

(iii) . Every non-zero submodule of D(C) would be a non-zero
submodule of (. Since C is an essential submodule of &, it
folloWs that C has a non-zero intersection with eVery non-zero
submodule of €. Thus C has a non-zero intersection with every
non-zexro submodule of D(C).

Now we need to prove that D(C) is uniquely determined by
these three facts. So suppose that A is an R-module having C
as a subﬁodule, and satisfying the three properties mentioned,
that is, A is T-injective, A/C is torsion and the inclusion of
C into A is an essential embedding. We will show that A and D(C)
coincide. We can firstly deduce that the injective hull, A, of
A and the injective hull, &, of C coincide: From Observation 2
on page 128 of [GH], we know that if C i1s an essential extension
of B and B is an eésential extension of A, then C 1s an essential
extension of A. Now applying this to the fact that C — A is an
essential embedding, we see that the inclusion of C into A must
be an essential embedding. This means that A will be an
injective hull of C as well. But by the remarks following
Definition 2.5, we see that & and € will be isomorphic. So we can
say that € is the injective hgll of the T-injective R-module A.
From Proposition 8.2 on page 77'of[Gl], we see that A 1s 1in fact
a T-closed submodule of &. (Note that in [G,), the notion of a 17-
pure submodule is eguivalent to our notion of a T-closed
submodule of a given R-module.) This enables us to deduce that

D(C) £ A because we know from Proposition 2.8 that D(C) 1is the
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smallest T-closed submodule of € containing C. On the other
hand, A ¢ & implies that T(A/C) ¢ T(& /C) = T(&/C) = D(C)/C. It
therefore follows that A/C = T(A/C) € D(C)/C- and we have that

A < D(C). Hence A = D(C). ]

Here is a characterisation of T-injectivity of-a given R-module

in terms of its injective hull.

Proposition 2.11.

Let T be an hereditary torsion theory. Then an R-module C is T~

injective if and only if &/C is torsion-free.

Proof

See Proposition 8.2, page 77, [G,]. ®

We now provide a characterisation of T-injectivity of a given

R-module in terms of its T-injective hull.

Proposition 2.12.

Let T be an hereditary torsion theory. Then an R-module C is

T-injective if and only if C = D(C).

Proof.
If C is T-injective, then C is T-closed in & by Proposition
2.11, that is, T(C/C) = 0. Since D(C)/C = T(€/C), we find that

D(C) = C. The converse assertion is clear. ®
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Let us look at a characterisation of T-injectivity in terms of
the functor Ext! ( _, C) for an R-module C. This result will be

used in the proof of an important example in Chapter 3.

Propesition 2.13.

Let T be an hereditary torsion theory. An R-module C is T-
injective provided Ext'(A,C) = 0 for every torsion R-module

A.

Proof.
The proof of this may be found on page 29 of [S,], Proposition

£.2. =

We now look at some other alternate ways of showing that an R-
module is T-injective. The following lemma is useful because it
provides another characterisation in terms of the T-dense left
ideals of the ring R and is an extension of Proposition 2.4. Some
parts of the proof of this proposition have been adapted from

page 8 of [L,;].

Proposition 2.14

The T-injective Test Lemma.

Let T be an hereditary torsion theory. The following are
eqgquivalent for an R-module C.
(1) C 1is T-injective.

(i1) C 1is 1injective relative to the T-dense left
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ideals of R (that is, these left ideals, X, of
R for which T(R/K) = R/K). This means that
any homomorphism f: K> C can be extended to
a homomofphism g: R - C as shown in this

following diagram where i is the inclusion

homomorphism.
i
K > R
f g
v
C
(i1i). For every T-dense left idegl I of R and

homomorphism £f£: I — C, there exists an x € C

such that, for each 1€ I, f(i) = 1ix.
Proof.
We will first show that (i) ==3> (iii). So suppose that C is a

T-injective R-module. To show that condition (iii) holds, let
f: I 5 C be 2 homomorphism from a T-dense left ideal, I, of R to
C. We need to find an x € C such that f£(i1) = ix for each i € I.

Now consider the following diagram
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» <

where € is the injective hull of C, and i, and i, are the
inclusion homomorphisms from I to R and C to € respectively.
Because € is injective, there exists a homomorphism ¢: R — &
which extends i,°f. Let x = (1), where 1 is the multiplicative
identity element of R. If 1 € I, then i =3i.1. Thus f£{(i) = £(1.1)
= i.f(1) = ix for each i € I. We know that x € . Now Ix € C
because ¢(I) ¢ C. Therefore I ¢ (C :x), where

(C :x) = { reRrR rx € C }. Then we have that (Rx + C)/C

= RX/(Rx N C) 8 RX/ ((C :x)x) = R/(C:x). Now

R/(C :x) = (R/I)/(C :x)/I) which is an epimorphic image of the
torsion R-module R/I. Therefore (Rx + C)/C is torsion. But

x € €, therefore (Rx + C)/C c ¢/C which is torsion-free by
Proposition 2.11. Hence (Rx + C)/C 1is also torsion-free. This

implies that (Rx + C)/C = {0}. It then follows that Rx-c C, that

is, x € C.

Now assume that’condition (iii) holds. We will show that (i)
holds. Supposevthat A is a T-dense submodule of an R-module. B
and f: A — C is any homomorphism. By the definition of T-
injectivity, we need to extend f to B, that is we must find a

homomorphism y: B — C so that the restriction of y to A is just
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f. Let M be the set of all pairs (W,w) where W is a submodule
of B containing A and w is a homomorphism from W to C extending
f as shown below (with i, and i, the inclusion homomorphisms) .

1 i,
N > W > B

We now have a situation similar to that found in the first part
of the proof of Proposition 2.4. Similarly by Zorn's Lemma we
find that M has a maximal element, (X,g), say. That is, we can
extend f: A —-C to g: K— C so that f cannot be extended any.
further and A ¢ X ¢ B. The following diagram gives us a picture

of the situation,

A *> K * B

v
cC

where 1, and 1, are just the inclusion homomorphisms. We claim
that K = B. Otherwise there exists b€ B, b ¢ K, and we consider
the left ideal D= { re R | rbe K } = (K :b). ©Now B/K =
(B/A) / (K/4), and thus B/K can be seen as an epimorphic image of
the torsion R-module B/A, and B/K will therefore be tbrsion. So
K is a T-dense submodule of B. By Proposition 4.1(4) on page 29
of [G,], we see that D is a T-dense left ideal of R. Consider
the homomorphism ¢: D = C defined by ¢(d) = g(db). By (iii)
there exists x € C such that g{db) = ¢{(d) = dx for all
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d € D. Thus for 2ll r € R such that rb € K, we will have that
g{rb) = rx. We may therefore extend g to h: K + Rb = C by
h(k+rb) = g(k) + rx. We will now show that h properly extends g.
Suppose that k ié any element of X. Then kX = k + 0b. Sc h(k)
= h(k + Ob) = g(k) + 0x = g(k). So h extends g. Since the
element b of Rb does not belong K we can see that h properly

extends g and this is a contradiction. Therefore we must have

that XK = B.
From Proposition 2.4 we know that (ii)==> (i). We now need
to only show that (i) ==> (ii). But this is clear £from the

definition of T-injectivity since every T-dense left ideal K, of

R can be seen as a T-dense submodule of the R-module R. |

We will need the following result in the proofs of many of the
resﬁlts and examples which follow both in this chapter and
chapters 3 and 4. Here we have restricted T to be hereditary
because Lambek, in [L,], which we refer to, reguires that T be

hereditary.

Lemma 2.15.

Let T be an hereditary torsion theory , and let

be a short exact seguence of R-modules. Then

(1) . if B 1is torsion-free and A is T-injective,

then C 1is torsion-free.
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(ii). if B is T-injective and C 1is torsion-free,
then A 1is T-injective.

(iii) . if A and C are T-injective, then so.is B.

Proof.
The proof of this can be found in Proposition 06 on page 9 of

[L,]. "

We are now ready to provide a definition of T-compactness in R-
Mod. As mentioned before, this is a very important part of this
dissertation. We will see that this definition of compactness
relies on our notion of T-closed embeddings which in turn arises
from the (T-dense, T-closed embedding) - factorisation system of
Proposition 1.31. This definition of cémpactness will allow us
to obtain results in R-Mod and Ab which are analagous to some

well known results concerning compactness in general topology.

Definition 2.16.

Following [HSS], we call an R-module C T-compact provided for
every R-module Z, the seccnd projection homomorphism

T,: C x Z—>C preserves T-closed submodules. This meaﬁs that
if A is a T—closed submodule of C x Z (that is, the inclusion
i: A =5 C x Z is a T-clesed embedding), then the epimorphic

image of A under @, is a T-closed submodule of Z.

We have mentioned in the introduction that under reasonable .
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assumptions the class of T-compact R-modules forms the torsion
class for a torsion theory. Here is one of the "reasonable
assumptions", that will be needed for that statement which will

be proved in Chapter 3. This definition will also be required

for Theorem 2.18.

Definition 2.17.

A ring R 1is called T-hereditary provided the epimorphic

image of every T-injective R-module 1is T-injective. N

The following theorem offers two characterisations of T-compact
R-modules under some assumptions on the ring R and the torsion
’theory T. This theorem differs somewhat from Theorem 2.3 of
[F.], in that firstly, T 1s assumed to be hereditary for the
whole theorem. The reason for this assumption is because the
proof of this theorem depends on Lemma 2.15 which requires that
T be hereditary. Secondly, this theorem provides an extension of
Theorem 2.3 of [F,] when R has the additional property of being
T-hereditary. In fact the characterisations contained in this
theorem will be needed for the proof of most of the theorems

following in the next two chapters.

Theorem 2.18.

Let T be an hereditary torsion theory and C any R-module.
Consider the following statements
(i) . C/D 1s T-injective for each T-closed

submodule D of C.
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(ii). C/T(C) is T-injective.

(iii1). C is T-compact.
1. Then (ii) <== (i) <==> (iii).
2. If R is T-hereditary , then (i) <=> (ii) <==> (iii).
Proof.
1. The preoof of (i)==>(il) 1s obvious. To prove that
(i) ==>(1ii) we assume that C/D is T-injective for each T-

closed submodule D of C and we will show that C is T-
compact. Let Z Dbe an arbitrary R-module and A any T-closed
submodule of C x Z. ©Let D be the pullback of A = C x Z along
C—=C x Z, where the first homomorphism is the inclusion while
the second homomorphism is the first injection. Let B be the
image of A in Z under m,. To show that C is T-compact we will
show that B is a T-closed submodule of Z. We have the following

commutative diagram
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v i, v joR v
» » A > B > 0
m, m, My
v in‘ v nl v
> C *C x Z Z > 0
v v q) \L

in, and T, are the first injection and second
projecticon homomorphisms,

i, and p, are the restrictions of in, to D and m, to
A respectively,

m,, and m,; are the inclusions of the respective R-
modules while

n,, n,, and n, are the canonical epimorphisms.

We find that m;: D> C is a T-closed embedding being the pullback

of a T-closed embedding (Proposition 1.4(iv)). So m, is a
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monomorphism. Also i,: D — A is the pullback of a monomorphism
and is therefore a moncmorphism. Note that in the rest of this
proof a square bracket ([]) denotes the equivalence class of an
element in the relevant factor group. The homomorphisms ¥ and
¢ are defined as follows:

If ([c] € C/D, then vy [c] = [in,(c)] € (C x Z)/ A, while for
[(c,z)] € (C x 2)/A, ¢ [(c,z)] = [n,((c,2))] € Z/B.

The columns in the diagram are clearly exact. By the definition
of exactness, we find that the first and second rows are exact.
From the definitions of y and ¢, it is also clear that Im (y)
= Kér (¢). Now D is formed as a pullback and can be therefore
described as D = in"!(A). We now apply Theorem 4.3 on page 34 of
[B;] to deduce that ¥ is a monomorphism. If {z] is any element of
Z/B then o [(0,2)] = [m,((0,2))] = [z]. So ¢ is onto and is
therefore an epimorphism. Hence the third row is also exact.
Now D can be seen as a T-closed submodule of C because m, is a
T-closed embedding. By the hypothesis of the theorem C/D is T-
injective. rrom Lemma 2.15(i) applied to the third row of
Fig.2.2 we find that Z/B 1is torsion -free. Hence C is T-

compact.

Tc show that (i1i) ==> (1), we assume that C 1is T~
compact, and we will show that C/D 1is T-injective whenever
D is a T-closed submodule of C. Let Q be the injective hull

of C/D and let f denote the composite
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where n 1is the canonical epimorphism while 1 denotes the
inclusion homomorphism. We note that in the category R-Mod the
direct sum and direct product of a finite number of R-modules

coincide. We can now consider the following diagram

<l,f> {fl-l}
0 > C > C x 0 > 0 > 0
i aq
0 —— C/D > Q > Q/(C/D) —> O
Fig. 2.3.
where : C x Q is the direct sum /direct product of the R-

modules C and Q,

g denotes the canonical epimorphism,

1 denotes the identity homomorphism,

-1 denotes multiplication by -1,

g is defined as follows: For a € Q, g(a) = -g(a) and
<l,f> is obtained from the following direct product

diagram (See [HS], Definition 18.2, page 115)



A

1 .
<1, f>

C >C x Q
£ T,

| 4

Q

We can see that for each c € C, <1, f>(c) = (c, f(c)) because it

satisfies mye<l,f> = f and m.e<l,f> = 1.

The homomorphism {f, -1} 1is obtained from the following

coproduct diagram (See [HS], Definition 18.3, page 116)

Now we find that {f, -1} is defined by

{f, -1} (c, @) = (f(c) + (-g)) because it satisfies {f, -1}e (in,)
= £ and {f,k--l}oin2 = -1. Now going back to Fig.2.3 we look
at the left hand square. We have m,°<l,f> = f and i°n = £. So we

see that the left hand square commutes. Let us consider the
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right hand square. If (c,a) € C x Q, then gem,((c,a)) = gla) =

[a], the equivalence class of a in Q/(C/D). Also

(ge{f,~-1}) ((c,a)) = g(f(c) - a) = g(a - f£({c)) = [a -f(c)], the
eQuivalence class of a-f(c) in Q/(C/D). Now f{(c) = ion(;) = n{c)
which belongs to C/D. Therefore [a - f(c)] = [a] - [f(ij

= [a]’~ 0 = [a). Hence the right hand‘square commutes as well.
We will now once again consider the first row of Fig.2.3. We

will show that {f,-1}e<l1l,f> = 0. Let ¢ € C. Then we have that
{£,-1}(<1,£f>(c)) = ({£,-1})(c,f(c})) = f(c) - f(c) = 0. Hence
Im({<l,f>) ¢ Ker({£f,~-1}). If (c,q) € Ker({£f,-1}), then

{f£,-1} ((c.qg)) = 0 implies that f(c)-g = 0 which implies that
f(c) =qg. So (¢,q) = (c,f(c)) =<1,f>(c). So (c,g) € Im(<1l,£f>).

c Im{{f,-1}) and hence Ker (<l1l,f>) = Im({£f,~-1}).

Thus Ker (<1, £>)
Since mo<l,f> = 1 and the first factor of a monomorphism is a
monomorphism, it follows that <1,f> is a monomorphism. We also
have that {f,-1}ecin, = -1 and by the dual of the previous

statement, we find that {f,-1} is an epimorphism. This implies

that the first row of Fig 2.3 is exact. It is quite clear
that the second row 1is also exact. We know that T is
hereditary and C/D 1is torsion-free. By Proposition 2.7 we

find that Q 1is torsion-free. We know that

Q= (C xQ)/(<1,f>(C)) because the first row of Fig 2.3 1is exact
(See Definition 1.12). Thus <1,f>(C) is T-closed in C x Q. Now
C is T-compact, therefore the epimorphic image of <1l,£f>(C)

under f, will be a T-closed submodule of Q. But this image is
just £(C) which will be isomorphic to C/D. Hence Q/(C/D)
is torsion-free. Let D(C/D) be the T-injective hull of C/D.

We know from Definition 2.9 and Proposition 2.8 that
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(D(C/D))/(C/D) is equal to T(Q/(C/D)) which is equal to 0.

Hence D(C/D) = C/D which implies that C/D 1is T-injective.
2. Here we need to only show that (ii) => (i), that is,
we show ;hat if R is T-hereditary and C/T(C) is T-

injective, then C/D is T-injective for every T-closed
submodule' D of C. Now C/D 1is torsion-free. We ﬁonsider the
canonical epimorphism, n: C — C/D and look at n(T(C)). Then
n(T/(C)) must be a torsion submodule of the R-module C/D, since
torsion R-modules are closed under epimorphic images. But T(C/D)
= 0. Therefore n(T(C)) =0 s§ we haye that T(C) ¢ Ker(n) = D.
So we can now form the factor module D/T(C). We see that C/D
= (C/T(C))/(D/T(C)) which is an epimorphic image of the T-

injective R-module C/T(C). Since R is T-hereditary, the R-module

C/D will be T-injective.®

We would now like to apply Theorem 2.18 to the category of
abelian groups. This is done in Corollary 2.26 where we first
characterise injective groups in Ab before we obtain a
characterisation of T-compact abelian groups. We first need to
prove some preliminary results. The following five definitions
will be required for these preliminary results as well as for the

main characterisation of T-compact abelian groups.

"Definition 3.12 on page 11 and Corollary 4.2 on page 19 of [W,]
act as a basis for the following definition of ours. Note that

although warfield, in [W,] considers nilpotent groups only, the
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definition is wvalid for abelian groups because every abelian

group is nilpotent.

Definitions 2.19.

Let A be any abelian group. Ifxp is any prime we will define a
functér t, :Ab — Ab as follows.
(i) t,(A) is defined to be the subgroup of A consisting of
all the elements of A whose order is a perr of p. The

subgroup ¢t (A) will be called the p-torsion subgroup of G.

(ii) If £: A — B is any homomorphism between abelian
groups, then t_(f) is just the :estriction of £ to t (A)
with codomain restriction to t_ (B). We will refer to t; as

the p-torsion subgroup functor. It is guite clear that t, is

a radical on Ab. 1

Definition 2.20. { [F,], page 4 and [FW,] page 170)

Let A be any abelian group and n > 0 any positive integer. The
idempotent preradical [n] defined as follows

A[n] = {a E a é A, na = 0}
will be referred to as the n-socle, following the terminology

found on page 170 of [FW,]. ®

Definition 2.21. ([F,]. page 25V)

An abelian group A is said to to be n-bounded if each of the

elements, a of A, satisfy na = 0. N
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Definitions 2.22. ( [G,] , page 6 )

Let G Dbe any abelian group.
(1) We say that G is divisible if for every x € G and
every non-zero integer n, there exists a y € G with ny= X.

(ii) Let p be any prime. We say that an abelian group G

is p-divisible if for every x € G and positive integer n

there exists a y € G such that py = x. B

The following is a very useful result that we will require for

the proof of Theorem 2.25 as well as in Chapter 3.

Proposition 2.23.

Let T be an hereditary torsion theory on the category R-Mod. Then

T commutes with direct sums.

Proof.
Suppose that G 1s an R-module which is a direct sum of its
subgroups, A;, that is G = ZiAi and A; N A, = {0} when i # . Then
we know that each element g, of G has a unigue représéntation g
=a + a, +....+ a; +.. , with each a; € &;. For each A&;, we can
define a function ﬂAi : G—= A, by ﬂAi(g) = a,, where ae A; is
the ith element in the direct sum representation of g. Then each
Hﬂiis a homomorphism. Since T is a hereditary torsion theory
on R-Mod we can apply condition (ii) of Definition 1.15 to deduce
that [ui(T(G)) C T(A,) < T(G) for each i. We claim that T(G)
= L,(A; N T(G)). Note that if i # j, then

((A; N T(G)) N (A N T(G)) = {0} because A; and A; intersect
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trivially. Let x be an element of T(G). Then x belongs to G,
therefore‘x has a unique direct sum representation

X = a; + a; i . Fixing 1 we have a; = ﬂﬂéx). But
ﬂﬂéT(G)) C T(G) implies that a, € T(G). Thus a; € (&; N T(G)).
This'hoids for each i. Since x = a, + a, +... , we see that

x € L, (A, N T(G)). This shows that T(G) < L; {A, N T(G)). Since
it is clear that L,(A, N T(G)) € T(G), we see that

T(G) = L, (A, N T(G)). We know that A, NT(G) = T(A;) because T is

1

hereditary. Thus T(LA;) = T(G) = £,(A;, " T(G)) = L;(Ta;). ™

The following result will be reguired in the proof of Theorem
2.25. It has been adapted for abelian groups from the paper
"Characterisations of quasi-splitting modules" by S.V Joubert

([J.1) .

Lemma 2.24.

If E is an hereditary class of abelian groups closed under direct
sums and homomorphic images, then either E = |Ab| or Ec T,, the
class of all t-torsion abelian groups. (Note that t is the

torsion radical of Example 1.17.)
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Proof.

We first note that in Example 1.17, t was ;eferred to as a
radical on the category R-Mod. It 1is clear4thét t'is also a
radical\on the category Ab. Now suppose that §.¢.1m Then there
exists a group M belonging to E which has an element x of
infinite order. Then <x> , the cyclic subgroup generated by x,
is isomorphic to Z, where Z is the group of integers under
addition. Since E is hereditary it follows that Z must belong
tc E . Now take any G € |Aabj. Every group is the epimorphic
image of a free group, and so there exists an epimorphism

8.2 >G. Now 8,2 € E because E is closed under direct sums and
so G € E because E is c¢losed under homomorphic images. Thus E

= fAb#, L ]

We are now ready to prove an important resﬁlt that will enable
us to obtain a characterisation of compactness for abelian
groups. Note that this proof has been adapted from the paper
"Maximal functorial topologies on abelian groups" by Fay and

walls ([FW,]).
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Theorem 2.25.

Let T be an hereditary torsion theory on Ab. Then there exists

2 set of primes P’ such that T =Y ..t cr T = 1,,, where 1 is
PEZ P Ab Ab

the identity functor on Ab.

HJ
Al
(6]
O
-y

Suppose that Q, the group of raztionals under addition, belongs

to the torsion class of 7.

TZ = Z Now the torsion class of T satisiiles the reguliremen:is
of the class z of Lemma 2.Z4 Since 7 is a t-torsion-irss group
{ where T is the torsicn radical of Example 1.17}, we deducse
Irom Lemma 2.24 that T = 1,,, the identity ZIunctor on Ab.

Suppose that Q does not beliong to the torsion class of T. Note

that Q has no non-zero fully invariant proper subgroup (byv “fully

contained in A. Then the endomorphism £ :Q - Q defined by f(qg)

x

= rg does not satisfy the condition that f(A) C A. Note further

3
(e}
th
O
cr
L
(D
o]
Q
=
O
N
1
o

that if g: Q — Q is any endomorphis
by part (ii) of Definiticn 1.15. Hence T(Q) must be & fully
Q) = 0. Let t denote

invariant subgroup of Q. Thus we have that T(

the torsion radical of Example 1.17. Then we deduce that T < t,
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in the lattice of all preradicals on Ab, where

radical of Example 1.17. We know that such a lattice exists from
page 136 of 18,1, From [W.]1, Theorem 4.3, page 19 we obtain th

result that ©(a) = ZEPEQ(A), for every abeiia: group A, wnere P
is the set of all primes. Furthermore we know that the radical
T is determined by T(a) = E{E i B ¢ A and T(B) = B }- see
Proposition 1.19. We claim that T = I Tet. : We will first show
that T, = Tot, 1s an idempotent radical, where 7Tet,, the
compeosition oI radicals T and ¢, is defined Dy Tet (A) = T(C (R))
for any abellian group 2 (Ses [S.], page 1).

T. is idempotent:

If 2 is any =zbelian group, then T.°(3) = (Tet ) (A). The latter
is then egual to (Tet )e {Tez,.) (&) wnich In turn 1s egual to
Tt (Tet,) (R)] rzve been used Sust
to clarify the term and have no special meaning. Now Tet_ (A) is
a2 p-torsion group, therelore t (Tet (2) = Ter_(A). o
TIC (Tot,) (A)] = T(Tet (A)) = {TeT) [t (A)] = T(t_.(RA)) because T is
idempotent. Thus T, (R) = T(£_{2)) = Tot_(A) = T.(RA).

T._1s a radical:

We have T (A/T,(A)) = (Tet,) (A/Tet_(A)) = T[t (A/(Tot (A))]]. We
know from {S,], Lemma 1.2, page 2, that if r is a radical, then

r(G/H) (r(G))/H for any abelian group G
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contained in r(G). Now applying this result with respéct to the
radical t, our first term reduces to Tl (A)/(Tet (A))]. Then
applying the same result again with respect to the radical T we
are now left with the term (T[t,(A)])/(Tet (A)) which is equal to
(TOtP(A))/(TDtp(A)) which of course is zero. The other properties

of a radical follow easily since T and t, are both radicals.

To show that T = ngTOtp, we need only consider those abelian
groups, B, for which T(B) = B or L Tot (B) = B because an
idempotent radical, that is, a torsion theory, is completely
determined by its torsion class - Proposition 1.19. Suppose that
T(B) = B. Since T £ t, this implies that t(B) = B and, thus,
Emgng) = B. Now for each prime p, t,(B) 1is a subgroup of B
= T(B). Since T is a hereditary torsion theory( it is true that
T(t,(B)) = t,(B). Then L.t (B) = B implies that L, Tot (B) =
B. On the other hand suppose that B is an abelian group such
that VEmPTOtp(B) = B. From Proposition 2.23 we know that 1f T is
a hereditary torsion theory then T commutes with direct sums.
Thus T(L,,t,(B)) = L ,Tet (B) = B. This then implies that T(B) =
B. Thus T = ETOtp. To identify T we therefore need to only
determine T, = Tet_, for each prime p.

For the rest of the proof of this theorem, if r is a preradical
on Ab let S,  denote the set of all abelian groups, A, for which
rA = A. The class S, will be referred to as the stabilizer class
. of the preradical r. When r is an idempotent radical (torsion
theory), then S, is just the torsion class of the torsion theory

r. We know that a torsion theory (idempotent radical) on Ab is

completely determined by its torsion class. So we will only
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consider the torsion class of T, in order to determine T, for

each prime, p. Since T, £ t, for each prime, p, we find that
Sr, & Se,- If.S% = {0}, then T, = 0, the zero functor. So we
assume that Sﬂycontains non-zero groups. Now we find that one
of the following possibilities must hold for S% :

(1) S, ~ has only divisible groups.

(ii) S% has only reduced groups. Note that reduced groups are
groups that have no non-zero divisible groups ([H], page 198).
(iii) Sa7has both reduced and divisible groups.

For our proof we can further subdivide cases (ii) and (iii) on

the basis of whether

(a) Z/p"Z e Sz, for all k € N, or
(b) z/pZ e S5, for k=1,2,3,..... n and Z/p™*Z €  Sp

Now considering the preceding statement and above possibilities

we are left with the following four cases:

Case 1: S?)contains only divisible p-groups.

From [F,], Theorem 19.1, page 64 we know that every divisible
group, G, is a direct sum of the form G = T + F, where T is t-
torsion and F is t—torsion—free and t 1is the torsion radical of
Example 1.17. We will digress a bit just to look at the group
C(p”) which is the infinite multiplicative group consisting of
the p"th roots of unity, where k runs through all the natural
‘numbers (See I[F,], page 23). (Other books sometimes refer to
C(p™) as Zy-.) Note that each element of C{p”) has order _a power
of p. Now getting back to our proof, we see from the proocf of

Theorem 19.1 of [F,] that T is a direct sum of copies of C(p™) .

and F is a direct sum of copies of Q, the group of rationals
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under addition. If G € ST; , then G € Stp which means that G
is a p-torsion group. Thus G must consist only cf direct sums
of copies of C(p*), that is, F = 0. Then G is a divisible p-
torsion group and T, (G) = det (G), where d 1is the divisible

radical of Example 1.17. In this case it follows that T, = det,.

Case 11 : Z/p"Z € S,,np for all n.

Suppose that T, (Z/p"Z) = Z/p"Z for all n. If G[p"] = G for any
abelian group, G, then G is p"-bounded and G will therefore be a
direct sum of cyclic groups ([F,], Theorem 17.2). In this case
the cyclic groups will be of the form'sz , ¥ £n and each Z,.
€ ST; since S,_,,j7 is closed under formation of subgroups. Thus TG
= G. Therefore [p"] £ T, for all n, where [p"] is the p°-socle of
Definition 2.20. So we have t, = L [p"] £ T, £ t,. Hence T, = t, in

this case.

Case 111 STp contains only reduced groups and Z/p‘Z € Smyfor
k=1,2,....n, but Z2/p™'Z ¢ S.rp

As above for Case ii, we obtain [p*] £ T, for k = 1,2,...n. if an
abelian group, &, belongs to STp let us consider A/p™A. If

p"(&/p"'a) # 0 then this means that A/p™'A has an element of
order p™'. If a is that element of order p"! then <a> € .S‘Tp
because Srpis closed under formation of subgroups. But <a> =
Z,""*. 8o <a> € S contradicts the fact that z/p°’Z is not an
element of STp .  Thus P"(A/p™A) = 0. This implies that p°a

= p™A and so p"A is divisible. Since A is reduced this implies

that p"2 = 0 and therefore A e Sipm - Thus STp c Spm - This
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means that T; < [p"], which in turn implies that T, = [p"] in this

“p
case.
Case iv : S. contains reduced and divisible groups and Z/p*Z
. r4
€ s,; for k = 1,2,....n but 72/p™Z ¢ S,

By the argument above of Case iii, every reduced group in S%
is p"-bounded. Since every group can be written as a sum of a
divisible and reduced group ( Theorem 21.3, page 100, [F,]), we
see that all the groups G in é%hhave the form G = D + B, where
D is divisible and B is p"-bounded. Then 7

(det, + [p”]) (D + B) = det (D + B) + [p”](D + B) = D + B because
D is a divisible p-group and B is a p°-bounded group. Therefore
G =D+ B € ‘iﬁ%+wﬂ . Thus T, < det, +[p"]. Going the other way
if we set D = 0, that is, G is reduced,we have as for Case 1ii
that [p"] £ T,. If we set B = 0,that is, G is a divisible group,
we will have that det, £ T,. So [p"] + det, £ T, and therefore in

this case we have T, = det, + [p°].

By looking at all four possibilities, we have the following

situation
1. [p"] on, =0,1,..... o Oor
T, = 2. det, ; or
3. det, + (p"#] n,=0,1,..... oo
where [p™] denotes the p™ socle, [p°] = 0 and [p”] = t,, the

p-torsion functor.
However we know that d, the divisible radical is not hereditary

(Example 1.28). Since T, is hereditary we can eliminate cases 2
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and 3). So T, = [p™) , where n, can take on the values
0,1,... o, It is quite clear that [p"] is a radical only when n
= . But we have already shown that T, is a radical. So we see
that there is a subset P’ of P (namely Fhose primes for which

n, = «) such that T = I _,t,. ®

We are now finally ready to apply our compactness results to the

category of abelian groups.

Corollary 2.26.

Consider the category of abelian groups and let T be an
hereditary torsion theory. Let t, denote the p-torsion
subgroup functor. Let P denote the set of primes such that

T = Ewptp. Then, an abelian group, G, is T-compact if and only if
G/T(G) is p-divisible for each prime, p, that belongs to P. If

P is the set of all primes, then G is T-compact exactly when

G/T{G) is divisible.

Proof.

To investigate the T-compactness of abelian groups, we need to
first determine what the T-injective abellan groups are. In
order to do that we will first characterise the T-dense left
ideals of 2Z, the ring of integers. Let I be a left ideal of
Z. Then I = {0} or I = mZ for some non-negative m € Z. We
want to know what conditions m must satisfy in order for

I =mZ to be a T-dense left ideal of Z. Now 2Z/mZz = Z,. If I

# {0}, then I will be a T -dense left ideal if and only if
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T(Z,) = Z, that is, Lt (Z,) = Z,. Now we know that there is a set
of distinct primes {p,, pP,,....,DPc} and positive integers r,,r;,

Ty

..Y, such that m = pf’pzrz. ., .DPy". From Lemma 2.3, page 77 of

[H] we know that 2o = Zp]r1+zp;2+. . .+Zp:k. Then for each i there
exists a subgroup G; of Z, such that Z, =G, +..... + G, and each
Gy = Z,n . We will now show that each G; is equal to £;:(Z,)

Let us consider the group G; for some j € {1,2,....,k}. If a €
Gy, then the order of a divides p,’, which means that the order

of a is a power p;. Hence a € t,; (Z.). On the other hand if a

€ tp5(Z,), then there exists a positive integer t such that py‘a

= 0. Since a € Z,, there would be a decomposition of a into a
=a; +a, oo, + a, with each a, € G;. Then we would have that
0 = p;"a = ps*a; + ps'a, +.... +ps"a,. By the unigueness conditon of

a direct sum this would imply that for each i, we must have p;a;

= 0. But for each i, the order of a; must divide pf‘ and the
gcd(ps,p:) = 1 whenever i # j. Hence p.fa; = 0 implies that a; = 0
if 1 # j. Therefore a = a,, that is, a belongs to G;. So we see
that for each 1, the R-module G, is actually tp,»(Z;n) . We can
therefore write Z, = Efqtpi(zm) . We thus have two cases to now
consider

(i) FEach p. in the decomposition of m belongs to the set P.

We have that z, = Xi,t.(2,) < T(Z,). But T(Z,) C Z,.
Therefore in this case we find that T(Z,) = Z,.
(ii) There is a prime ,p. say, appearing in the

decompesition of m which does not belong to the set P.

Is-1, Tzl

Let x = pf’”pzr’ps,lpsﬂ ces .p)f." Then x belongs to Z, and x has
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order p:‘. Therefore x € te, {Z,) . Suppose that x can be ”
represented as a direct sum; that is, |

X = X; + Xp % ... *Xgp + 0 + X +.. + X with each x;

€ t,d{Z;), and not all of the x; = 0. Then

X=0+0+...+ X +.... + 0 is another representation of x
as a direct sum which 1is different to the first
representation. This contradicts the uniquene’ss condition

of a direct sum representation. Hence x cannot be

represented as a direct sum of ¢t,:(Z;)) , for i # s and i
€ {1,2,....k}. That is, x & f:?,i,stpz(zm) which implies
tvhat X € Epep t,(2,) = T(Z,). So in this case we see that
T(Z,) # Zy.

Hence we see that I is a T -dense left ideal of 2 if and only
if I = {0} or I = mZ , when m is a product of some powers of
some primes belonging to the set P, that is when m = p;i'D;’....Dx"

with each p; € P and the r; are nonnegative integers.

It will now be shown that an abelian group C is T-injective
if and only 1f C is p-divisible for each p € P. To this end
let C be a T-injective abelian group. Then C is a 2 —module,_
where Z is the ring of integers. If p € P and n is any positive
integer, then p°Z is a T -dense left ideal of Z. Let <c € C.
Define f: p"2 - C by f(p°z) = zc. Then it is clear that £ is
& homomorphism in Z. By Proposition 2.14 (iii), there exists an
element b of C such that £{x) = xb for every x € p"Z. In
particular (taking z = 1 in the definition of £f) we have that

the element c = f(p®) = p"b. Thus we see that C is p-divisible
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for ariy p € P.

On the other hand suppose that C is a p-divisible abelian
group for each p e P. Let I be a T-dense left ideal of Z
Qlth f: I 5 C any homomorphism in Z. Then I = mZ for some
m =7,pfjﬁa....;§* , where each p; belongs to the set P and the
r; are positive integers or I = {0}. Since I 1is p-divisible
for each p € P, we see that C will be m-divisible. Now f(m) €
C implies that there éxists an element c¢ of C such that £(m) =
mc. If I = {0}, thenm = 0 and f(m) = £{0) = 0 = Oc. Thus in
either case, there exists an element ¢ of C such that f(m) =

mc. If xe€ I , we then have that x = mz for some =z € Z. Hence

Considering the above diagram with 1 the inclusion of I into
Z, we see that the Z -morphism t. : Z—=C given by

t.(r) = rc extends f to Z. Therefore by Proposition 2.14 (ii),
the group C is T-injective. So it is true that the abelian
group C is T-injective if and only if it is p-divisible for
each p e P.

Note that if € is an abelian p-divisible group, then every
epimorphic image of C is p-divisible: Suppose that f: C = K is
an epimorphism. Let p-e P and n be any natural number. If k € K,
then there exists an element ¢ of C such that f(c) = k. Now C is

p-divisible, therefore there exists an element <c¢; of C
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satisfying p"c; = c¢. Then f(p%%)r= f(c} = k implies that p“"f(c,)
= k which in turn shows that k is p-divisible. Now Z is a T-
hereditary ring and T is a hereditary torsion theory. So we can
apply Thecorem 2.18 to deduce that an abeliantgroup C is T~
compact if and only if C/T(C) is T~injectiVe. Hence an
abelian group C is T-compact if and only if C/T(C) is p-divisible

for each p € P. For the case of P being the'set of all primes,

the group C is T-compact exactly when C/T(C) 1is divisible. ®
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CHAPTER THREE

T-NOETHERIAN AND T-HEREDITARY RINGS.

In this chapter we examine the class of T-compact R-modules a
little more closely. We would like to see what sort of results
we obtain when the ring R satisfies some additional properties
and T is hereditary.. We have already seen, in the previous

chapter, that the class of T-compact R-modules is responsible for
the behaviour of T-compact abelian groups. We will show that
under some additional assumptions on the ring R and the torsion
theory, T, the class of T-compact R-modules forms the torsion
class of a torsion theory. In fact we are able to show how this
torsion theory relates, in the lattice of torsion theories, to
the torsion theories determined by the class of T-injective R-
modules and the original theory T. These results will also
enable us to obtain another characterisation of T-compact R-

modules under some additional conditions on R and T.

Our first definitions are that of a "noetherian"” and a "T-
noetherian" ring. As mentioned above, these are additional
assumptions that we will sometimes make on the ring R so that we

can obtain some important results.
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Definitions 3.1.

(i). We call the ring R ncetherian if every left ideal is

finitely generated.

(ii). A ring R is called T-noetherian provided that the

direct sum of T-injective R-modules is T-injective. ®
When the torsion theory T is hereditary we see in the next
proposition that the class of noetherian rings is contained in

the class cf T-ncetherian rings.

Proposition 3.2.

If T 1is hereditary every noetherian ring is T-noetherian.

ProOf.

Let R be a noetherian ring and {Cﬂie I} & family of T-
injective R-modules where I is some index set. We need to show
that the direct sum £,C, is T-injective. We will apply the T-
injective Test Lemma (Lemma 2.14) to show this. To this end let
K Dbe a T-dense left ideal of R and let f: K — I.C; be a
homomorphism. We need to find an element x € L.C, such that for
each k € K we have f(k) = kx. For each i € I we consider the
ith projection =m, :l,C; = C; and We define = f; to be the

composition mef

f .
K »L, C, r Cy
: .

Since each C; is T-injective, we have for each i€ I an x;

€ C; such that £,(k) = kx4 for every k € K. Now K 1is
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finitely generated. Suppose that K 1s generated by ({k;, ki,
..... , Kp}, that 1is, each element of K can be expressed as a
product of some powers of the elements in the set. If-c € r.c,,
the element c 'will have only a finite number of non-zero
components. Hence for each j = 1,2, ...., n, f (k) (being an
element of L.,C;) will have only a finite number of non-zero
components. So we see that there are only a finite number of
non-zero f;: K —- C; to consider. Let I' be a subset of the
index set I <consisting of all the 1 € I for which £, is a

nonzero homomorphism. For each 1 € I’ there exists an x; € C;

such that f,(k) = kx; for every k € K. Now let x € L,C, be
the element whose ith component is
X, if ie I
{TO otherwise.

Then f(k) = kx for each k € K. To see this let k € K. Then the

ith component of the element kx will be

{kxi if ie 1/

0 otherwise.

Now for any k € K and 1 € I' we have that mef(k) = £;(k) = kx;.
If i ¢ I' then f,(k) = 0. So we can see that the ith component of

the element f (k) will be
kx, if 1 e I
{O otherwise.
Therefore f{k) = kx: Then x 1is our required element and

L.C; is therefore T-injective. ®

We know from Proposition 2.12 that an  R-module C is T-
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injective if and only if C = D(C). It therefore follows that
every direct sum of T-injective R-modules 1is T-injective if
and only if for every family {C;|i € I} of T-injective R-
modules we have that D (£,C;) = L, D(C,): For suppose that every
difect sum of T-injective R-modules is T-injective. Let {C;} be
a family of T-injective R-modules. Then D(L,c,) = (L.c;) = E,D(C,)

because each C; is T-injective. The reverse implication is clear.

We see that D(-) is an object function on R~Mod. Can D(-) be
extended to act on homomorphisms of R-Mod as Qell? If f:C—> A is
a homomorphism between twc R-modules, then we can define

D(f): D(C) — D(A) as follows: Let us consider the following

diagram:

th

A D(f)

D(A)

where i, and i, are the inclusion homomorphisms. The homomorphism
D(f) exists because D{(C)/C is torsion and D(A) is T-injective.
iambek, in [L,}, shows that in general the object function

D{(~) cannot be made into a functor such that M — D(M) is natural

in M, for any R-module M. It is then shown that when D is
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restricted to the category C of torsion-free R-modules, then
D(-) is a functor. In fact D(-) turns out to be the left adjoint
of the inclusion functor A — C where A is the category of

torsion-free divisible R-modules. We state some of the above

mentioned results in the following proposition.

Proposition 3.3. (L,, page 11)

Let T be a hereditary torsion theory. The object function
D : R~Mod — R-Mod is not a functor on R-Mod in general. However
when D(-) 1is restricted to the category, X, of torsion-free R-

modules, then D{-)is a functor on X. ®

Recall from Definition 2.17 that a ring R is called T-
hereditary provided the epimorphic image of a T-injective R-
module 1is T-injective. The next result shows that under certain
conditions the class of T-injective R-modules forms the torsion

class of a torsion theory. We denote this torsion theory by d..

Theorem 3.4.

Let T be a hereditary torsion theory and let R be a T-
hereditary and T-noetherian ring. Then the class of all T-

injective R-modules forms a torsion class for a torsion theory,

d,.

Proof,
According to Definition 1.13 we need to show that the class of

T-injectives is closed under the formation of direct sums,
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epimorphic images and extensions. The first two follow from the
fact that R is T-noetherian and T-hereditary respectively.
From Lemma 2.15 (iii) we have that whenever A is a submodule
of an R-module B and both A and B/A are T-injective |,
then B is T-injective. Thus the class of T-injective R~

modules is closed under extensions. B

We would 1like to prove a result similar to Theorem 3.4 for the
class of all T-compact R-modules. The next theorem shows that
under the same assumptions of Theorem 3.4 the class of T-compact

R-modules also forms the torsion class for a torsion theory.

Theorem 3.5.

et T be a hereditary torsion theory and let R be T-
hereditary and T-noetherian. Then the class of all T-compact

R-modules forms the torsion class for a torsion theory.

Proof.

We first show that the class of all T-compact R-modules 1is
closed under direct sums. Let ({C;}; be a family of T-compact
modules. We need to show that the direct sum L,C, is T-
compact. Now since R is T-hereditary, an R-module C is T-
compact if and only if C/TC is T-injective (Theorem 2.18.).

Therefore to show that I,C, is T-compact it suffices to

consider (EiCQ/(T(Eg;)).‘From Proposition 2.23, we know that
T commutes with direct sums, so we have that (r,C,)/T(L,C;) is
isomorphic to (L;c;)/(X,T(C,)). But we find that (L,c;)/(£,T(Cy))
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is isomorphic to Ei(Ci/T(Ci)) : For each i let n;, : C, = C,/T(C;)
be the canonical epimorphism. Then 1let n : EiCi—éEi(Ci/T(Ci)) be
defined by

n(c, + c, +....+c; + ...) = n,(c,) + nylc,) +.... + ng{cy)+....,

where c; € C;, for each i. Then n is an epimorphism and

Ker (n) = L. (Ker(n,) = ¥, T(C,). We know that

n(f;c;) = (I,Cc;)/KRer(n) which means that. L,(Ciy/T(C;)) =
(L;c)/7(I,T(C,)). Each C, is T-compact, tﬁerefore each C,;/TI(C;)
is T-injective. Since R is T-noetherian, the R-module

L;(C;/T(Cy)) will be T-injective. Hence (I.C;)/T(L.C)) is T-

injective.

We now show that the epimorphic image of a T-compact R-
module is T-compact. So let K be a T-compact module and K/D
a factor module of K where D is any submodule of K. We need
to show that K/D is T-compact. Let B be a T-closed submodule
of (K/D) x H where H is an arbitrary R-module. Let

Qp: K x H—= (K/D) x H be the product of the canonical epimorphism
and the identity homomorphism on H. Now let C be formed by the
pullback of the inclusion m.: B— (K/D) x H along

Jp: K x H— (K/D) x H as shown below. The homomorphisms will be

explained in the paragraph following Fig. 3.1.
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C ? B
M, PB m;
v SR v
K xH — (K/D) x H

By the construction of pullbacks in R-Mod, we see that

C = {((k,h).b) | ((k,h).b) € (K x H) x B and g,(k,h) = b}. Thus
C = {(k.h) | Gp(k,h) € B }. So C can be seen as an intersection
of two R-modules which are isomorphic to B and (K x H)
respectively and thus C can be looked at as a submodule of both

K x H and B. We now consider the following commutative diagram

thl q:' p2,

n, (C) e * B >p.B

'
mli m2 l m3 m4

T, Ty P2
H *K x H — (K/D)xH —H
Fig. 3.1
where : n, and p, are the second projection homomorphisms of

K x H to H and (K/D) x H to H respectively.
n,’ and p,’ are the restrictions of n, to C and p, to B
dp’ 1s the restriction of g, to C, and

m, m,, my and m, are the inclusion homomorphisms.

Now T-closed embeddings are closed under formation of pullbacks

(Proposition 1.4(iv)), therefore m, is a T-closed embedding. This
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means that T((K x H)/C) = 0, that is, (K x H)/C is torsion-free.
We note that m, = p,°qg;. So mM,(C) = (p,°q,) (C) = p,(B}. Since K is
T-compact and (K x H}/C is torsion-free, it follows that m,(C) is
a T-closed submodule of H. But n.(C) = p,(B). Thus p,(B) is a T-

closed submodule of H and K/D is T-compact.

We shall now show that the class of T-compact R-modules is

closed under extensions. Let

be a short exact sequence with A and C T-compact. We must
prove that B is T-compact. Note that m 1s a monomorphism,
while e is an epimorphism, and C is isomorphic to B/A
(because of the fact that the given sequence is a short exact
one). Let D Dbe formed by the indicated pullback in the

following commutative diagram.
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~ ml l e: ~ ) )
0 >D »T(B) —— T(B) /D ———0
i, PB iz i3
N v v
0 7 A > B > C > 0
m e
n, Ny N3
v Jf -
0 *A/D »B/T(B) ?Q >0
mll e!!
w ~ ~
0 0 0
The symbol i, denotes the inclusion of T(B) inte B. By

construction of pullbacks in R-Mod, we see that

D= {(a,b) { (a,b) € A x T(B) and m(a) = i,(b)} and can therefore
be seen as a submodule of both A and T(B). The homomorphisms
m’ and e’ are the restrictions of m to D and e to T(B)
respectively. The homomorphism i, can then be seen as the
inclusion homomorphism. The R-module C is isomorphic to B/A and
the homomorphism 1i; is induced by the action of i, and i,.
Then let QO be 1isomorphic to C/(T(B)/D). The homomorphisms
n,, n, and n,; are the canonical epimorphisms. We can see that
all three columns are exact. From [B,], page 55, Theorem 4.12,
we find thét the third row is also exact with m" and e*®
being the monomorphism and epimorphism respectively making

that last row exact. The R-module Q will then also be

89



isomorphic to (B/T(B))/(A/D).

Now B/T(B) is torsion -free and A/D is isomorphic to a
submodule of B/T(B). Therefore A/D is torsion-free because
torsion-free R-modules are closed under submodulé;.’Hence D
is a T-closed submodule of A. Since A is T-Comﬁact, it
folloWs by Theorem 2.18 that A/D is T-injective. Considering
the short exact seguence

mll e i
0 >A/D > B/T (B) > Q >0

we have that A/D is T-injective and B/T(B) is torsion-free.
Therefore by Lemma 2.15 (i), the R-module Q will be torsion-
free. Since Q is isomorphic to C/{T(B)/D), the R-module
T(B)/D 1is a T-closed submodule of C. But C 1is T-compact,
therefore by Theorem 2.18 C/(T(B)/D) is T-injective. So we
have that A/D and @ (which is isomorphic to (B/T(B))/(A/D))
are both T ~injective. Since the class of T-injectives 1is
closed under extensions (Lemma 2.15(iii)), this means that
B/T(B) must also be T-injective. Hence by Theorem 2.18, B will

be T-compact. ®

The torsion theory discussed in the preceding theorem will be
denoted by the symbecl s,. Before we discuss the relationship
between the torsion theories s;, d;, and T, we will first define

what is meant by a "smaller"” torsion theory.

Definition 3.6. ([L,] , page 5)

Let T = (B, C) and T' = (B' , C') Dbe two torsion
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1

theories. We say that T is smaller than T’ if B ¢ B' , or

equivalently, C'' ¢ ¢. ®

We will now show that given any arbitrary family of torsion
theories, we can find a smallest torsion theory which contains
every member of the family. The proof of the preceding statement

is broken up into the following three results.

Lemma 3.7.

Given any family {(T,, E;)} i e I} of torsion theories on R-Mod,

then (NT;, (NT,)*) is a torsion theory, where

("T.)* = {A € R-Mod| Hom (B,A) = 0) for every B € OT;}.

Proof.

We use Definition 1.13 to prove this lemma. We firstly show that

the class NT. is closed under direct éums, epimorphic images and

group extensions. Suppose that there is a family A,, j € J with

each A; € NT;. Then we need to show that the direct sumlszje AT, .
L

But A; € T; for every j € J and 1 € I. Thus LA, € T, for each

i € I because (T,, F;) is a torsion theory. So we have LA

€ N T;. So AT is closed under direct sums. If an R-module A
belongs to NT;, then A € T, for every i € 1I. Thus every

epimorphic image of A belongs to each T, since each'gg is closed
under epimorphic images. Hence every epimorphic image of 2
belongs to MT;. Similar reasoning shows that AT, is also closed
under group extensions.

Seccndly we show that the class {NT,)T is closed under products,
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submodules uand group extensions. Now B € (NT.)° implies that
Hom(A,B) = 0 for every A € NMT,. So suppose that a family

{ le j € J} is such that B; € (T,)" for each j € J. We must
show that [IB; € (AT.}*. To do that it suffices to show that Hom
(A,nBy) = 0 for every A € h‘_I‘1 Now A € NT, implies that for each
j € J Hom(A,By) = 0 because By € {(OT)T. This implies that
Hom (a,lIB;) = 0. For if Hom(a,lIB;) # 0, then there exists

f: A—)HBj such that £ # 0. Then there would be‘ an element j of
J such that f; = my°f # 0 and £; € Hom (A, Bj) contradicting the
fact that B; € (QT;)T. So (NT;)* is closed under products. Now
suppose that an R-module B, € (1T,)°* and B, is a submodule of B,.
If f: A =5 B, is a non-zero homomorphism from some R-module A of
NT; to B,, then f can also be seen as a non-zero homomorphism
from A to B,, contradicting the fact that Hom (A,B,) = 0 for
every A € NT;. Thus we must have Hom (A, Bz)v = 0 for every

A € NT;,. Therefore B, € (NT.)* and (T.)7 is closed under
submodules. Now suppose that B, is a submodule of an R-module B,
such that B, and B,/B, beth belong to {(NT.)°. We need to show that
B, € (NT.)*. Suppose that f: A — B, is a non-zero homomorphism
from some R-module A of MNT; to B,. Now f(A) # B, otherwise f would
be a non-zero homomorphism from A to B, contradicting the fact
that Hom (A, B,) = 0 for every A € nT;. So if n: B, = B,/B; is the

canonical epimorphism, then n*f: A — B,/B, would be a non-zero

homomorphism since we have shown above that f(A) # B;,. This

contradicts the fact that Hom(A, B,/B,) = 0. So we must have that
Hom (A,B,) = 0 for every A € NT,. Thus B, € {(T,)". The third

condition of Definition 1.13 follows from the definition of

(T, 3. m
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Observation 3.8.

There is a torsion theory which contains every torsion theory.
Proof.

Let (T, F) be the torsion theory on R-Mod in which every R-module

is torsion. Then every torsion theory is contained in (T, F). B

Proposition 3.9.

Let {(T,, F;)| 1 € I} be a family of torsion theories. Then
there exists a smallest torsion theory (T, F) such that (T;, E;)

< (T, F) for each i € I.

Proof.
Let K = {(8;, gg)i J € J} be the family of all torsion theories

(S5, G;) such that (T, F;,) £ (8

;0 G) for each i € I, J € J. By
Observation 3.8 this class is not empty. Now let S = NS, and G
= {MS;)*. Then from Lemma 3.7 we know that (S, G) is a torsion
theory. Note that T, £ 8, for each 1 € I, j € J and conseqguently

T, €nS; for all 1i € T and j € J. Therefore (T., F.) £ (S, G).

Suppose that (S8', G’) is a smaller torsion theory than (8. G)

which contains (T;, F,) for every i € I. Now (T,, F;) £ (S8', G’)
for each i € I implies that (S‘’, G’') is one of the torsion
theories belonging to K. Now S = NS;, therefore S ¢ S'. But S’
€ S because (S’, G') € (S, G). So we must have that (S’, G’)

= (8, g. =
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We are now in a position to discuss the relaticnship between an
arbitrary hereditary torsion theory T and the two torsion
theories, s, and d,, that T induces, namely, the torsion theories

détermined,by the classes of T-compact and T-injective R-modules

respectively.

Corollary 3.10.

Let T be a hereditary torsion theory and let R be T-
hereditary and T-noetherian. Then the torsion theory,
sy, determined by the class of T-compact R-modules is the smallest

torsion theory containing both 4, and T.

Proof.

Recall that d. dehotes the torsion theory determined by the
class of T-injective R—modﬁles. Suppose that s.(C) = C, that
is, C is T-compact. Then C/T(C) is T-injective by Theorem 2.18.

Now

0 ———— T(C) > C >C/T(C) ——> O

is a short exact seguence. So we can see that C is an extension
of a torsion R-module by a T-injective R-module. Then C must
belong to the torsion class of every torsion theory that contains
both T and d;. Thus s; is contained in the smallest torsion
theory containing both 4, and T.

On the other hand, if an R-module C 1is a torsion module, then
C = T(C). Hence C/T{(C) will be T-injective and C will be
T~compact by Theorem 2.18. Also, if an R-module C is T-

injective, then C/T(C) will be T-injective by Definition 2.17
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and therefore C will be T-compact (by Theorem 2.18) in this

instance as well. R

We will now look at another characterisation of T;compactness,
It was pointed out in a discussicon with S.Joubert, that an
additional assumption needed to be made about the isomorphism
mentioned in the statement of Corollary 3.4 of [F;]. This
assumption is now mentioned in the statement of the following

corollary.

Corollary 3.11.

Let T be hereditary and R be both T-hereditary and T-
noetherian. An R-meodule C 1is T-compact if and only if, for
every torsion R -module A, Ext*{(A,T(C)) = Ext!'(a,C),
where the isomorphism is assumed to be the natural one, that is,
it is the homomorphism Ext!( A,T(C) ) — Ext*( A,C ) which

appears in the long exact segquence

0 ——» Hom (A, T(C))~4—————’ Hom (A, Cf B —

Hom (A,C/T(C)) ——Ext® (a,T(C)) —>
Ext' (A,C) —Ext! (A,C/T(C)) ———> Ext? (A,T(C))

which is obtained from the short exact sequence

0 ———————>T(C) > C —>C/T(C) ——=>0

(see [L,], page 159)
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Proof.

Assume that C is a T-compact R-module and let A be any torsion
R-module. Furthermore let f denote the homomorphism between
Ext!(A, T(C)) and Ext!(A, C) mentioned in the statement of the
corollary. From Theorem 2.18 we find that C/T(C) is T-
injective. Now applying Propesition 2.13 we find that

Ext'{A, C/T(C)) is egqual to zero. Now A 1is torsion and
C/T(C) 1is torsion -free. Hence Hom (A4, C/T(C)) is equal to
zero. So we have the exact sequence

£

0 — Ext! (A, T(C)) —Ext! (A, C) —> 0

obtained from the long exact one above. We can thus see that the

homomorphism f is an isomorphism.

Conversely suppose that C is an R-module such that Ext® (A,T{(C))
= Ext'(A, C) for every torsion R-module A, where the indicated
isomorphism is as explained in the statement of the corollary.
We need to show that C is T-compact. We first show that if
C 1s any R-module, then Ext®? (A,C) = 0 for all torsion R-
modules A : Consider the R-module C. We know that C can be
embedded in an injective R-module I, say (page 138 of [L,]}).
Then by the remarks following Definition 2.3 we see that I is T~

injective. We can obtain the following short exact seguence

0 »C > >I/C > 0.

Since I is T-injective and R is T-hereditary, we find that I/C

is T-injective. If A is any torsion R-module, we can now obtain
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the long exact sequence

0 --——»Hom (A,C) -———>Hom (A,I) —> Hom (A,I/C)  ——>

Ext! (A,C) —Ext! (A,I) —Ext! (A,I/C) — Ext? (A,C)

——3 Ext? (A,I) —>Ext? (A,I/C) ——> ..

Now Ext! (A,I/C) is equal to zero by Proposition 2.13. By
Theorem 6.1(v), page 142 of [L,], we find also that Ext? (A,I)
is zero. So we obtain the following exact segquence from the above
long exact sequence

0 ———> Ext’ (A,C) —> 0
which proves that Ext? (A,C) = 0.
Now let A be any torsion R-module. From the short exact

seguence

0 ——————>T(C) > C >C/T(C) —>40

we again obtain the long exact seguence

0 ————Hom ( &,T(C) ) ———>Hom ( A,C ) ———>
Hom (A, C/T(C)) ——> Ext'(A, T(C)) —Ext'(A,C) —>
Ext?(A, C/T(C)) — Ext?(a, T(C)) -———-——éExtz( A,C) —.
Now Hom (A, C/T(C)f is zero because A 1is torsion and C/T(C)
is torsion-free. We have already shown that Ext?’(A, C) = 0 for
any R-meodule C, hence Ext?(a, T(C{) = 0. We therefore obtain

the following exact seguence
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£, £, £, £,
0 —> Ext!(A, T(C)) = Ext'(a, C) — Ext(A,C/T(C)) —>0

where £ . £ , £, , and £, are the corrésponding
homomorphisms as indicated above.

Now Ker (f,;) = Im (f,) = Ext'(A, C) because f, is assumed to be
an isomorphism and is hence surjective. This means that
f5(Ext'(A, C)) = 0. But f, is an epimorphism. Hence

Extl(a, C/T(C)) is zero. Since this holds for all torsion R-
modules A, we know from Proposition 2.13 that C/T(C) will be
" T-injective. We alsoc have R to be T-hereditary. So applying

Theorem 2.18, we see that C 1is T-compact. =&
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CHAPTER FOUR

¥

- TOPOLOGICAL COMPARISONS.

Due to the categorical nature of the definition of compactness,
a number of topological results carry over té this algebraic
setting where the analogues to the topological notion of closed
subspaces, Hausdorff spaces and compact spaces will be the T-
closed submodules, torsion-free R-modules and T-compact R-modules
respectively. In Section 4 of [HSS] many topological results
are generalised to obtain corresponding categorical results.
However the results appearing in Section 4 of [HSS) apply only
to hereditary constructs. We have already pointed out in an
earlier discussion in the introduction to this dissertation that
R-Mod 1is not such a category. However we will demonstrate in
this chapter that many of these results can hold in the category

of R-modules. We list some of these topological results

In this algebraic setting of R-modules and R-module homomorphisms
we find that the analogue to the notion of a Hausdorff space is
given by the torsion-free R-module. Here is a characterisation
of torsion-free R-modules in terms of the factorisation system
discussed in Proposition 1.31. We find that it is theuanalogue

tc the theorem which states that "A topological space X is

Hausdorff if and only if the diagonal A = {(x,x) | x e X} is
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closed in X x X". (See Theorem 13.7 of [W.])

Proposition 4.1.

¥

An R-module X 1is torsion-free if and only if

AX
X > X x X

is a T -closed embedding.

Proof.
We recall that a4, 1is the homomorphism which sends x € X to

(x,x) € X x X. Now 44(X) =2X = X x {0}. Also

G = (G x G)/(G x {0}) for all R-modules G. Hence

X = (X x X)/(ay (X)). So X 1is torsion-free if and only if

(X x X ) /ay (X)) 1is torsion -free which holds 1if and only if
Ay X5 X x X is a T-closed embedding. ®

Earlier on in this dissertation, in Proposition 1.5, a class

E-Sep relative to a factorisation structure, (E , M) on a
given category X , was mentioned. We now look at this class
in the category R-Mod and in relation to the (T-dense , T-

closed embedding) factorisation structure and we find that E-Sep
consists of all the torsion-free R-modules. The lattexr can thus

be viewed as the analogue of Hausdorff spaces in topology.

Proposition 4.2.

Let (E , M) be the (T-dense, T-closed embedding) -factorisation

system on R- Mod. Then an R-module Y belongs to the class
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E-Sep if and only if Y is torsion -free.

Proof.

Let Y be an arbitrary R -module. Then Y € E-Sep if and only
if a,: Y Y x Y belongs to the class M (Proposition 1.7) which
inrturn holds if and only if Y 1is torsion-free (Proposition

4.1). =

The following result is analagous to the topological result which
states that the compact subset of a Hausdorff space is closed
(Theorem 17.5 of [W,]). This result also corresponds with

Proposition 4.14 of [HSS].

Proposition 4.3.

If A 1is a T-compact submodule of a torsion-free R-module

B, then 2 1s T-closed.

Proof.

Let m: A — B be the inclusion homomorphism. By Proposition
4.2, the R-module B belongs to the class E-Sep and from
Proposition 1.7 we see that the graph of m, that is <id,, m>, is
a T -closed embedding. Let us consider the following
commutative diagram, where m, is the second érojection and

id, 1is the identity homomorphism acting on A.
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A X B >B’
<id,, m>1 * ‘\m
A : > A
id,
Now (mze<id, , m>) (A) is equal to (meid,) (A} which in turn is
equal to m(A). Since A 1is T-compact, the projection =
will preserve T-closed submodules. Hence

m(A) = @, (<id, ,m>(A)) 1is a T-closed submodule of B. Thus A

is T-closed in B. ®

The following proposition echoes the topological result which
states that a closed subspace of a compact space is compact. (See

Theorem 17.5 of [W,])

Proposition 4.4.

Let C be a T-closed submodule of a T -compact R-module A.

Then C is T-compact.

Proof.

Suppose that C is a T-closed submodule of a T-compact R-module
A with corresponding émbedding m. We need to show that C is T-
compact. So let Z be an arbitrary’ R-module and N any T-closed
submodule of C x Z with corrésponding embedding n. Let us

consider the following commutative diagram
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% -t
mxidz] ol

where n, and p, are the second projection homomorphisms from
A Xx 2 toZ and N to Z respectively. We need to show that
p;(N) is a T-closed submodule of Z. Now m x id, is a T-closed
embedding by Proposition 1.4(iv). It then follows from
Proposition 1.4(i) that (m x id;)°n 1is a T-closed embedding as
well. Therefore N is a T-closed submodule of A x Z. Then p,(N)
= (p,°n) (N) = (mye(m x id,))(N) = m,(N). By the T-compactness of

A we see that mn,(N) = p,(N) is a T-closed submodule of Z. ®

The topological result which states that the product of two
compact spaces is compact can also be reflected in this setting.
The following result shows this. We also find that Proposition |
4.10 of [HSS] contains the categorical eguivalent of the

following proposition.

Proposition 4.5.

The finite pfoduct of T -compact R -modules is T -compact.
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Proof.
Clearly
modules

¥,

compact

it suffices to show that the product of two T-compact R-

is T ~compact. To this end let 2 and B be two T-

R-modules, H any arbitrary R -module, and C a T -

closed submodule of A x B x H. Now we consider the following

diagrém

P’ ' -
c *p, (C) ————— ([,°p,)C
m, m, my
v D1 h pL%Y v
x B x H B x H *H
n, n, Iy
o ]

v p v T L 2

(A x B x H)/C ———(BxH) /p;(C) —H/ (m,°p,) (C)

where

Because

D, : Ax (BxH —BxH and 7%,: Bx H— H

are the usual second projections,

p,’ and n,’ are the restrictions of p, to C and
n, to P2 (C) respectively,

m, m, and m; are the inclusion homomorphisms
because Im (p,’) = p, (C) which is a submodule of

B x H and (7, °p,) (C) is a submodule of H,

n,, n,, and n; &are the canonical epimorphisms, and

p," and m," are induced by the homomorphisms p,

and @, respectively.

A is T-compact we have that (B x H)/p,(C)

is

torsion-free, that is, p,(C) is a T-closed submodule of B x H.

Since

B

is T-compact it is true that H/(me°p,(C))
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torsion-free. So 7M;°p,(C) is a T-closed submodule of H. Hence
A xR is T-compact. o

‘ ¥
We find that the Tychonoff theorem which states that an arbitrary
product ‘of compact spaces 1s compact does not have é
correéponding result in this setting here. The follpwing result

from page 77 of [DG,] demonstrates this.

Example 4.6.

Let p be a fixed prime number. For each n € N let M, = Z/p"Z,
where Z is the ring of integers. Then M = Il {M, : n € N} is not
t-compact, where t is the radical of Example 1.17 with A taken

to be Z.

Proof.

We first note that M/t{M) is not egual to zero, because the
element of M which has each of its infinite number of components
equal to 1 cannot have finite order. Let us denote the element
of M described above as 1* and (1* +t(M)) will 'be the

corresponding element belonging to M/t(M). We will show that

(1* +t(M)) is not p-divisible. Suppose that there is an element
(a + t(M)) of M/t(M) such that {(1* + M) = p(a + £{M)), where

a = (a,, a, ....a, ..) and each a,6 belongs to M,. Then we deduce
that the element (l-pa,, l-pa,,....l-pa,,....) of M will then

belong to t(M). For this element to belong to t{(M) it must have
at most a finite number of non-zero components. This then

implies that 1- pa; = 0 for some i € N. This implies that 1 = pa;
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for some a; in the group Z5: which is a contradiction because
the order of 1 in Z,, is p' while the order of pa; in Z.

is certainly less than p'. Thus M/t (M) is not .p-divisible which
implies that M/t(M) is not divisible. By Corollary 2.26 we see

that M is not t-compact. B

The following can be seen as analgous to the topological result
which staﬁes that if a Hausdorff space B contains a dense
subspace A, that is compact, then B is compact. In fact our
analogue 1is even stronger than the original result because in

this case B does not have to be Hausdorff.

Proposition 4.7.

If T is hereditary and A is a T -dense submodule of an R -

module B, and if A is T -compact, then so is B

Proof.
Let A Dbe a T -dense and T -compact submodule of the R -module
B and C any T -closed submodule of B. We consider the

following commutative diagram
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v 1 1 L 4 nl ;'
0 —2AC > »C/AYC >0
i, i ig
[ 1, v n, v
0 —— & ¥ B *B/A 70
n, N g
w -« W

Ok
o
o

where : i, , i,,i, and i, are the inclusion homomorphisms;
i, is induced by the action of 1i,,
n,, n,, n,, and n, are the canonical epimorphisms

-A+C is the direct sum of the R~modules A and C.

We can see that the first and second rows and columns are exact.
By the proof of Theorem 4.6 of [Bl], page 39, the third row and
column are also exact. Hence n, and n, can also be seen as the
canonical epimorphisms while i, can be seen as the inclusion
homomorphism.

Since B/(A+C) 1is an epimorphic image of the torsion R-module
B/A, the R-module B/(A+C) will also be torsién (by Definition
1.13). Now A/(AC) can be seen as a submodule of the torsion-
free R-module B/C and will therefore be torsion»free. So AC

is a T-closed submodule of the R -module A. But A is T-
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compact and T is hereditary. Therefore by Theorem 2.18 the
R-module A/ (&) will be T-injective. Looking at the exact
sequence formed by the third row of our diagram
i, n,
0 —> a/(AC) —>B/C — B /(a+C) —> 0
we fiﬁd that the first R-module is T-injective while the second
is torsion -free. By Lemma 2.15 (i), the R-module B/ (A+C)
will be torsion-free. But it was shown earlier that VB/(A+C)
was torsion as well. Hence B/(A+C) must be =zero. So the
third row now becomes
i, ,

¢ ——a /{aC) ———>»B/C —>0
We therefore see that A/ (AC) is isomorphic to B/C. Hence B/C
is T-injective. From Theorem 2.18 we find that B 1is T-

compact. =
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